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On algebraic Lie algebras.

By Morikuni GOT\^O.

(Recieve $(\rceil$ Oct. $2^{r})$ 1947.)

Introduction.

The classical theory of linear $a1_{5}\sigma eb_{1}\cdot aic$ Lie gtoups and the associated
Lie algebras by L. Maurer1) has been modernizcd recently by C. Chevalley
and H.-F. $Tuan^{\underline{o}}$ ) by using the concept of “ replica ‘i which was invented

by the former of them3).

Let $K$ be a field of characteristic $0$ . $\Lambda$ Lie algebra $\mathfrak{L}$ of matrices over
$K$ is called lineat’ $algef,r\cdot a^{\dot{\gamma}}c(l-\Omega l_{\wedge^{(}}.)^{4)}$ if dvery replica of each matrix $X\epsilon \mathfrak{L}$

belongs to $\mathfrak{L}$ . If $K$ is the.field of all complex numbers $C$, any l-alg. Lie
algebra is tlte Lie algebra of a linear algebraic I,ie gronp, and vice versa.
This theqrem, due to Chevalley and $Tnan^{b)}$ , justifies the definition of

l-algebraicity. $1$

The theory of l-alg.. Lie algebras has already been established by
Chevalley and Tuan. $13ut$ as their proofs have been reported only in the
outline, we shall first give in this note a systematic approach to the $theor_{\sim}y;$

our methods will be somewhat $difr_{erent}$ from $tileirs$ .
We shall then study the “ algelraic closure “ (see \S 4) of any Lie

algebra of matrices. Our Theorem 4 is an $e_{\wedge}\backslash tension$ of a theorem of

Chevalley and Tuan.
Then we shall give an extension of the theory to, not necessarily

matric, $a$ ) $7^{\prime}$ (alg.) Lie algebras. Namely we shall call a Lie. algebra

alg. if its regular representation is l-alg. Then as we may easily see that

any l-alg. Lie algebra is itself $a1_{\backslash c}\circ\cdot.$ , our algebraicity is certainly an exten-

sion of $1- algebr\grave{a}icity$ . Our fundamental result is given in our Theorem 5,
which indicates the complete connection between alg. $a^{\backslash }nd$ l-alg. Lie algebras.

And Theorem 6, which is an immediate conseqnence of our proof of
Theorem 5, gives a characterization of an alg. Lie algebra of matrices.

The $presei\iota tstnd_{3^{\gamma}}$ is closely related to recent 1VOrks of Y. Matsushima
on the similar subject and the $\backslash riter$ is indebted to him for various discus-
$si_{\zeta)ns^{r)}})$ In particular $Theo_{4}rem5\lambda^{r}as$ proved by him $independent1_{3_{\backslash }}in$ the
case of Lie algebras over $C$ by an analytical method using our Lemma 15;
the result was used by him to give the characterization of Lie groups
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corfesponding $t\cap alg$ . Lie algebras.
In conclusion let it be mentioned $tl\iota at$ our problem is of purely $a1_{\backslash \backslash }\sigma^{\backslash }e-$

braic nature and the writer bas tried to treat the problern by algebraic
$nlet1_{1}ods$ .

\S 1. Preliminaries. I.et $K$ be an $algebt\cdot ai_{C^{\prime}}\tau 11_{J^{\tau}}$ closed7) field of charac-
teristic $()$ and gJJ} a certain ’-dimensional vector space over $l\iota^{\prime}’$. Linear
transformations on $JJ\grave{\iota}$ and the matrices which reprcsent thenl are conven-
tionally denoted $b\}^{\prime}\backslash $ the same symbols $X,$ $]^{\prime}$ ...... For $sinlP^{licit}\}^{r}$ we call
a nil,potent matri.$x$ an ’-malrix, a matri $\lambda$ with $sim_{1)}1e$ elementary divisors
an s-znalri. $\iota\cdot$ , and an $\backslash ^{\neg}$ -matrix whose eigenvalues $ale$ all rfitional numbers
(elenlents of the prime field) an $ r- 71/atr\cdot\iota,\iota$ . Then the set {X} of all
replicas of $X$ is given by the following lemma:

Lemma 1.8) If

$\Lambda^{\prime}=X^{0}+X^{s}=X^{0}+\sim\backslash \epsilon_{!}X^{1}+\cdots\cdots\dot{\sigma}_{\lambda}X^{L}$ (1)

is a decomposition of a matrix $X$ into an $n$-matrix $X^{0}$ , an s-matrix $X^{s}$ .and
’-matrices $X^{1}$ , ......, $X^{\lambda}$ \S ucl] that

$X^{i}X^{f}=\lambda^{\prime}jX^{\iota}$ $i,$ $J=0,1,2$ , ......, $\ell k$

and $\hat{\sigma}^{\prime}s$ are linearly independent with respect to rational numbers, then

{X )
$|_{=\{X^{0}\}+\{X^{s}\}}$

$=A\dot{b}$elian lincar space spanned by $X^{0},$ $X^{1},$ $\ldots\ldots\backslash ,X^{k}$ .
$t$

Remark. $ll^{\gamma}e$ shall call the decomposition such as (1) ” canonicaJ”.
A $catl\cap 1licaldo_{1)ositi_{0}n}$ is given by reducing $X$ to the Jordan normal‘
form, denoting its diagonal part by $X^{s},$’and representing its eigen-values as
linear combinations $()f$ suitably chosen $\hat{\sigma}^{\prime}s$ . Thus $X^{()}$ and $X^{s}$ are determined
uniquely by $X$, while $X^{1},$ $\ldots\ldots.X^{h}$ are not. But if we fix a IIamel basis
(linearly independent basis $\backslash \backslash it1_{1}$ respect to rational numbers) of $K$, we get
$t111ique1\}^{r}$ a canonical decomposition such that $\backslash ^{\wedge\prime}\wedge S$ are taken from the basis
and all $X^{1}$ ...... $X^{h}$ do $n(tl$ vanish.

Lemma 2 Let $\backslash J\}^{\prime}$ be any subspace of $\backslash $)$J_{1}^{1}$ such that $ X\mathfrak{M}^{\prime\underline{c_{\rightarrow}^{-}}}\mathfrak{M}^{\prime}--\cdot$

Then $|X|{}^{t}JJ_{t^{\prime}}^{1}\leqq\backslash J_{t^{\prime}}^{\iota}$ .
Let $\sim\sigma\iota$ be a Lie algebra with a finite basis over $K$, and for $x_{\iota}J^{\prime}\epsilon^{\{/}$. let

$[.x, ,\uparrow^{\prime}]$ denote the commutator product of $\chi$ and $J^{\prime}$ . Let $ne\backslash \iota^{r}(\backslash \backslash ’)(’, K)$ be
the Lie algebra composed of all matrices of degree ’ over $K$ with the
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commutator multiplication [X, $Y\rceil=XY-1^{\nearrow}X$. By a Lie algebra of matrices
we mean a $I.ie.:^{\backslash }\backslash n1\tau a1^{\prime}gebra$ of a certain $\mathfrak{G}$ (ii, $K$).

Lemma3 I.et $\mathfrak{L}$ be a nilpotent I.ie algebra of $nlatrices$ . Then the
space (

$JJ\mathfrak{i}$. on xvhich $\mathfrak{L}$ operat.es can be $deco(nposed$ into the common eigen-
spaces: $9J_{t}^{\backslash }=\mathfrak{M}_{\alpha}+^{\backslash }JJl_{s}+\ldots\ldots(I^{\tau^{\backslash _{J}}}ach$ gJJI\mbox{\boldmath $\alpha$} is contained in an eigen-space of $X$

for every $\swarrow\prime Vc\mathfrak{L}.$ )

Lemma 4. If [X, $l^{v}\rfloor=0$ . then

$[\{X\}, \{l_{l}^{\nearrow(}]=0$ and $\{X+l^{7}\}\underline{c_{-}}\{X_{I}$
)

$+\{1’$
)

$|$

Proof. The forIner part follows $easi1\backslash r$ from I,emma 1 an(10.

To prove the latter, xve first fix a lIamel basis $’\backslash _{r}\backslash \backslash $ of $K$. Then by the
rcmark $at$ ) $Oh^{\prime}e$ we get canonical decompositions

$X=\lambda^{\prime 0}+\xi_{1}X^{1}+\ldots\ldots+\xi_{\lambda}X^{k}$ .
$]_{=}]^{\prime}+\backslash J^{r_{\downarrow+..+}}’\ldots\wedge J^{\prime}$ ,

$w1_{1}cre\xi_{1},$ $’\hat{\sigma}_{k^{C_{\wedge}^{t^{\vee}}7}}\cdot,$ . As $[\{X\}, \backslash (|1’\}]=0$ ,

$X+1^{7}=(X^{0}+J^{\prime}0)+-’\rceil(X^{1}+Y^{1})+\ldots\ldots+\xi_{k}(X^{k}+1^{\nearrow k})$

is clearly a canonical decotnposition of $X+l^{\prime}$. $f$ Hence $({}^{t}X+1^{r}\}_{\underline{-}}\underline{C}\{X\}^{-}$

$+\{1_{1}^{\prime}|$. q.e.d.
Lemma 5. If $S_{1^{1}}X=0$ then $Sp\{X^{1}|=0$ .
$Pr_{1)()}f$. I.et $ X=\lambda^{t)}+_{ll}^{\wedge}\wedge X‘+..\backslash \cdots$ . $+\xi_{A}.X^{\lambda}$ be a cononical decomposition

of $X$ Then

$S_{1)}X=S_{1)}X^{0-}+\sim_{1}S_{1^{J}}X^{1}+\ldots\ldots+\xi_{\lambda}S_{1)}X^{k}$ .
$\Lambda sS_{1^{\iota}}X=S_{I^{1}}X^{0}=\cap,$ $\backslash \backslash re$ have

$|$

$\xi ls_{1+\cdots\cdots+})x^{\iota-S_{1)}X^{\lambda}=0}\backslash ^{\wedge}\iota\cdot$ .
From the linear independence of $\hat{\sigma}^{\prime}s\backslash \backslash e$ get $S_{1)}X^{i}=0,$ $i=1,$ $\underline{)}$ ..., .., $ k\cdot$ .
Hence Sp $\{X\}=0$ by Lemma 1, q.e. $d$ .

Definition. $\Lambda$ (Lie) subalgebra $\mathfrak{L}$ of $\epsilon \mathfrak{G}(n, Jc^{\prime})$ is called “ l-alg.” if {X}
$----\sigma_{\prec \mathfrak{L}}$ for $ever)^{r}Xe\dot{\mathfrak{L}}$ .

Let $no\iota v\mathfrak{D}b’>$ any distributive algebra (associative or not) with a
finite $ba\llcorner_{j}^{\backslash }is$ over $K$. If a linear transformation $H$ on $\mathfrak{D}$ satisfies the relation

$\Pi(\chi\times J^{\prime})=H\tau\cdot\times J^{\prime}+x^{\prime}\times If)^{\prime}$ for every $t_{y},j^{\prime c\mathfrak{D}}$ ,
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we shall call $Ha$ ‘ $d_{f^{\prime}},i^{r}\prime ation$
”

${}^{t}of\mathfrak{D};x$ being the multiplication symbol
of $\mathfrak{D}$ . Then. all derivations of $\mathfrak{D}$ form a Lie algebra $J_{-}’(\mathfrak{D})$ .

Theorem 1 $F_{\lrcorner}(-\sim^{\backslash }\backslash )$ is $I- al_{\ell^{C^{\prime}}},$. for $all2^{\prime}disi_{J^{\prime}}if_{J\prime\prime}ti_{\iota^{\prime}}^{\prime}ea/geI\prime ra\mathfrak{D}$ .
$I^{)}roof$. I.et $ff\mathfrak{c}f_{\vee}\$(\mathfrak{D})$ . We shall prove that $\{lf\}==F_{-}^{\backslash }(D)$ . With

respect to $tl\iota e$ linear $\cdot$ transformation $I- l\backslash \iota^{\gamma}e$ may decompose $\dot{\supset}\backslash $ into $eigen-$

spaces:

$\mathfrak{D}=\mathfrak{D}_{\alpha}+\mathfrak{D},+\ldots\ldots$

1

where $a,$ $\beta,$

$\ldots\ldots$ are eigcn-values of H. ‘

Then we get easily

$\mathfrak{D}_{\alpha}\times \mathfrak{D}_{n}\subset \mathfrak{D}_{\alpha+n}=$. (2)

where we put $\mathfrak{D}_{a’?}=0$ , in case $ a+\beta$ is $n\dot{o}t$ an eigen-value. Now let
$H=H^{0}+H^{s}=H^{0}+\xi_{1}H‘+\ldots\ldots+^{\prime}\sim {}_{k}H^{\prime}$ be a canonical decomposition of fl
liy (2) we $n_{1}a\}^{r}$ show easily that $ff^{*}\epsilon L^{\backslash }(\mathfrak{D})$ , and therefore $H^{(\downarrow}cF_{\rightarrow}’(\mathfrak{D})^{1^{\underline{9}})}$ .
$I$-Ience the problem is reduced to the case $1\dot{v}henH$ is an s-matrix. There-
fore by a suitably chosen basis $\iota_{I}^{\prime}\backslash ,’\ldots\ldots.\nu_{r}^{\wedge}$ of $\mathfrak{D}$ , we may represent $H$ as
follosvs :

$Hx_{i}=rz_{i}\iota_{i}^{-}$ $i=1,2$ , ......, $r$. $(^{o_{)}})$

Let the structure of $\mathfrak{D}$ be given by $t_{i}^{\prime}\times.x_{j}=\sum_{h}1c_{ijh}x_{h}^{\prime}$. That $H(J_{\lrcorner}^{t^{\backslash }}(\mathfrak{D})$

means–

. $(a_{t}+a:-rA_{h})c_{ijh}=C$ . (4)

for all $i,j,$ $Jz=1,2$ , ....., $f^{*}$. $H^{l},$ $l=1,2,$ $\ldots\ldots$ , in the canonical decomposi-
tion of $//inay$ be defined by

$H^{\iota_{\chi_{i}=^{\backslash }\gamma_{i^{j}i}^{l}}}$

$//i=\sum_{l}\overline{\backslash }lr^{l}\sim\dot{.}$

where $’\cdot s$ are rational numbers. . (4) $is_{\sim}$ a trivial relation for $c_{ijh}=0$ . But,
when $c_{ifh}\neq 0$ it gives $a_{i}+\alpha_{j}-’/=0h$

’ or

$\lambda^{\tau}(\prime\prime\ell\backslash \cdot$

From the linear independence $of^{\prime}\xi^{\prime}s$ we get then $\prime i\iota.+\prime j\iota-r_{h}^{l}=0$ , or $(r_{i}^{l}+r_{j}^{l}$

$-;_{h}^{l})c_{ijh}=0$ . Thus in any case the relations $(\vee))$ are satisfied for $\alpha_{i}=r_{i}^{l}$ .
This shows nothing but that $H^{l}cF_{-}(\mathfrak{D})$ . Therefore $\{H\}=\ulcorner\rightarrow l^{\underline{\tau}}(\mathfrak{D})$ , q.e.d.

Now let $\mathfrak{D}$ be a Lie algebra over $K$. Then a linear $transfo^{\backslash }rmation$

defined by
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$\chi\rightarrow yx=[y, x]$ for $x,y\epsilon \mathfrak{D}$

is a derivation of $\mathfrak{D}$ by virtue of the identities of Jacobi. Such deriyations
are called “ inner.” All inner derivations of $\mathfrak{D}$ form an ideai $I(\mathfrak{D})$ of
$E(\mathfrak{D})$ , and the correspondence $1l^{\prime}\rightarrow y$ is a linear representation of $\mathfrak{D}$ , called
(left) regular representation.

Now let $XeG(n, K)$ . We may easily see that according as $X$ is an
n-, s-, or r-matrix, $X$, as a linear transfofmation of $\mathfrak{G}(n, \prime K)$ , is also an
n-, s-, or r-mat,rix $respective1y^{J?)}$ . Hence if

$X=X^{0\overline{\sim}}+1X^{1}+\ldots\ldots+\xi_{k}X^{k}$

is a canonical deconrposition of $\swarrow r_{:}$ then

$X=X^{0}+\xi_{l}x_{+\ldots\ldots+}^{1}\vee-\sim X^{k}k$

is that of $X$. Therefore by Lemma 1 we get

{ $X\downarrow|=\{X\}$ . (5)

From Lemma 2 we may conclude the following
Lemma 6. Let $\mathfrak{L}$ be any subspace of $\mathfrak{G}(/l, A^{r})$ . If [X, $\mathfrak{L}$] $=\subset \mathfrak{L}$ , then

$X$ is an n-, s- or r-matrix $\cdot according$ as $X$ is an n-, s-, or $r$-Inatrix. We
get further $[\{X\}, \mathfrak{L}]=\subset \mathfrak{L}$ , and

{X} $=\{X\}$ . (5)

Here $X$ etc. are corisidered as linear transformations on $\mathfrak{L}$ .
Lemma 7. Let $\mathfrak{L}$ be an l-alg. Lie algebra and let

$\mathfrak{L}=\mathfrak{L}_{0}+\mathfrak{L}_{\prec\iota}+\ldots\ldots$

be the decomposition of $\mathfrak{L}$ into eigen-spaces by a certain inner derivation $X$

of $\mathfrak{L}$ . Then $\mathfrak{L}_{0}$ is also l-alg
Proof. Let $X=X^{0}+X^{s}$ be a canonical decomposition. We may easily

see that the O-eigen-space for $X^{\delta}$ is equal to the O-eigen-space $f_{or}^{-}X$, and as
$X^{s}$ is an s-matrtx with $X^{s},$ $(X^{S})^{rn}A=0,$ $m=1,2|$ implies that $[X^{S}, A]$

$=0$ . Hence
$\mathfrak{L}_{0}=\{A;[x^{s}, A]=0\}$ ,

Then the l-algebraicity of $\mathfrak{L}_{t)}$ follows from Lemma $4^{1}$, q.e.d.
\S 2. $L$-alg. Lie algebras, I. Let 2 be a nilpotent l-alg. Lie algebra.
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Then the totality of s-matrices in $\mathfrak{L}$ forms a central ideal $\mathfrak{A}$ , and that of
n-matrices in $\mathfrak{L}$ forms also an ideal $\mathfrak{B}$ by virtue of Lemma 3. As $\mathfrak{L}$ is
l-alg. $\mathfrak{L}$ is clearly a direct sum of ideals ut and $\mathfrak{V}$ .

Let now. $\mathfrak{R}.be|$ a solvable l-alg. Lie algebra and let

$\mathfrak{R}=\mathfrak{R}_{0}+\mathfrak{R}_{\alpha}+\ldots\ldots$ (1)

be its decomposition by a certain regular’4) inner derivation. Then as $\mathfrak{R}_{0}$

is nilpotent and by Lemma 7 l-alg. we get
$1$

$\mathfrak{R}_{0}=\mathfrak{A}+\mathfrak{B}$ .
Hence

$\mathfrak{R}=\mathfrak{B}+\mathfrak{R}_{\alpha}+\mathfrak{R}_{\beta}+\cdots\cdots$

is the largest ideal composed of n-matrices. Therefore we get

$\mathfrak{R}=\mathfrak{A}+\mathfrak{R}$ $\mathfrak{A}\cap \mathfrak{R}=0$ ;

here $\mathfrak{A}$ is an abelian l-alg. subalgebra of $\mathfrak{R}$ composed of s-matrices. We
note also that $\mathfrak{A}$ may be considered as $\{A\}$ for some $Ae\mathfrak{A}$ .

Lemma 8. Let $\mathfrak{L}$ be l-alg. Then the radical $\mathfrak{R}$ of $\mathfrak{L}$ is also l-alg.
Proof. Let $X=X^{0}+X^{s}$ be any element of R. We decompose $\mathfrak{L}$ by

$X$ :
$\mathfrak{L}=\mathfrak{L}_{0}+\mathfrak{L}_{a}+\mathfrak{L}_{\beta}+\ldots\ldots$ (2)

By Lemma $\cdot$ 7 from $X\epsilon \mathfrak{L}_{0}$ follows $\{X\}\leqq \mathfrak{L}_{0}$ . As $X\mathfrak{R}\subset \mathfrak{R}=$ we get the

decomposition of $\mathfrak{R}$ by $X$ as folloms:

$\mathfrak{R}=\mathfrak{R}_{0}+\mathfrak{R}_{\alpha}+\mathfrak{R}_{\beta}+\ldots\ldots$ (1)

As $X\mathfrak{L}\subset \mathfrak{R}=$ and $X\mathfrak{L}_{\alpha}=\mathfrak{L}_{\alpha},$ $X\mathfrak{L}_{\beta}=\mathfrak{L}_{\beta}e$tc., me have $\mathfrak{L}_{\alpha}=\mathfrak{R}_{a},$ $\mathfrak{L}_{\beta}=\mathfrak{R}_{\theta},$

$1$

whence $\mathfrak{L}_{p}+\Re=\mathfrak{L}$ As $\Re_{()}=\mathfrak{L}_{0}$ [
$\Re$ we get by the isomorphism theorem

$\mathfrak{L}_{0}/\Re_{0}-=\mathfrak{L}/\Re$

The right side- being semi-simple, solvable $\Re_{0}$ must be the radical of $\mathfrak{L}_{0}$ .
On the other hand, we have as in the proof of Lemma 7 $[\{X^{*}\}, \mathfrak{L}_{0}]$

$=0$ , i.e. {X’} is contained in the centre of $\mathfrak{L}_{0}$ . So $\{X_{s}\}\leqq\Re_{0}$ , since the

centre is contained in the radical. Consequently $\{X\}=\infty\subset \mathfrak{R}_{0}^{\subset}\mathfrak{R}$ , q.e.d.

Lemma 9. Let the radical $\mathfrak{R}$ of $\mathfrak{L}$ be l-alg. Denote by $\mathfrak{R}$ the largest

ideal composed of n-matrices. (The existence of such sn is clear, and $- \mathfrak{R}$ ,
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being nilpotent, belongs to $\Re$). Then there exists a semi-simple subalgebra
$\mathfrak{S}$ such that

$\mathfrak{L}=\mathfrak{S}+\mathfrak{R}$ , $\Re=\mathfrak{A}+\mathfrak{R}$ , $[\mathfrak{S}, \mathfrak{A}]=0$ ,
$\mathfrak{S}\cap \mathfrak{R}=0$ , $\mathfrak{A}\cap \mathfrak{R}=0$ ,

$1$

where $\mathfrak{A}$ is an abelian subalgebra composed of s-matrices.
Pro\‘of. As $\Re$ is solvable and l-alg.,

1 $\Re=\mathfrak{A}+\mathfrak{R}$ $\mathfrak{A}=\{X\}$ .

Suppose (1) and (2)
r

represent the decom ositions by $X$ of $\mathfrak{R}$ and $\mathfrak{L}$ res-
pectively. The proof of Lemma 8 shows that $\mathfrak{R}_{0}$ is the radical of $\mathfrak{L}_{0}$ .
Hence we have by a well-known $theorem^{\backslash }$ of Levi

$\mathfrak{L}_{0}=\mathfrak{S}+\Re_{0}$ ,

where $\mathfrak{S}$ is a maximal semi-simple subalgebra of $\mathfrak{L}_{0}$ . Then it is clear that
$\mathfrak{L}=\mathfrak{S}+\Re$ ,

or $\mathfrak{S}+\Re$ is a Levi decomposition of $\mathfrak{L}$ .
On the other hand Lemma 4 and $[X, \mathfrak{L}_{0}]=0$ imply $[\{X\}, \mathfrak{L}_{0}]\cdot=0_{\#}$

Hence we get $[\mathfrak{S}, \mathfrak{U}]=0$ , q.e.d.
We shall call a Lie algebra $\mathfrak{L}(\backslash =c\mathfrak{G}(n, K))$ as in Lemma 9 “ $norma^{\sim}f$.“

Combining above lemmas we get
Theorem $2^{15)}$ . Any l-alg.

1
Lie algebra is normal

Now, let $\mathfrak{L}$ be a Lie algebra over $K$ and $H\epsilon E(\mathfrak{L})$ . If $H$ is an $n-$

matrix16),

$\exp H=I+\frac{\sim 1}{1!}H+\frac{1}{2!}H_{\backslash }^{2}+\ldots\ldots$ ,

a polynomial of $H$, is an automorphism of $\mathfrak{L}$ as we may easily verify. If
moreover $H=A\epsilon I\langle \mathfrak{L}$), the automorphism $\exp H=\exp$ $A$ is called “ inner “.

Let now $\mathfrak{L}$ be a subalgebra of $\mathfrak{G}(n, K)$ and $A$ be an n-matrix of $\mathfrak{L}$ .
For any $X\epsilon \mathfrak{L}$ we have easily

( $e$xp $A$) $X=$ ( $e$xp $A$) $X(\exp(-A)).$ . (3)

Modifying a theorem due ‘to A. Malcev, $\backslash ve$ can prove in a purely algebraic
way the following

Lemma $10^{17)}$ . Let
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$\mathfrak{L}=\mathfrak{S}+\mathfrak{R}=\mathfrak{S}^{*}+\Re$

be two Levi decompositions of $\mathfrak{L}$ . Then there exists an element $ A\epsilon\Re$ such
that $A$ is an ,;-matrix and

$\backslash \mathfrak{S}^{*}=ex_{f)}A\mathfrak{S}$ (4)

If in particular $\mathfrak{L}$ is a subalgebra of $\mathfrak{G}(n, K)$ we get
$\backslash $

$\mathfrak{S}^{*}=(ex_{1)}A)\mathfrak{S}(ex_{1)}(-A))$ ( $=e$xp AS) (5)

Proof. Let us call the ideal $D(\mathfrak{L})=\lfloor \mathfrak{L},$
$\mathfrak{L}$] of a Lie algebra $\mathfrak{L}$ the

“ derived (Lie) algebra “ of $\mathfrak{L}$ . As any semi-simple Lie algebra is equal
to its derived algebra, $\mathfrak{S}$ and $\mathfrak{S}^{*}$ are both contained in $D(\mathfrak{L})$ . Hence we
may prove the Lemma $i_{11}D(\mathfrak{L})$ . We note here the fact that the radical
of $D(\mathfrak{L})$ is composed of n-matrices in any linear $re$presentation of $\mathfrak{L}$ , hence
of course it ts $nilp_{\wedge}otent^{18)}$ . Next we note an ( $bv_{\dot{i}^{ous}}$ fact that if $\mathfrak{R}$ is a
Lie algebra composed of n-matrices and $X,$ $Y\epsilon \mathfrak{R}$ then $\exp X\exp Y$ can
be writt.en as $\exp Z$ for some $Zc\mathfrak{R}$ .

Then a piethod, similar to Malcev’s, of induction with respect to the
degree of the radical of $D(\mathfrak{L})$ , applied to $D(\mathfrak{L})$ , would easily establish the
lemma, q.e. $d$ .

Remark’9). Lemma 10 (5) shows that for any Levi decomposition
$\mathfrak{L}=\mathfrak{S}+\mathfrak{R}$ of a normal Lie algebra there exists $\mathfrak{A}$ such as in Lemma 9.

\S 3. $L$-alg. Lie algebras, II. In this paragraph we shall prove the
following

Lemma 11. ’ Any normal Lie algebra is l-alg.
When this lemma is proved, from the results of \S 2 we get immediately
Theorem 3. $\mathfrak{L}$ is l-alg. if and only if 2 is normal. And $t/\iota e$ radical

$\Re$ of $\mathfrak{L}$ is l-alg. if and only if $\mathfrak{L}$ is l-alg..
Proof of Lemma 11. Let $\mathfrak{L}$ be an irreducible Lie subalgebra of $\mathfrak{G}$

$(rr, K)$ , and $\mathfrak{L}=\mathfrak{S}+\Re$ be its Levi decomposition. The $n$ by a theorem of
E. $Car\tan 2$), either $\Re=0$ or $\Re$ is the one-dimensional centre com.oosed of
scalar matrices. Since $\mathfrak{S}$ is semi-simp $eI(\mathfrak{S})=E(\mathfrak{S})$ as is well known.
As $E(\mathfrak{S})$ is l-alg. by Theorem 1, $I(\mathfrak{S})$ is of course l-alg. Then $I(\mathfrak{L})$

is also l-alg. as we $ma\grave{y}$ see easily. Let $X\epsilon \mathfrak{L},$ $Y\epsilon\{X\}$ . Then by Lemma
6 there exists $Y^{\prime}\epsilon \mathfrak{L}$ such that $Y-Y^{\prime}=0$ , or $[(Y-Y^{\prime}), \mathfrak{L}]=0$ . Since $\mathfrak{L}$

is irreducible $Y-Y^{\prime}=\lambda 1,$ $\lambda eK$, by so-called Schur’s lemma. Now if $\mathfrak{L}$ is
not $semi- simp_{\backslash }1e,$

$\lambda 1\epsilon \mathfrak{L}$ , hence $Y^{\zeta}\mathfrak{L}$ For semi-simple $\mathfrak{L}$ , we get Sp $X=0$ ,
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$SpY^{\prime}=0$ and by Lemma 5 Sp $Y.=0$ also. Therefore ) $=0$ , or $Y(=Y^{\prime})\epsilon \mathfrak{L}$ .
Hence in any case $X\epsilon \mathfrak{L}im\dot{p}$lies $\{X\}=\subset \mathfrak{L}$ , in. other words any irreducible
Lie algebta is l-alg.

Next we shall show that any semi-simple Lie algebra of matrices is
l-alg. Let $\mathfrak{L}$ be such a Lie algebra. By the well-l$CnoWn$ complete reduci-
bility of semi-simple Lie algebras the space $\mathfrak{M}$ on which $\mathfrak{L}$ operates can
be decomp,osed into the direct sum of irreducible $\mathfrak{L}$ -moduli

’

$\mathfrak{M}=\Sigma \mathfrak{M}_{t}$ .
As in the irreducible case, from $Xe\mathfrak{L},$ $Ye\{X\}fo1low\acute{s}[(Y-Y^{\prime}), \mathfrak{L}]=0$ for
some $Y^{\prime}\epsilon \mathfrak{L}$ . But as $X\mathfrak{M}_{i}^{d}\mathfrak{M}_{i}=$ we get $Y\mathfrak{M}_{J}\subset \mathfrak{M}_{?}=$. by Lemma 2. Hence
$Y-Y^{\prime}$ is a scalar matrix on every $\mathfrak{M}_{i}$ by Schur’s lemma.

(

$\sim On^{1}$ the other
hand, from $Sp\mathfrak{M}_{t}X=0$ we get $Sp_{\mathfrak{M}_{i}}Y=0$ by Lemma 5. Therefore

$Sp_{\mathfrak{M}_{t}}(Y-Y^{\prime})=0$ , $i=1,2$ , .,....,

which shows that $Y=Y^{\prime}\epsilon \mathfrak{L}$ . Therefore $\grave{\mathfrak{L}}$ is l-alg.
Le $t$ now $\mathfrak{L}$ be a normal Lie algebra such that the largest ideal conl-

posed of $n$-matrices vanishes. Then

$\mathfrak{L}=\mathfrak{S}+9\sim 1$ , $[\mathfrak{S}, \mathfrak{A}]=0$ ,

and $\mathfrak{S}$ and $\mathfrak{A}$ are both l-alg. Let $X\epsilon \mathfrak{L}$ . Then since

$X=S+A$ , $\lfloor S,$ $A$] $=0$ , $S\epsilon \mathfrak{S}$ , $A\mathfrak{c}_{\vee}^{t)}|$ ,

$\{X^{\backslash }\}\leqq\{S\}+\{A\}\subset \mathfrak{S}+\mathfrak{A}^{c}\mathfrak{L}\backslash $

’

by Lemma 4, $whi\overline{c}h$ shows that $\mathfrak{L}$ is l-alg.
Next, let $\mathfrak{L}$ be a general normal $I_{\lrcorner}ie\rightarrow algebra$ . In qrder to establish

the lemma in this case we shall use the folJowing
/ Lemma $12^{2^{\underline{}}}$

) Any Lie algebra composed of z-matrices can be defined
by its tensor invariants.

Let $X$ be an n-, s-, $or_{l}$ r-matrix and let $\mathfrak{T}$ be any tensor space-allow-
able by $X$ Then the induced matrix $\overline{X}$ on $\mathfrak{T}$ is n-, s-, or r-matrix respec-
tively. Hence we get $\{\overline{X\}}=\{\overline{X}\}$ .

Now, let $\mathfrak{T}$ be a sufficiently large space of tensor invariants of the
largest it-matric ideal $\mathfrak{R}$ such that any matrix which induces $0$ matrix on

$\sim \mathfrak{T}$ is contained in $\mathfrak{R}$ . Then $\mathfrak{L}ind\iota|ces$ . a representation on $\mathfrak{T}$ . Since $\mathfrak{S}+\mathfrak{A}$

is l-alg,, $\mathfrak{S}+\mathfrak{A}$ induces an l-alg. representation on $|\mathfrak{T}$ ; which is identical
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to the representation of $\mathfrak{L}$ . Let $X(\mathfrak{L},$ $Y\epsilon\{X\}$ . Then the induced matrix
of $Y$ on $\mathfrak{T}$ is a replica of that of $X$, and it is contained in the representa-
tion because of the l-algebraicity of our representation of $\mathfrak{L}$ . Hence there
exists $Y^{\prime}e\mathfrak{L}$ such that $Y-l^{\prime^{\vee\prime}}ind\iota!ces0$ matrix on $\mathfrak{T}$ . Since $\mathfrak{T}$ is chosen
sufficiently large we get $Y-Y^{\prime}\epsilon 9\mathfrak{i}$ , or $Y\epsilon \mathfrak{L}.$

,
This completes the $p_{\backslash }roof$ of

$\grave{L}emma$ rl.
\S 4. Algebraic closure.’of a matric Lie algebra. Let $\mathfrak{L}$ be a Lie sub-

algebra of $\mathfrak{G}(n, K)$ . Then as $\mathfrak{G}(n, K)$ is l-alg. and the intersection of
any number of l-alg. Lie algebras is also l-alg., there exists the smallest
l-alg. Lie algebra which contains $\mathfrak{L}$ . We shall call it the “ algelzraic
$closur\ell^{2?)}$

“ of $\mathfrak{L}$ and denote it by $\{\mathfrak{L}\}$ .
Lemma 13. Let $\mathfrak{L}$ be a nilpotent subaigebra of $\mathfrak{G}(n, K)\backslash \cdot$ Then

$\{\mathfrak{L}\}=\mathfrak{L}+,\mathfrak{A}$ , $\mathfrak{L}\cap \mathfrak{A}=0$ ,

where $\mathfrak{A}$ is a central ideal of $\{\mathfrak{L}\}$ composed of s-matrices and $\mathfrak{L}$ is an ideal
of $\{\mathfrak{L}\}$ .

$Pr_{\backslash }oof$. Let $X=X^{0}+X^{\delta}$ be a canonical decomposition of a matrix
$X\epsilon \mathfrak{L}$ . Then by Lemma 3 the totality of sltch $X^{s}’ s$ forms an abelian Lie
algebra $\mathfrak{A}_{1}$ . Then $\{\mathfrak{A}_{1}\}$ is clearly an abelian Lie algebra composed of s-
matrices. Since for $X=X^{0}+X^{s}\epsilon \mathfrak{L}$ and $Ye\mathfrak{L},$ $[X^{s}, Y]=0$ , we get $[\mathfrak{U}_{1}, \mathfrak{L}]=0|$

Then Lemma 4 implies $[\{\mathfrak{A}_{1}\}, \mathfrak{L}]=0$ . Hence $\mathfrak{L}_{1}=\mathfrak{L}+\{\mathfrak{A}_{1}\}$ ,forms a Lie
algebra.

Let us show that $\mathfrak{L}_{1}$ is l-alg. If $X_{1}\epsilon \mathfrak{L}$ , then

$X_{1}=X+A$ , $Xe\mathfrak{L}$ , $A!\{\mathfrak{A}_{1^{\prime}}\}$ ,

$=X^{0}+X^{S}+A$ , $[X^{0}, X^{s}+A]=0$ ,

where $X=X^{0}+X^{s}$ is a canonical decomposition of $X$. Since $X^{s}+A\epsilon\{\mathfrak{A}_{1}\}$ ,
we get {X$\epsilon+A$ } $\leqq\{\mathfrak{A}_{1}\}$ . Hence $X^{0_{\epsilon}}\mathfrak{L}_{1}$ . As $X=X^{0}+(X^{s}+A)$ is a cano-
nical decomposition of $X_{1}\backslash $

’ we get $\{X_{1}\}\leqq \mathfrak{L}_{1},$ . i.e. $\mathfrak{L}_{1}$ is l-alg. Therefore
clearly $\mathfrak{L}_{1}=\{\mathfrak{L}-\}$ .

Putting
$\mathfrak{A}\cap\{\mathfrak{A}_{1}\}=\mathfrak{A}_{2}$ , $\{\mathfrak{A}_{1}\}=\mathfrak{A}_{2}+\mathfrak{A}$ , $\mathfrak{A}_{2}\cap \mathfrak{A}=0$ ,

we get
$\mathfrak{L}_{1}=\mathfrak{L}+\mathfrak{A}$ , $\mathfrak{L}\cap \mathfrak{A}=0$ , q.e.d.

Lemma 14. If’ there exists an element $X\epsilon \mathfrak{L}$ such $\zeta hat\mathfrak{L}_{0}$ , the O-eigen-
space of $X$ on $\mathfrak{L}$ , is l-alg. and $nilpotent^{\Omega}\leftarrow 4$

) then $\mathfrak{L}$ is itseif l-alg..

1

’
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Proof. Let
/ $\mathfrak{L}=\mathfrak{L}_{0}+\mathfrak{L}_{\alpha}+\ldots\ldots$ ,

$\Re=\mathfrak{R}_{0}+\Re_{\alpha}+\cdots\cdots$ ,

be the decompositions of $\mathfrak{L}$ and the radical $\mathfrak{R}$ by an inner derivation $X$.
Suppose that $\mathfrak{L}$ is l-alg. and nilpotent. We shall first prove that $\Re_{0}$ is
l-alg. Let $Y$ be an arbitrary $eleme\grave{n}t$ of $\mathfrak{R}_{0}$ Then, by the nilpotency of
$\mathfrak{L}_{0}$ the O-eigen-spa\’oe $\mathfrak{L}_{0}^{\prime}$ of $Y$ will contain $\mathfrak{L}_{0}$ . $Hen,ce.\{Y\}\leqq \mathfrak{L}_{0}\leqq \mathfrak{L}_{0}^{\prime}$ . Then
by a method analogous to the proof of Lemma 8 we Inay easily conclude
that $\{ Y\}\leqq \mathfrak{R}$ Hence $\{Y\}=^{\mathfrak{R}_{0}}\subset$ , i.e. $\mathfrak{R}_{0}$ is l-alg.

Then since $\mathfrak{R}_{\alpha}+\cdots\cdots$ is contained in the radical df $D(\mathfrak{L})$ , it is com-
posed of n-matrices. Therefore, $\mathfrak{R}=\mathfrak{R}_{0}+\mathfrak{R}_{\alpha}+\cdots\cdots$ is normal, and by
Theorem 3 $\mathfrak{L}$ is l-aIg., q.e.d.

Theorem $4^{25)}$ . For any $\mathfrak{L}=\circ \mathfrak{G}(n_{\succ}K)$ ,

$\{\mathfrak{L}\}=\mathfrak{L}+\mathfrak{A}$ , $\mathfrak{L}\cap \mathfrak{A}=0$ ,

$w\prime pere\mathfrak{A}$ is an abelian Lie $al_{\delta}\circ\cdot e/jrac_{C}$ mposed of $s$ matricds. $ A’\nu$ ideal of $\mathfrak{L}$

is also an idcal )$f\{\mathfrak{L}\}$ , and

$P^{h}(\{l^{1}.\})=P^{h}(\mathfrak{L})$ , $/\iota=2,3,\ldots\ldots$ (2)

wliere $P^{h}(\mathfrak{L})$ denoles $t/\iota e$ ide,a[ $s\ell^{anned}$ by all bracket $polynomial$) of $deg_{-}ree$

at least $ J\iota$ .
If $\Re denot_{c^{J}}st/ze$ radical of $\mathfrak{L}$ , tiien $\{\mathfrak{R}\}$ is $t/\iota e$ radical of $\mathfrak{L}$ .
Proof. Let

. $\mathfrak{L}=\mathfrak{L}_{0}+^{\prime}\mathfrak{L}_{a}+\ldots\ldots$

be the decomposition of $\mathfrak{L}$ by a regular inner derivation $X$. Since
$r$

$[\{\mathfrak{L}_{0}\}, \mathfrak{L}_{\alpha}]=[\mathfrak{L}_{0}, \mathfrak{L}_{\alpha}]=\mathfrak{L}_{\alpha}$ , (\S )

we see that
$\mathfrak{L}_{1}=\{\mathfrak{L}_{0}\}+\mathfrak{L}_{\alpha}+\ldots\ldots$

constitutes a Lie algebra.
We shall first show that $\{\mathfrak{L}_{0}\}\cap \mathfrak{L}=\mathfrak{L}_{0}$ . Since by Lemma 14 $\mathfrak{L}_{0}$ is an

ideal of $\{\mathfrak{L}_{0}\},$ $\mathfrak{L}_{0}$ is also an ideal of $\{\mathfrak{L}_{0}\}\cap \mathfrak{L}$ . But as we may see easily
that $\mathfrak{L}_{0}$ itself is the only subalgebra of $\mathfrak{L}$ which contains $\mathfrak{L}_{0}$ as an id $\dot{e}$al,

we get $\{\mathfrak{L}_{0}\}\cap \mathfrak{L}=\mathfrak{L}_{0}$ . Since $\mathfrak{L}_{0}$ is $niI_{P^{Ote11}}\grave{t}$ we $\iota$

have from Lemma 13
$\{\Lambda^{1_{0}},\}=\mathfrak{L}_{0}+\mathfrak{A},$ $\mathfrak{A}\cap \mathfrak{L}_{0}=0$ . Therefore $\mathfrak{A}\cap \mathfrak{L}=0$ , and
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$\mathfrak{L}_{1^{=_{\sim}}}^{t?}+\cdot \mathfrak{A}$ .
Next as [X, $\mathfrak{A}$] $=0,$ $\{\mathfrak{L}_{0}\}$ is equal to the O-eigen-space of $X$ in $\mathfrak{L}_{1}$ , which

is of course l-alg. and nilpotent. Hence $\mathfrak{L}_{1}$ is also l-alg. by Lemma 14.
Clearly $\{\mathfrak{L}\}\geqq \mathfrak{L}_{1}$ and so we have that $\{\mathfrak{L}_{r}^{\iota}=\mathfrak{L}_{1},$

$or_{s}$

$\{\mathfrak{L}\}=\mathfrak{L}+\mathfrak{A}$ , . $\mathfrak{L}\cap\backslash $)$\backslash 4=0$ . (1)

Now, Lemma $-13$ . implies

$P^{h}(\mathfrak{L}\})=P^{h}(\mathfrak{L}_{0})$ , $/l=2,3,$ $\ldots\ldots$ (4)

From (3) and (4) we get easily by mathematical induction with respect
to $\nearrow l$

$P^{h}(\{\mathfrak{L}\})=P^{h}(\mathfrak{L})$ , $/l=2,3,..\backslash \ldots$ . (2)

Next, let $\mathfrak{L}=\mathfrak{S}+\Re$ be a Levi decomposition of $\mathfrak{L}$ . Then $\mathfrak{L}^{\prime}=\mathfrak{S}+\{\mathfrak{R}^{(}|$

$-\underline{\supset}\prime D(\{\mathfrak{L}\})(=D(\mathfrak{L}))$ constitutes a Lie algebra. $S\downarrow nce$ tlie radical $\mathfrak{R}_{1}$ of
{ $\mathfrak{L}!$ is ‘-alg. and contains $\mathfrak{R}$ , it must contain $\{\mathfrak{R}\}$ . Hence we have $\mathfrak{L}^{\prime}\cap$

$R_{1}=\{\Re\}$ . This implies that $\{\Re\}|i_{5}$ an ideal bf $\mathfrak{L}^{\prime}$ As $(\mathfrak{R})$ is solvable
with $\mathfrak{R}$ it must be the radical of $\mathfrak{L}^{\prime}$ . Then the l-algebraicity of the radical
implies that of $\mathfrak{L}^{\prime}$ . Thus we get $\mathfrak{L}^{\prime}=\{\mathfrak{L}\}$ ; i.e. $\{\Re\}$ is the radical of $\{\mathfrak{L}\}$ ,

q.e.d.
\S 5. Alg. Lie algebras.
$I\supset efinition$ . Let $\mathfrak{L}$ be a Lie algebra over $K$. We shall cail $\mathfrak{L}$

“
$al_{c\backslash }tre-$

$\delta\gamma a_{t}’ c$
“ (alg.) if $I(\mathfrak{L})$ is l-alg.
For example any Lie algebra $\mathfrak{L}suchthat\prime I(\mathfrak{L})=E(\mathfrak{L})$ is alg. by

Theorem 1. If a subalgebra $\mathfrak{L}$ of $\mathfrak{G}(n, 1\zeta)$ is ‘-alg., it is also alg. by
virtue of I.emma 6. Thus the $algebraicit^{\backslash }y$ is an extension of l-algebraicity,
and any non-alg. $I_{A}ie$ algebra has no l-alg. faithful representation. The
analogue to Theorem 2 is given by

Lemma 15. Let $\mathfrak{L}$ be alg. By I.evi’s theorem $\mathfrak{L}$ is a direct sum of
a semi-simple subalgebra $\mathfrak{S}$ and its radical $\Re$ :. $\mathfrak{L}=\mathfrak{S}+\Re$ . I.et $\mathfrak{R}$ be the
largest nilpotent ideal. There exists an abelian subalgebra 21 such that

$\mathfrak{R}=\mathfrak{A}+\mathfrak{R}$ , $\mathfrak{A}\cap \mathfrak{R}=0$ , $[\mathfrak{S}, \mathfrak{A}]=0$ ,

and in the regular representation of $\mathfrak{L},$ $\mathfrak{A}$ is represented faithfully by an
l-alg. I.ie algebra composed of s-matrices.

Proof. Let $\mathfrak{Z}$ be the centre of $\mathfrak{L}$ Put $\mathfrak{S}+\mathfrak{Z}\equiv \mathfrak{S}_{1}(mod \mathfrak{Z})$ . Then
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as $I(\mathfrak{L})$ is l-alg., we obtain from Theorem 2 and Remark to Lemma 10
$I(\mathfrak{L})=\mathfrak{S}_{1}+\mathfrak{A}_{1}+\mathfrak{R}_{1}$ ,

where $\mathfrak{A}_{1}$ is an abelian subalgebra \v{c}omposed of s-matrices and $\mathfrak{R}_{1}$ is the
largest ideal composed of n-matrices. Let $\mathfrak{A}-$ , Sl be the complete inverse
images of $\mathfrak{A}_{1},$ $\mathfrak{R}_{1}$ , respectively. Then $\mathfrak{R}$ is $c1ear^{\backslash }Jy$ the largest $\iota\grave{1}ilpotent$

ideal. Since $[\mathfrak{S}_{1}, \mathfrak{A}_{1}]=0$ we have $[\mathfrak{S}, \mathfrak{A}_{-}$)] $\leqq \mathfrak{Z}$ , so $[\mathfrak{S}, [\mathfrak{S}, \mathfrak{A}_{2}]]=0$ . Hence
considering $\mathfrak{A}_{2}$ as an S-module we get a nilpoterxt representation of $\mathfrak{S}$ ,
which must be O-representation because $\mathfrak{S}$ is semi-simple. Therefore $[\mathfrak{S}$ ,
$\mathfrak{A}_{-})]=0$ . Now since $\mathfrak{L}$ is completely reducible into one-dimensional irre-
ducible $\mathfrak{A}$-submoduli rve may conclude that $\mathfrak{A}_{2}$ is abelian. As $\mathfrak{A}_{2}\cap \mathfrak{R}=\mathfrak{Z}$ ,
putting $\mathfrak{A}_{2}=\mathfrak{Z}+\mathfrak{A},$ $\mathfrak{Z}\cap \mathfrak{A}=0$ , we get the result, q.e. $d$ .

Remark. The converse of Lemma $\grave{1}5$ is trivial; i.e. any Lie algebra
which allows a decomposition as in Lemma 15 is alg.

Theorem $5^{26)}$ . $E_{\iota^{\prime}}\prime eryalg^{\sim}$. Lie $afge\text{{\it \’{a}}}_{1^{\prime}}a/^{r_{\iota as}}$ a $fc_{\nu\nu}^{;}\gamma t/\ell ful$ l-alg $\cdot$. represcnta-
tiou (and conversely).

Proof. , Let $\mathfrak{L}$ be an alg. Lie algebra. If the centre $\mathfrak{Z}$ of $\mathfrak{L}$ does not
belong to $D(\mathfrak{L})$ , we put

$D(\mathfrak{L})\cap \mathfrak{Z}=\mathfrak{Z}l$

’
$\mathfrak{Z}=\mathfrak{Z}_{1}+\mathfrak{Z}^{\prime}$ , $\mathfrak{Z}_{1}\cap \mathfrak{Z}^{\prime}=0$ ,

and obtain
$D(\dot{\mathfrak{L}})\cap \mathfrak{Z}^{\prime}=^{-}0$ .

Since any linear, space in $\mathfrak{L}$ containing $D(\mathfrak{L})$ is an ideal of $\mathfrak{L}$ , we get a
direct decomposition of $\mathfrak{L}$ into ideals:

$\mathfrak{L}=\mathfrak{L}^{\prime}’+\mathfrak{Z}^{\prime}$

wliere $\mathfrak{Z}^{\prime}$ is a central ideal and $\mathfrak{L}^{\prime}$ is an alg. ideal. such -that $D(\mathfrak{L}^{\prime})$ con-
tains its centre. As an abelian Lie algebra clearly has a faithful l-alg.
representation, we have only to’ prove the theorem under the condition
$t1_{1}at$ the centre of $\mathfrak{L}$ belongs to $D(\mathfrak{L})$ .

As is well-known any Lie $a1_{i>}^{\sigma}ebra$ over $K$ has a faithful representation
by finite $matrices^{2^{r})}$ . Hence for simplicity we shall identify the representa-
tion with the given Lie algebra. , In other words we shall suppose $\mathfrak{L}$ to
be a Lie subalgebra of $\mathfrak{G}(n, K)$ , which is alg. and such that $D(\mathfrak{L})$ contains
its centre. We note here the fact that the centre is composed of it-matrices,
because the radical of $D(\mathfrak{L})$ is composed of n-matrices.
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Let $\mathfrak{L}=\mathfrak{S}+\mathfrak{A}+\mathfrak{R}$ be a direct decomposition of $\mathfrak{L}$ indicated by Lemma

15. We choose a basis $A_{1},$
$\ldots\ldots,$

$A_{n}of.\mathfrak{A}$ such that $A_{h}’ s$ are r-matrices,

linearly independent with respect to $K$. The l-algebraicity of
$\backslash ^{l}\mathfrak{A}$

on $\mathfrak{L}$ makes

the choice possible. For a certain Hamel basis of $K$

.
$\xi_{1}=1,$

$\ldots\ldots,$
$\xi_{\alpha},$

$\ldots..*,$ $\frac{}{\backslash }\beta$ ’

we get uniquely canonical decompositions

$ A_{h}=A_{h}^{0}+\xi_{1}Ai+\hat{\sigma}_{2}A_{h}^{2}+\ldots\ldots$ , $h=1,2_{*}\ldots\ldots,$ $n$ ,

Hence we have
$ A_{h}=A_{h}^{0}+\xi_{1}A_{h}^{1}+\xi_{2}A_{h}^{2}+\ldots\ldots$ , $J_{l}=1,2$ , .,...., $n$ ,

where $A_{h},$ $A_{h}^{1},$ $A_{h}^{2},$ , are r-matrices and $A_{h}^{0}$ is an n-matrix and

they are commutative with each other. On the other $\cdot$ hand, if a linear

combination $\dot{\sigma}_{1}r_{1}+\xi_{\underline{9}}r_{2}+\ldots..\rangle$ with rational coefficients is a rational number,

then $r_{2}=\cdots\ldots=0$ . Therefore we get

$A_{h}^{0}=0$ , $A_{h}^{1}=A_{h},$ $\leftrightarrow$ $A_{\hslash}^{2}=\cdots.=0$ . (1)

Now since $\mathfrak{A}$ is abelian Lemma 4 implies that $[A_{i}^{1}, A_{j}^{1}]=0$ , and from the

linear independence of $A_{h}’ s$ follows that of $A_{h}^{1}’ s$ . Therefore $A_{h}^{1}’ s$ are also

$1inea_{1}r$ly independent. Thus

$A_{h}\rightarrow A_{h}^{1}$ , $h=1,2,$ $\ldots\ldots,$
$n$ ,

gives a faithful representation of $\mathfrak{A}$ by l-alg. $\mathfrak{A}^{*}$ , which $is- spa_{\sim}nned$ by $A_{1}^{1}$ ,

......, $A_{n}^{1}$ .
Next $\wedge r^{-}=\Lambda^{7^{0}}+N^{l}\epsilon \mathfrak{R}$ . Since $\mathfrak{R}$ is nilpotent the totality of such $N^{0}’ s$

forms \’a Li\’e algebra $\mathfrak{R}^{*}$ and

$\mathfrak{R}\ni 1\backslash \Gamma\rightarrow 1V^{0}e\mathfrak{R}^{*}$

gives a representation of $\mathfrak{R}$ Since $N=N^{0}+N^{8}$ and $N$ is an n-matrix we

get easily from Lemma 6
$N^{s}=^{}0$ . $N^{\mathfrak{v}}=N$. . (2)

If $N^{0}=0$ for some $lV\epsilon \mathfrak{R}$ we get from (2) $N=0$ i.e. 1V belongs to the

centre, whence $\Lambda^{\gamma}$ is an n-matrix, or $N=\Lambda^{\Gamma^{0}}=0$ . This implies that $t1_{1}e$

representation $\mathfrak{R}\rightarrow \mathfrak{R}^{*}$ is faithful.
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Let us now consider the correspondence

$\mathfrak{S}$ a $S\rightarrow S^{*}=S$

$\mathfrak{A}\ni A_{h}\rightarrow A_{h^{*}}=A_{h}^{1}\in \mathfrak{A}^{*}$

$\mathfrak{R}\ni\Lambda^{7}\rightarrow\Lambda^{i*}=1V^{0}\in \mathfrak{R}^{*}$

By this $co$rrespondence any $elemen0$ of $D(\mathfrak{L})$ is represented by itself. Hence
from (1) and (2) we may easily conclude that the correspondence gives a
faithful representation of $\mathfrak{L}$ by a certain normal Lie algebra, which.is l-alg.
by Theorem 3, q.e. $d$ .

Remark. Let $\mathfrak{L}$ be any Lie algebra over $K$, and $\mathfrak{R}$ be the largest
nilpotent ide\’al. Then there exists a faithful representation of $\mathfrak{L}$ such that
il} be represented by a Lie algebra composed. of n-nlatrices.

Proof. For an abelian Lie algebra it is obvious. For $\mathfrak{L}$ such that
the centre belongs to $D(\mathfrak{L})$ it is also valid as we may.eas $1y$ see from our
above proof. Combining these we get the result, q.e. $d$ .

Now, an alg. Lie algebra of matrices is not necessarily l-alg., and
. there arises a question what sort of matric Lie algebra $alg_{;}$ is. An answer
to this question is given by the following

Theorem 6. Let $\mathfrak{L}$ be a subalgelra of $\mathfrak{G}(n, K)$ . $\mathfrak{L}$ is alg. $\iota f$ and on$ly$

if $t/lere$ exists an ideal $\mathfrak{A}$ of $\mathfrak{L}suc/\iota t\nearrow tat$

$\{\mathfrak{L}\}=\mathfrak{A}+\mathfrak{L}$ , $\mathfrak{A}$ $\mathfrak{L}=0$ (direct sum of ideals).

Proof. Let $\mathfrak{L}$ be an alg. subalgebra of $\mathfrak{G}(n, K)$ . From the proof of
Theorem 5 we have a direct decomposition

$\mathfrak{L}=\mathfrak{L}^{\prime}+\mathfrak{Z}^{\prime}$ $\mathfrak{L}^{\prime}\cap \mathfrak{Z}^{\prime}=0$ ,

where $\mathfrak{Z}^{\prime}$ is, a central ideal of $\mathfrak{L}$ and $D(\mathfrak{L}^{\prime})$ contains the centre of $\mathfrak{L}^{\prime}$ . By
Lemma 4 we get easily that

$\{\mathfrak{L}\}=\{\mathfrak{L}^{\prime}\}+\{\mathfrak{Z}^{\prime}\}$ , $[\{\mathfrak{L}^{\prime}\}, \{\mathfrak{Z}^{\prime}\}]=0$ .
Hence if the theoreM is proved for $\mathfrak{L}^{\prime}$ , lt is also true for $\grave{\mathfrak{L}}$ Thus the
problem is reduced again 00 the case when $ D(\mathfrak{L}^{\prime})\geqq$ centre of $\mathfrak{L}$ .

Now as in the proof of Theorem 5 $\{1V^{s}\},$ $N\epsilon \mathfrak{R}$ and $A_{h}^{0},$ $A_{h}^{2},$ $A_{h}^{3}$ , ....,.

($/\iota=1,2$ , ......, n) in (1) and (2) span an abelian Lie algebra $\mathfrak{A}^{\prime}$ such
that

$\lfloor \mathfrak{L},$
$\mathfrak{A}^{\prime}$] $=0$ .
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Let $\Re$ be the radical of $\mathfrak{L}$ . Then as $\Re+^{\sigma}$)$\mathfrak{A}^{\prime}$ is clearly a normal Lie
algebra, it coincides with $\{\Re\}$ by Theorem 3. From Theorem 5 this implies
$\mathfrak{L}+\mathfrak{A}^{\prime}=\{\mathfrak{L}\}$ and we get a desired decomposition easily.

Conversely, if

$\{\mathfrak{L}\}=\mathfrak{L}+\mathfrak{A}$ , $\mathfrak{L}\cap \mathfrak{A}=0$ , $[\mathfrak{L}, \mathfrak{A}]=0$ ,

$tJuenI(\{\mathfrak{L}\})$ is essentially identical with $I(\mathfrak{L})$ . On the other hand, as any
$1- a_{\backslash }lg$ . Lie.algebra is also alg.$\backslash I(\mathfrak{L})$ is l-alg. and so is $I,(\mathfrak{L})$ , or what is
the same $\mathfrak{L}$ is alg., q.e. $d$ .
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