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ON A CLASS OF SINGULAR SUPERLINEAR
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Abstract. We establish the existence of large positive radial solutions for the elliptic
system

—Au = Af(v) in B,
—Av=Xig(u) in B,
u=v=0 on 0B,

when the parameter A > 0 is small, where B is the open unit ball ]RN, N =>2, f,g:(0,00) >
R are possibly singular at 0 and f(u) ~ uP, g(v) ~ v? at oo for some p,q > 0 with
pq > 1. Our approach is based on fixed point theory in a cone.

1. Introduction. In this paper, we investigate the existence of positive solutions for
the superlinear elliptic system

—Au =Af(v) in B,
(1.1) —Av =Ag(u) in B,
u=v=0on 9B,

where B is the open unit ball RN N > 2, f,g:(0,00) — R, and A is a positive parameter.
Systems described by (1.1) arise in the study of steady states reaction-diffusion and hy-
drodynamical problems (see e.g. [1] and the references therein). Let us briefly look at the
literature on the superlinear system (1.1) when f, g are nonsingular. In [20, Theorem 3],
Peletier and Vorst established the existence and nonexistence of positive solutions to (1.1) for
A > 0, N > 4 and superlinear f, g satisfying f(0) = g(0) = 0 and f(¢), g(¢) > O fort > 0.
In particular, when f(t) = t” and g(t) = t9, where p,q > 1, [20, Theorem 4] gave the
existence of a unique radial positive radial solution to (1.1) for
1 1 N-=-2
+ > )
p+1 qg+1 N
and the nonexistence of positive solutions to (1.1) for
1 1 N-2
+ <
p+1 qg+1~ N
Similar existence results under the assumption (1.2) on a bounded convex domain in RN, N >
3, were obtained by Clement, de Figueiredo, and Mitidieri [3, Theorem 3.1], which improves
a previous result by Cosner [5, Theorem 2]. In [8, Theorem 1.2 (i)] Dalmasso showed the

(1.2)

(1.3)
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existence of a positive solution to (1.1) under condition (1.2) with p > 1,4 € (0, 1), and
pq > 1, thus complementing the results in [5, 18, 20]. The nonexistence of positive to (1.1)
in a bounded domain was obtained in [18, Proposition 3.1] when f, g are pure powers satis-
fying (1.3). The case when f(0) and ¢g(0) are negative was discussed in [13, Theorem 2.1],
where the existence of a large positive radial solution to (1.1) was obtained for A > 0 small
when f, ¢ satisfy conditions similar to the ones in [20] at co. In this paper, we are interested
in studying positive radial solutions to (1.1) in the case when f, ¢ are allowed to have a com-
bined superlinear at oo, singular at 0, and change sign, which has not been considered in the
literature to our knowledge. In particular, our result when applied to the model case
—Au = A (av_’" + vf’) in B,
(1.4) —Av=2(bu=P +u?) in B,
u=v=0 on 9B,

where o, 8 € (0, 1),a,b € R, p,q > 0 with pg > 1 and satisfying (1.2), gives the existence
of a positive radial solution to (1.4) when N > 2 4 m and A > O is sufficiently small.

We refer to [2, 4, 6, 7, 9, 10, 12, 14-18] for related results in the single equation case.
Our approach is based on fixed point theory in a cone.

We shall make the following assumptions:

(AD) f, g : (0, 00) — R are continuous and there exist positive constants ly, /1, p,qg > 0
with pg > 1 such that

1 1 N -2
+ > 9
p+1 g+1 N
4
(1.5) N>2+4+——,
min(p, q)
and
t 1
(1.6) lim & =1y, lim & =1.
t—o0 P t—oo t49

(A2) There exists a constant y € (0, 1) such that

limsupt” (| f ()| +19()]) < oo.

t—0t

Our main result is

THEOREM 1.1. Let (A1)—-(A2) hold. Then there exists a positive constant Ay < 1 such
that for A < Ao, problem (1.1) has a positive radial solution (u;., v,) with

(A = )" min(uy (r), v1(r)) = 0o

uniformly inr € [0, 1) as . — 0.

REMARK 1.1. Note that (1.5) is satisfied if p,g > 1 and N > 6.
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By (A1), there exist constants fy, 11 > O such that f(r) > f(f) fort > 9 and g(t) >
g(t1) fort > 1. Define

f@) if 0<r <1 0 if0<t<rp
h = =
o {f(to) itr=1 0T r0 - ra it 1
git) if 0<t<n 0 if 0<t<n
ko(t) = , t) = .
o) {g(tl) if t> 1 90 =1 06y = g(t1) i £ > 1
Then f = fo+ho, g = go+ ko on (0, 00). Note that fj, go are nonnegative, continuous
on [0, 00), and lim;_, o f‘t’ff) = lp, lim;_, o g(t)_((It) = [1. By (A2), there exists a constant k > 0
such that
(L.7) [ho(t)] + lko(t)| < kt™7

for all + > 0. Hence, radial solutions to (1.1) are solutions of the ODE system
—rN Y =Vl ho(v) + fow), 0 <r <1,
(1.8) —(rNWY = N kou) + go(u)), 0 <r < 1,
W' (0)=v0)=u(l)=v(l)=0.
2. Preliminaryresults. Let E=CJ[0, 1]xC[0, 1] be equipped with norm || (u, v)|| =
max(||u||co, [|V]|oo) and let K be the nonnegative cone in E.

We first recall the following fixed point theorem for cone expansion, which is a special
case of [11, Theorem 2.5].

THEOREM A. LetT : E — E bea completely continuous operator such that T (K) C
K and satisfying
(a) There exists r > 0 such that all solutions (u, v) € K of

(u,v) =0T (u,v), 6 € (0,1)
satisfy || (u, v)|| #£ r.

(b) There exists R > r such that all solutions (u, v) € K of
(u,v) =T, v)+(,1), =0
satisfy || (u, v)|| # R.
Then T has a fixed point (u,v) € Kwithr < ||(u, v)|| < R.
Lety(r) =1—r,A € (0,1),and M > 0. For (i, v) € E, define Ty p (i, v) = (u, v),
where u, v satisfy

— Ny = 1NN ho (D) + fo(Bm)), 0 <r <1,
(2.0) —(rN WY = ar N ko (Em) + golim)), 0 <r <1,
u'(0) = v/'(0) = u(1) = v(1) = 0,

where Z)y = max(z, Myr). By (1.7),
(2.1 [ho(Dm). Tko(iim)| < k(Myr)™7 .
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Since vV € L9(0,1) for 1 < g < 1/y, it follows from [15, Lemma 3.1] that (2.0) has a
unique solution (u, v) € cv[0, 1] xC'[0, 1] for some v € (0, 1), and Tim:E— Eis
completely continuous. We shall show next that 73 s : K — K if M is large enough.

LEMMA 2.1. There exists a constant M > 1 such that Ty y : E — K. Furthermore,
if (u,v) € T), y(K) then u, v are decreasing on [0, 1].

PROOEF. In view of (1.6), there exist constants cg, ¢; > 0 such that
2.2) fo(t) > cot? —cy and  go(r) > cot? — ¢y

fort > 0. Since

N N
lim s_N/ tNlyVdr = lim s_N/ N lyldr =1/ N,
0

s—0t s—0t 0

where [ € {p, g}, and s~V f(; Ny rde, 57N f(; t¥N=ly!dr are positive and continuous
on (0, 1], there exist constants ¢g, ¢; > 0 such that

) )
/ tN_lwldt > Gos™ and/ rN_lw_th <&sN
0 0

fors > 0,1 € {p, q}. Hence it follows that
2.3)

N
/ V-1 (—k(Mlﬁ)_V T oMy — cl) dt > (—kélM‘V + codoM! — C—‘) V>0
0 N

fors > 0if M > 1 is large enough, which we assume. We claim that 7 » : K — K. Let
(u,v) = T m (@, v) where (i1, v) € K. Using (2.1)-(2.3), we obtain

—u'(r) = a7V /0 s (ho(Bm) + fo(Bm))ds

> arl-V /r sV (= (MY) T + co (My)P — 1) ds > 0
0

forr € (0,1]i.e. u’ < 0on (0, 1]. Similarly, v < 0 on (0, 1]. Since u(1) = v(1) = 0, this
completes the proof of Lemma 2.1. O

Let M be the constant given by Lemma 2.1. To avoid cumbersome notation we shall
write Z for Zy and T, for T a for the rest of the paper.

LEMMA 2.2. There exist constants Lo € O, 1) and ry, > Owithry, — ccas A — 0
such that for A < Xo, all solutions (u, v) € Kof

(u,v) =0T, (u,v), 6 € (0,1)
satisfy ||(u, v)|| # 7.
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PROOF. Let (1, v) € K satisfy
(u,v) =0T, (u,v) forsome 6 € (0,1).

Then u, v > 0 and

1 K
u(r) =A9/ sV (/ N (ho (D) + fo(ﬁ))dr) ds.
r 0
In view of (1.6), there exist constant dgy, d; > 0 such that
2.4) fo(t) <dot? +dy and go(t) < dot? 4 d;

fort > 0. Let v = max{p, ¢}. Since ¥ < v < v 4+ M, it follows from (2.1) and (2.4) that

1 s
u(r) < )\/ sV </ Ny T + do(v + M)P —|—d1)dr) ds

0

(2.5) < Ada(1+||v]|5,) for € (0, 1),

where dy = k(1 —y)~'4+2""1dy(1 + M") +d;. Here we have used the inequality (x 4+ y)” <
vl 4+ yY) forx, y > 0, v > 1 and the fact that

N N
sl_N/ Ny e 5/ v Vdr<(1—y) ' fors>0.
0 0
Similarly,
(2.6) v(r) < Ada(1 + [|ullg)

for r € (0, 1). Combining (2.5) and (2.6), we get

2.7 [[(u, )| < Ad2(1+|(u, V)|")
Suppose A < (4dy)~! and let ry, = (4rd2)~/~D Thenry, — ocas A — 0.

We claim that ||(u, v)|| # ry. Indeed, suppose ||(u, v)|| = ry. Since ry > 1, it follows
from (2.7) that

ra. < 2xdary

which implies r) > (2Ad2)_1/ (”_1), a contradiction which proves the claim. O

For the rest of the paper, we assume A < A.
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LEMMA 2.3. (i) Let (u, v) € K be a solution of
(2.8) (u,v) =T)(u,v) + (t,1), t > 0.
Then there exist positive constants 8o, 81 independent of u, v, A, such that
u(r) = A(8ov” (r) = 81),  v(r) = Adou? (r) — 1)

forr e[1/2,3/4].
(ii) There exists a constant t,, > O such that if the equation (2.8) has a solution (u, v) € K
then

u(1/2), v(1/2) <.
In particular, if (2.8) has a solution in Kthent < t,.

PROOF. Let (u,v) € K be a solution of (2.8) for some t > 0. Then (u — t,v —t) =
T).(u, v) and hence by Lemma 2.1, u, v are decreasing on [0, 1] and satisfy
=Ny =V (ho(9) + fo(@). 0 <1 <1,
(2.9) —(r VWY = AN ko (@) 4 go(@)), 0 <7 < 1,
W' (0)=10)=0, u(l) =v(l) =t.
Note that

1 s
u(r) =1+ / - ( / N (ho(5) + fo(ﬁ»dr) ds.
r S 0

Letr € [1/2,3/4]. Using (2.1)-(2.2), it follows that for s > r,

/ s (ho(®) + fo()dt > / ' VNN —ky TV + cov? —e1)dT — 2
0 0

> c3vP(r) —ca,

where ¢;, ¢3, and ¢4 are positive constants independent of u, v, A. Hence
1
(2.10) u(r) > x/ 17N (e3P (r) — cq)ds = A (Sov? (r) — 81) ,
r

where 8y = ¢3 f31/4s1_Nds, 81 =ca fll/zsl_Nds. Similarly,
(2.11) v(r) > A(Sou?(r) —81),

and (i) follows. Suppose u(1/2) > 1., where 1, > 0 is large enough so that
S = 281, AP(80/2)" P 77 > 261, and 77" > (A89/2)~UFP). Then it follows from
(2.10) and (2.11) that

v(1/2) = A(80/2)u?(1/2),
and

u(1/2) = 2(80/2)v"(1/2),
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which implies

0 < ur17(172) < (W8o/2) P,

a contradiction. Hence u(1/2) < f;. Similarly, there exists f, > 0 such that v(1 /2) <
7). Hence u(1/2),v(1/2) < t,, = max(fy,5), and t = u(l) < u(1/2) < t,, which com-
pletes the proof. O

LEMMA 2.4. Let (u,v) € K be a solution of (2.8) for some t > 0. Then
()
Al (1/2) +vP(1/2)) — oo as ||(u, v)|| = oco.

(ii) There exists a constant R) > r) such that all solutions (u,v) € K of (2.8) satisfy
[|(u, v)|| < Ry, where r;_is given by Lemma 2.2.

PROOF. Define fo(r) = infyzs fo(s). fo(t) = supy—, fo(s). Go(r) = infy=r go(s).
o(t) = supg<,<; go(s). Fo(t) = [y fo(s)ds. and Go(r) = [ go(s)ds. Let

er) =rNu'v + arV [—ko(ul_y +0'7) + Fov) + Go(u)] +ar¥ Ny + BrV Ty,

where o, 8 > 0 are such thato + 8 = N — 2 and
N

FES T

Let ||u|| = Do, ||v|| = D; and without loss of generality suppose Dy > D;. Note that u, v are
positive and decreasing on [0, 1]. We shall break down the proof of (i) in four steps. In Step 1,
we establish a lower bound estimate for £'(r). In Step 2, we show that ADJ, AD{ — oo
as Dy — oo. In Step 3, we establish a lower bound estimate for £(r), r > ra, where r; =
max(ro, r1) and u(rg) = Do/2, v(r;) = Dj1/2. In Step 4, we establish (i) by considering
the two cases r» > 1/2 and r, < 1/2. Since we want to establish (i), we shall assume that
Dy >> 1 in Steps 2-4.

Step 1. Establish a lower bound estimate for £'(r).

By (1.7),

3

lho(D)| < k™Y <kv™” and |ko(@)| <ka™V <ku™7.
Hence, by multiplying the first equation in (2.9) by rv’, the second by ru’, and adding we get
—MuvY + @ = NV = Y [(ho (@) + fo(@)v' + (ko) + go(@)u']

(2.12) < iV [(=kv™" + fo)V + (—ku"? + Go(u))u']
= [ArN(—kovl_V + Fo(v) — kou' ™" + Go(u))]/

—ANrNT! [_kovl_y + Fo(v) — kou' ™" + GO(M)] ’
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where ko = k(1 — y)~ 1.
Next, multiplying the first equation in (2.9) by «v, the second by Su, and adding, we get

—(arV v+ BrVN T Y + (N = 2N
= 1N (o () + fo(@)v + Bko(@) + go(@))u)]

(2.13) < prN-1 [a(kvl_y + fov + M)v) + Blku' ™" + Go(u + M)u)] .
Adding (2.12) and (2.13), we obtain
£'(r) = 1N [N(—kovl_y + Fo() — akv'™" + fo(v + M)v)]

YN (kou! ™+ Go) — Btk + oG+ Myu]

Since
. N(=kot"™" + Fo(t)) — a(kt'™" + fo(t + M)1) N
lim = —a)ly>0,
t—00 tp+1 p+1
and
. N(—kot'™" + Go(t)) — Bkt'™ + go(t + M)1) N
lim = —-B)h >0,
t—>00 1q9+1 q+ 1
there exist positive constants a and m independent of u, v, A, such that
(2.14) E'r) = arVN N a@dt + Pty —m)
forr € [0, 1].

Step 2. Show AD{, ADf — oo as Dy — oo.

Note that A is dependent on Dy and it is not trivial that ADg — o0 as Dg — oo. Our
strategy here is to first use the equation for # and the fact that < 7, to show that )»Df — 00
as Dy — oo, and then use the equation for v to show that ADg — o0 as Dy — oo.

By Lemma 2.3 (ii), ¢ < 1,, which, together with (2.1) and (2.4), implies

1 1 s
”(”fﬂ“f w(/ tN‘l(kWV+do(v+M)P+d1>dr)ds
r S 0

(2.15) <ty +Ami(1+ D)),
forr € [0, 1], where m| = k(1 — y)~! +dp2"~'(1 + MP) + d;, v = max(p, q). Similarly,
(2.16) v(r) <t +ami(1+ DY)

forr € [0, 1]. Suppose Do > 4f:, (Do/2m1)'/P > 4f;, where f;, = max(ty, m1).
Since A < 1,

f +Amy <t +my <26 < Dy/2,
from which (2.15) implies
(2.17) AD} > (1/my)(Do — tp, — Amy) > Do/2m; .
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Consequently,
Dy = (Do/2m)'/P > 43y .
Hence it follows from (2.16) that
(2.18) AD{ = (1/my)(Dy — 1, — Amy) = Dy /2my = Dy/Pm

where my = (2m)~1/P+D,

Step 3. Establish a lower bound estimate for £(r), r > rs.

Let us recall that , = max(rg, r1) where u(rg) = Do/2, v(r1) = D1/2. Note that rg, rq
exist since u(1) <1, < Dgo/2, v(l) <ty < D1/2, and u(0) > Dgy/2,v(0) > D1/2.

It follows from (2.14) that for r > rp,

E(r) = A <a/ sN=1yatlgg +a/ sN=lyrtlgs — m)
0

0

(2.19) = (brd (DT + br¥ Dy =) )

where b = (a/N)(1/2)m&P-a)+1,
Next, we need estimates for rg, 1. Since there exists a positive constant m3 depending
only on k, y, do, d1, p, m1, M such that

/ "N ho@) + fo(@)ds < / TNy dov + M)P + d)ds
0 0

< m3Der )
it follows that
(2.20) —u'(r)y =a'"N fo sN7U (ho(@) + fo())ds < am3Dlr .
Integrating (2.20) on (0, r9) gives
(2.21) Do/2 < am3DY (1} /2) .

By taking m3 larger if necessary, we obtain in a similar fashion that
(2.22) Di/2 < Aam3Dg(r{/2).
From (2.21) and (2.22), we deduce that

(2.23) > Do ondr > Dy
. T m4 |— and r my | —,
0 =Z My )»Df 1 =Z ny )\.Dg

where m4 = /1/m3. Using (2.23) in (2.19), we get

vy, v (D00 DPTE
(2.24) §(r) = A7 bmy | = o7 pNai2 o
1 0
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Letd = 1 + 5 — 2(%). Then § > 0, by (Al). Since

+14N/2
patIN2 D(q+1)(qu) (118
0 _ Yo a+
> D,

Np/2 - Np
D! p/ D(p+1)(2(p1+,)
1

. 1 1
1ngJr > Df+ , and

(p+1) pHI+N/2
D{J+1+N/2 D, ( P )
Ng/2
Dy @+ (2i5%)
D,

if DI < D™ it follows from (2.24) and . < 1 that

v

(g+1)8
DO

£r) = AN 2o DYDY _um = A N2 (ol DTV — )

(2.25) > msi! =N2DUY forr > ry

where ms5 = bmiv /2, provided that D(()'Hl)‘s > m/ms, which we assume.
Step 4. Proof of (i).
Case I: ry > 1/2. If rp = ro then u(1/2) > u(r9) = Do/2, which, together with

(2.18), implies

(2.26) 2uf(1/2) = 1(Do/2)? = maDy/" /29,
while if ro = ry then v(1/2) > v(r1) = Dj/2, which together with (2.17), implies
(2.27) AP (1/2) > M(D1/2)P > Do/ (2P my) .

Case 2:  ry < 1/2. Then, by (2.25),
£(r) = £(r) = msA! V2DV forr > 12,

where & (r) = rNu'v' + arN (Fy(v) + Go(u)).
Since lim; o0 = PtD Fy () = 14 and limy—, o0 1~ 9D G (7) = I, there exist constants
[, mg > 0 such that

(2.28) W' 4 M@ 4 uthy > msp ! N2 DU g > g N2 plat?

on [1/2, 1], provided that D(()‘IH)(S > 2meg/ms, where m7 = ms/2.
Since A < 1, it follows from Lemma 2.3 (i) that

(2.29) AP (r) < 85 (u(r) +81) and rud(r) < 8~ (w(r) + 81)

for r € [1/2,3/4]. Multiplying the first inequality in (2.29) by lv, the second by [u, and
adding to get

(2.30) M@PH () + utt () < mg(uv + u + v),

where mg is a positive constant depending on o, 81, and [.
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Combining (2.28) and (2.29), we obtain
W'V + mg(uv + u +v) > m7)L1_N/2D(()q+1)(s ,
from which it follows that
wWv +uv+u+v> mg)\l_l\’/zD(()qul)(S ,

where mg = Since u’, v" < 0 on (0, 1], this implies

__m7
max(1,mg) "

(2.31) (- =V +ut+v+ D>V vuv+u+v> mg)»l_N/zDgﬁ_l)(S
on[1/2,3/4]. Let w = u + v. Then it follows from (2.31) and A < 1 that

—wtw> \/m—g)hl/2—N/4D(()tI+1)5/2 1> mlo)hl/2—N/4D(()4+l)3/2’

on [1/2, 3/4], provided that D™V > 2mJ'/? | where mig = \/mig/2.
Solving this differential inequality gives

w(l/2) > mu)nl/z_N/“D(()‘l‘i‘l)(S/Z ’

where m1; = mio(1 — e~ /%), Hence

u(1/2) > (m11/2)k1/2_N/4D(()q+1)5/2’
or

- 1)8/2

v(1/2) = (my1 /)N 2N/ plathoz,
Ifu(1/2) > (mll/z)kl/Z—N/4D(()q+l)8/2 then
232 Ju?(1/2) = mppa FV2N/Da pa@Dd/2 o o, ) paat o2

since 1 + (1/2 — N/4)g <0, where mya = (m11/2)4.
On the other hand, if v(1/2) > (m11/2)A1/2~N/4D{ITDY2 then

(2.33) awP(1/2) > m13A1+(1/2—N/4)pD(/)J(q+1)8/2 > m13D(1)7(q+1)3/2,

since 1 + (1/2 - N/4)p <0, where m3 = (m11/2)P.
Combining (2.26), (2.27), (2.32), and (2.33), it follows that

Au?(1/2) + vP(1/2)) — 00 as Dy — oo,

i.e. (i) holds. In particular, there exists a constant R, > r; such that u?(1/2) + v”(1/2) >
t + ¢! for ||(u, v)|| > Ry. This implies u(1/2) > #, or v(1/2) > 1, for ||(u, v)|| > Ry,
which contradicts Lemma 2.3(ii). Hence (2.8) has no solution (u, v) € Kwith ||(u, v)|| = R,
which completes the proof of Lemma 2.4. O



350 D. D. HAI

LEMMA 2.5. Letz € C'[0, 1] satisfy

_(+N—=1_ry _ N—1,—y ;
(2.34) (r 7Y = —Akr Y7 in(0,1),
z(1/2) > L, z(1) =0,
where y € (0, 1), k, L > 0. Then
z(r) > Lo(1 —r)

forr € [1/2, 11, where Lo = 2>"NL —2N=1k(1 — y)~ 1.

-1
PROOF. Let 20(r) = z(r) — z(1/2) (frlsl_Nds> (fll/zsl_Nds> , r € [0, 1]. Then
z0(1/2) = zo(1) = 0 and z¢ satisfies the diffferential inequality in (2.34). Hence

1
(2.35) 20(r) > =k / K(r,s)s" 'y vds,
1/2

where K (r, s) is the Green’s function of — (V1) with zero boundary conditionon (1/2, 1).

Note that
o (fls/ztl_Ndr> (frl rl_Ndr) if s<r,

ST (et rar) (1N )i s =

-1
where p = (f11/2 tl_Ndr) . Since

1
K(r,s) < / i Nagr <2Vl —»r)
r
for 1/2 <r,s <1, it follows from (2.35) that

1
z0(r) > —2N_1kA/ sVl vds > 2Nk — )71 = ).
0

Hence

1 1 -1
2(r)=z(1/2) (/ sl—Nds) (/ sl—Nds) + z0(r)
r 1/2

> @22 NL =2V "k =) na =)

for r € [1/2, 1], which completes the proof. O
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3. Proof of the main result.

PROOF OF THEOREM 1.1. By Theorem A, Lemma 2.2, and Lemma 2.4 (ii), 7 has a
fixed point (u;, vy) € K with [|(up, va)|| = ry. Since r, — 0o as L — 0, it follows from
Lemma 2.4(i) with t = O that

(3.1) 2l (1/2) + 0/ (1/2)) — oo
as A — 0. By Lemma 2.3(i),

3.2) 1,(1/2) = A(Sovy (1/2) = 81) ,
and

(3.3) v (1/2) = A(Bouf (1/2) = 81) .

Let My > 0. We shall show that
u; (r), vi(r) = Mo(1 —r) on (0, 1)
if A is sufficiently small. Let K > 1 be large enough so that
(3.4) 227N min(k V/maxp.9) sok —§) — 2N "k(1 — )7 > 2Mm .
In view of (3.1), there exists Ao € (0, A¢) such that Au?(1/2) > K or a!(1/2) > K for
X € (0, Ag).

If Auf(1/2) > K then u;(1/2) > K'/9 and it follows from (3.3) and A < 1 that
v;.(1/2) > 80K — 81. Since u;, vy, satisfy (2.34) with L = min(K 1/ ™4 §0K —§1), (3.4)
and Lemma 2.5 imply
(3.5) U (r), vi(r) = 2Mo(1 —r)

for r € [1/2, 1]. On the other hand, if Av!(1/2) > K then v;(1/2) > K'/? and it follows
from (3.2) that u, (1/2) > 80K — 81. Hence (3.5) follows from (3.4) and Lemma 2.5. Thus
(3.5) holds in either case. Since u;, v, are decreasing, u, (r) > u;(1/2) > My(l — r) and
v (r) = v, (1/2) = Mo(1 —r) for r € [0, 1/2). In particular, by taking Mo = M, we see that
(u,., vy) is a positive radial solution of (1.1) for A < Ag with

(A = )" min(uy (r), v1(r)) = 0o

uniformly in r € [0, 1) as A — 0, which completes the proof. O

Acknowledgment. 'The author wish to thank the referee for carefully reading the manuscript and
providing helpful suggestions.

REFERENCES

[1] T.B. BENJAMIN, A unified theory of conjugate flows, Philos. Trans. Roy. Soc. A 269 (1971), 587-643.

[2] H. BREzZIS AND R. L. TURNER, On a class of superlinear elliptic problems, Comm. Partial Differential
Equations 2 (1977), 601-614.

[3]1 PH. CLEMENT, D. G. DE FIGUEREDO AND E. MITIDIERI, Positive solutions of semilinear elliptic systems,
Comm. Partial Differential Equations 17 (1992), 923-940.



352 D. D. HAI

[4] PH. CLEMENT, R. MANASEVICH AND E. MITIDIERI, Positive solutions for a quasilinear elliptic system via
blow up, Comm. Partial Differential Equations 18 (1993), 2071-2106.

[5]1 C. COSNER, Positive solutions for superlinear elliptic systems without variational structure, Nonlinear Anal.
8 (1984), 1427-1436.

[6] M.G. CRANDALL, P. H. RABINOWITZ AND L. TARTAR, On a Dirichlet problem with a singularity, Comm.
Partial Differential Equations 12 (1977), 193-222.

[7] M. M. COCLITE AND G. PALMIERI, On a singular nonlinear Dirichlet problem, Comm. Partial Differential
Equations 14 (1989), 1315-1327.

[8] R.DALMASSO, Existence and uniqueness of positive radial solutions for the Lane-Emden system, Nonlinear
Anal. 57 (2004), 341-348.

[9] D. G. DE FIGUEREIDO, P. L. LIONS AND R. D. NUSSBAUM, A priori estimates and existence of positive
solutions for semilinear elliptic equations, J. Math. Pures Appl. 61 (1982), 41-63.

[10] W.FULKS AND J. S. MAYBEE, A singular nonlinear equation, Osaka J. Math. 12 (1960), 1-19.

[11] G.B. GUSTAFSON AND K. SCHMITT, Nonzero solutions of boundary value problems for second order ordi-
nary and delay-differential equations, J. Differential Equations 12 (1972), 129-147.

[12] B. GIDAS AND J. SPRUCK, A priori bounds for positive solutions of nonlinear elliptic equations, Comm.
Partial Differential Equations 6 (1981), 883-901.

[13] D. D. HAIL On a class of semilinear elliptic systems, J. Math. Anal. Appl. 285 (2003), 477-486.

[14] D. D. HAI AND K. SCHMITT, On radial solutions of quasilinear boundary value problems, in Topics in
nonlinear analysis, 349-361, Progr. Nonlinear Differential Equations Appl. 35, Birkhauser, Basel, 1999.

[15] D.D.HAIAND J. L. WILLIAMS, Positive radial solutions for a class of quasilinear boundary value problems
in a ball, Nonlinear Anal. 75 (2012), no. 4, 1744-1750.

[16] D. D. HAI, Positive radial solutions for singular quasilinear elliptic equations in a ball, Publ. Res. Inst. Math.
Sci. 50 (2014), 341-362.

[17] J. HERNANDEZ, J. KARATSON AND P. L. SIMON, Multiplicity for semilinear elliptic equations involving
singularity, Nonlinear Anal. 65 (2006), 265-283.

[18] M. GARCIA-HUIDOBRO, R. MANASEVICH AND K. SCHMITT, Positive radial soltutions of quasilinear ellip-
tic partial differential equations in a ball, Nonlinear Anal. 35 (1999), 175-190.

[19] E. MITIDIERL A Rellich type identity and applications, Comm. Partial Differential Equations 18 (1993), 125—
151.

[20] L. A. PELETIER AND R. C. A. M. VAN DER VORST, Existence and nonexistence of positive solutions of
nonlinear elliptic systems and the biharmonic equation, Differential Integral Equations 5(1992), no. 4, 747—
767.

DEPARTMENT OF MATHEMATICS AND STATISTICS
MIiSSISSIPPI STATE UNIVERSITY

MIisSISSIPPI STATE, MS 39762

USA

E-mail address: dang@math.msstate.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ARA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /BGR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHT (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CZE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DAN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ETI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /GRE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HEB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HRV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HUN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ITA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFFff08682aff0956fd969b6587732e53705237793e306e51fa529b6a5f306b90693057305f002000410064006f0062006500200050004400460020658766f830924f5c62103057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e30593002>
    /KOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LTH (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LVI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NLD (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /POL (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /PTB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUM (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SKY (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SLV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SUO (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SVE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /TUR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /UKR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


