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Abstract. We establish the existence of large positive radial solutions for the elliptic
system

⎧
⎨

⎩

−Δu = λf (v) in B ,

−Δv = λg(u) in B ,

u = v = 0 on ∂B ,

when the parameter λ > 0 is small, whereB is the open unit ball RN,N > 2, f, g : (0,∞) →
R are possibly singular at 0 and f (u) ∼ up, g(v) ∼ vq at ∞ for some p, q > 0 with
pq > 1. Our approach is based on fixed point theory in a cone.

1. Introduction. In this paper, we investigate the existence of positive solutions for
the superlinear elliptic system

(1.1)

⎧
⎨

⎩

−Δu = λf (v) in B ,

−Δv = λg(u) in B ,

u = v = 0 on ∂B ,

where B is the open unit ball RN,N > 2, f, g : (0,∞) → R, and λ is a positive parameter.
Systems described by (1.1) arise in the study of steady states reaction-diffusion and hy-

drodynamical problems (see e.g. [1] and the references therein). Let us briefly look at the
literature on the superlinear system (1.1) when f, g are nonsingular. In [20, Theorem 3],
Peletier and Vorst established the existence and nonexistence of positive solutions to (1.1) for
λ > 0, N ≥ 4 and superlinear f, g satisfying f (0) = g(0) = 0 and f (t), g(t) > 0 for t > 0.
In particular, when f (t) = tp and g(t) = tq , where p, q ≥ 1, [20, Theorem 4] gave the
existence of a unique radial positive radial solution to (1.1) for

(1.2)
1

p + 1
+ 1

q + 1
>
N − 2

N
,

and the nonexistence of positive solutions to (1.1) for

(1.3)
1

p + 1
+ 1

q + 1
≤ N − 2

N
.

Similar existence results under the assumption (1.2) on a bounded convex domain in R
N,N ≥

3, were obtained by Clement, de Figueiredo, and Mitidieri [3, Theorem 3.1], which improves
a previous result by Cosner [5, Theorem 2]. In [8, Theorem 1.2 (i)] Dalmasso showed the
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existence of a positive solution to (1.1) under condition (1.2) with p > 1, q ∈ (0, 1), and
pq > 1, thus complementing the results in [5, 18, 20]. The nonexistence of positive to (1.1)
in a bounded domain was obtained in [18, Proposition 3.1] when f, g are pure powers satis-
fying (1.3). The case when f (0) and g(0) are negative was discussed in [13, Theorem 2.1],
where the existence of a large positive radial solution to (1.1) was obtained for λ > 0 small
when f, g satisfy conditions similar to the ones in [20] at ∞. In this paper, we are interested
in studying positive radial solutions to (1.1) in the case when f, g are allowed to have a com-
bined superlinear at ∞, singular at 0, and change sign, which has not been considered in the
literature to our knowledge. In particular, our result when applied to the model case

(1.4)

⎧
⎨

⎩

−Δu = λ
(
av−α + vp

)
in B ,

−Δv = λ
(
bu−β + uq

)
in B ,

u = v = 0 on ∂B,

where α, β ∈ (0, 1), a, b ∈ R, p, q > 0 with pq > 1 and satisfying (1.2), gives the existence
of a positive radial solution to (1.4) when N ≥ 2 + 4

min(p,q) and λ > 0 is sufficiently small.
We refer to [2, 4, 6, 7, 9, 10, 12, 14-18] for related results in the single equation case.

Our approach is based on fixed point theory in a cone.

We shall make the following assumptions:

(A1) f, g : (0,∞) → R are continuous and there exist positive constants l0, l1, p, q > 0
with pq > 1 such that

1

p + 1
+ 1

q + 1
>
N − 2

N
,

(1.5) N ≥ 2 + 4

min(p, q)
,

and

(1.6) lim
t→∞

f (t)

tp
= l0 , lim

t→∞
g(t)

tq
= l1 .

(A2) There exists a constant γ ∈ (0, 1) such that

lim sup
t→0+

tγ (|f (t)| + |g(t)|) < ∞ .

Our main result is

THEOREM 1.1. Let (A1)–(A2) hold. Then there exists a positive constant λ0 < 1 such
that for λ < λ0, problem (1.1) has a positive radial solution (uλ, vλ) with

(1 − r)−1 min(uλ(r), vλ(r)) → ∞
uniformly in r ∈ [0, 1) as λ → 0.

REMARK 1.1. Note that (1.5) is satisfied if p, q ≥ 1 and N ≥ 6.
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By (A1), there exist constants t0, t1 > 0 such that f (t) ≥ f (t0) for t ≥ t0 and g(t) ≥
g(t1) for t ≥ t1. Define

h0(t) =
{
f (t) if 0 < t ≤ t0

f (t0) if t > t0
, f0(t) =

{
0 if 0 ≤ t ≤ t0

f (t)− f (t0) if t > t0
,

k0(t) =
{
g(t) if 0 < t ≤ t1

g(t1) if t > t1
, g0(t) =

{
0 if 0 ≤ t ≤ t1

g(t)− g(t1) if t > t1
.

Then f = f0 +h0, g = g0 + k0 on (0,∞). Note that f0, g0 are nonnegative, continuous
on [0,∞), and limt→∞ f0(t)

tp
= l0, limt→∞ g0(t)

tq
= l1. By (A2), there exists a constant k > 0

such that

(1.7) |h0(t)| + |k0(t)| ≤ kt−γ

for all t > 0. Hence, radial solutions to (1.1) are solutions of the ODE system

(1.8)

⎧
⎨

⎩

−(rN−1u′)′ = λrN−1(h0(v)+ f0(v)), 0 < r < 1 ,
−(rN−1v′)′ = λrN−1(k0(u)+ g0(u)), 0 < r < 1 ,
u′(0) = v′(0) = u(1) = v(1) = 0 .

2. Preliminary results. LetE=C[0, 1]×C[0, 1] be equipped with norm ||(u, v)|| =
max(||u||∞, ||v||∞) and let K be the nonnegative cone in E.

We first recall the following fixed point theorem for cone expansion, which is a special
case of [11, Theorem 2.5].

THEOREM A. Let T : E → E be a completely continuous operator such that T (K) ⊂
K and satisfying

(a) There exists r > 0 such that all solutions (u, v) ∈ K of

(u, v) = θT (u, v) , θ ∈ (0, 1)

satisfy ||(u, v)|| 
= r.

(b) There exists R > r such that all solutions (u, v) ∈ K of

(u, v) = T (u, v) + (t, t) , t ≥ 0

satisfy ||(u, v)|| 
= R.

Then T has a fixed point (u, v) ∈ K with r ≤ ||(u, v)|| ≤ R.

Let ψ(r) = 1 − r, λ ∈ (0, 1), and M > 0. For (ũ, ṽ) ∈ E, define Tλ,M(ũ, ṽ) = (u, v),

where u, v satisfy

(2.0)

⎧
⎨

⎩

−(rN−1u′)′ = λrN−1(h0(ṽM)+ f0(ṽM)), 0 < r < 1 ,
−(rN−1v′)′ = λrN−1(k0(ũM)+ g0(ũM)), 0 < r < 1 ,

u′(0) = v′(0) = u(1) = v(1) = 0 ,

where z̃M ≡ max(z̃,Mψ). By (1.7),

(2.1) |h0(ṽM)|, |k0(ũM)| ≤ k(Mψ)−γ .
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Since ψ−γ ∈ Lq(0, 1) for 1 < q < 1/γ, it follows from [15, Lemma 3.1] that (2.0) has a
unique solution (u, v) ∈ C1,ν[0, 1] ×C1,ν[0, 1] for some ν ∈ (0, 1), and Tλ,M : E → E is
completely continuous. We shall show next that Tλ,M : K → K if M is large enough.

LEMMA 2.1. There exists a constant M > 1 such that Tλ,M : E → K. Furthermore,
if (u, v) ∈ Tλ,M(K) then u, v are decreasing on [0, 1].

PROOF. In view of (1.6), there exist constants c0, c1 > 0 such that

(2.2) f0(t) ≥ c0t
p − c1 and g0(t) ≥ c0t

q − c1

for t ≥ 0. Since

lim
s→0+ s

−N
∫ s

0
τN−1ψ−γ dτ = lim

s→0+ s
−N

∫ s

0
τN−1ψldτ = 1/N,

where l ∈ {p, q}, and s−N
∫ s

0 τ
N−1ψ−γ dτ, s−N

∫ s
0 τ

N−1ψldτ are positive and continuous
on (0, 1], there exist constants c̃0, c̃1 > 0 such that

∫ s

0
τN−1ψldτ ≥ c̃0s

N and
∫ s

0
τN−1ψ−γ dτ ≤ c̃1s

N

for s > 0, l ∈ {p, q}. Hence it follows that
(2.3)∫ s

0
τN−1

(
−k(Mψ)−γ + c0(Mψ)

l − c1

)
dτ ≥

(
−kc̃1M

−γ + c0c̃0M
l − c1

N

)
sN > 0

for s > 0 if M > 1 is large enough, which we assume. We claim that Tλ,M : K → K. Let
(u, v) = Tλ,M(ũ, ṽ) where (ũ, ṽ) ∈ K. Using (2.1)-(2.3), we obtain

−u′(r) = λr1−N
∫ r

0
sN−1 (h0(ṽM)+ f0(ṽM))ds

≥ λr1−N
∫ r

0
sN−1 (−k(Mψ)−γ + c0 (Mψ)

p − c1
)
ds > 0

for r ∈ (0, 1] i.e. u′ < 0 on (0, 1]. Similarly, v′ < 0 on (0, 1]. Since u(1) = v(1) = 0, this
completes the proof of Lemma 2.1. �

Let M be the constant given by Lemma 2.1. To avoid cumbersome notation we shall
write z̃ for z̃M and Tλ for Tλ,M for the rest of the paper.

LEMMA 2.2. There exist constants λ̃0 ∈ (0, 1) and rλ > 0 with rλ → ∞ as λ → 0
such that for λ < λ̃0, all solutions (u, v) ∈ K of

(u, v) = θTλ(u, v), θ ∈ (0, 1)

satisfy ||(u, v)|| 
= rλ.
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PROOF. Let (u, v) ∈ K satisfy

(u, v) = θTλ(u, v) for some θ ∈ (0, 1) .

Then u, v ≥ 0 and

u(r) = λθ

∫ 1

r

s1−N
(∫ s

0
τN−1 (h0(ṽ)+ f0(ṽ))dτ

)

ds.

In view of (1.6), there exist constant d0, d1 > 0 such that

(2.4) f0(t) ≤ d0t
p + d1 and g0(t) ≤ d0t

q + d1

for t ≥ 0. Let ν = max{p, q}. Since ψ ≤ ṽ ≤ v +M, it follows from (2.1) and (2.4) that

u(r) ≤ λ

∫ 1

r

s1−N
(∫ s

0
τN−1(kψ−γ + d0(v +M)p + d1)dτ

)

ds

(2.5) ≤ λd2(1 + ||v||ν∞) for r ∈ (0, 1),

where d2 = k(1−γ )−1 +2ν−1d0(1+Mν)+d1. Here we have used the inequality (x+y)ν ≤
2ν−1(xν + yν) for x, y ≥ 0, ν > 1 and the fact that

s1−N
∫ s

0
τN−1ψ−γ dτ ≤

∫ s

0
ψ−γ dτ ≤ (1 − γ )−1 for s > 0 .

Similarly,

(2.6) v(r) ≤ λd2(1 + ||u||ν∞)

for r ∈ (0, 1). Combining (2.5) and (2.6), we get

(2.7) ||(u, v)|| ≤ λd2(1 + ||(u, v)||ν) .

Suppose λ < (4d2)
−1 and let rλ = (4λd2)

−1/(ν−1). Then rλ → ∞ as λ → 0.
We claim that ||(u, v)|| 
= rλ. Indeed, suppose ||(u, v)|| = rλ. Since rλ > 1, it follows

from (2.7) that

rλ ≤ 2λd2r
ν
λ ,

which implies rλ ≥ (2λd2)
−1/(ν−1), a contradiction which proves the claim. �

For the rest of the paper, we assume λ < λ̃0.
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LEMMA 2.3. (i) Let (u, v) ∈ K be a solution of

(2.8) (u, v) = Tλ(u, v) + (t, t), t ≥ 0 .

Then there exist positive constants δ0, δ1 independent of u, v, λ, such that

u(r) ≥ λ(δ0v
p(r)− δ1) , v(r) ≥ λ(δ0u

q(r)− δ1)

for r ∈ [1/2, 3/4].
(ii) There exists a constant tλ > 0 such that if the equation (2.8) has a solution (u, v) ∈ K

then

u(1/2) , v(1/2) ≤ tλ .

In particular, if (2.8) has a solution in K then t ≤ tλ.

PROOF. Let (u, v) ∈ K be a solution of (2.8) for some t ≥ 0. Then (u − t, v − t) =
Tλ(u, v) and hence by Lemma 2.1, u, v are decreasing on [0, 1] and satisfy

(2.9)

⎧
⎨

⎩

−(rN−1u′)′ = λrN−1(h0(ṽ)+ f0(ṽ)), 0 < r < 1,
−(rN−1v′)′ = λrN−1(k0(ũ)+ g0(ũ)), 0 < r < 1,

u′(0) = v′(0) = 0, u(1) = v(1) = t .

Note that

u(r) = t + λ

∫ 1

r

1

sN−1

(∫ s

0
τN−1 (h0(ṽ)+ f0(ṽ))dτ

)

ds.

Let r ∈ [1/2, 3/4]. Using (2.1)-(2.2), it follows that for s ≥ r,
∫ s

0
τN−1 (h0(ṽ)+ f0(ṽ))dτ ≥

∫ r

0
τN−1(−kψ−γ + c0v

p − c1)dτ − c2

≥ c3v
p(r)− c4 ,

where c2, c3, and c4 are positive constants independent of u, v, λ. Hence

(2.10) u(r) ≥ λ

∫ 1

r

s1−N(c3v
p(r)− c4)ds ≥ λ(δ0v

p(r)− δ1) ,

where δ0 = c3
∫ 1

3/4 s
1−Nds, δ1 = c4

∫ 1
1/2 s

1−Nds. Similarly,

(2.11) v(r) ≥ λ(δ0u
q(r)− δ1) ,

and (i) follows. Suppose u(1/2) > t̄λ, where t̄λ > 0 is large enough so that
δ0 t̄

q
λ ≥ 2δ1, λ

p(δ0/2)1+p t̄pqλ > 2δ1, and t̄pq−1
λ > (λδ0/2)−(1+p). Then it follows from

(2.10) and (2.11) that

v(1/2) ≥ λ(δ0/2)uq(1/2) ,

and

u(1/2) ≥ λ(δ0/2)vp(1/2) ,
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which implies

t̄
pq−1
λ < upq−1(1/2) ≤ (λδ0/2)−(1+p) ,

a contradiction. Hence u(1/2) ≤ t̄λ. Similarly, there exists t̂λ > 0 such that v(1/2) ≤
t̂λ. Hence u(1/2), v(1/2) ≤ tλ = max(t̄λ, t̃λ), and t = u(1) ≤ u(1/2) ≤ tλ, which com-
pletes the proof. �

LEMMA 2.4. Let (u, v) ∈ K be a solution of (2.8) for some t ≥ 0. Then
(i)

λ(uq(1/2)+ vp(1/2)) → ∞ as ||(u, v)|| → ∞ .

(ii) There exists a constant Rλ > rλ such that all solutions (u, v) ∈ K of (2.8) satisfy
||(u, v)|| < Rλ, where rλ is given by Lemma 2.2.

PROOF. Define f̄0(t) = infs≥t f0(s), f̃0(t) = sup0≤s≤t f0(s), ḡ0(t) = infs≥t g0(s),

g̃0(t) = sup0≤s≤t g0(s), F̄0(t) = ∫ t
0 f̄0(s)ds, and Ḡ0(t) = ∫ t

0 ḡ0(s)ds. Let

ξ(r) = rNu′v′ + λrN
[
−k0(u

1−γ + v1−γ )+ F̄0(v)+ Ḡ0(u)
]

+ αrN−1u′v + βrN−1uv′,

where α, β > 0 are such that α + β = N − 2 and

N

p + 1
> α ,

N

q + 1
> β .

Let ||u|| = D0, ||v|| = D1 and without loss of generality supposeD0 ≥ D1.Note that u, v are
positive and decreasing on [0, 1].We shall break down the proof of (i) in four steps. In Step 1,
we establish a lower bound estimate for ξ ′(r). In Step 2, we show that λDq0 , λD

p

1 → ∞
as D0 → ∞. In Step 3, we establish a lower bound estimate for ξ(r), r ≥ r2, where r2 =
max(r0, r1) and u(r0) = D0/2, v(r1) = D1/2. In Step 4, we establish (i) by considering
the two cases r2 ≥ 1/2 and r2 < 1/2. Since we want to establish (i), we shall assume that
D0 >> 1 in Steps 2-4.

Step 1. Establish a lower bound estimate for ξ ′(r).
By (1.7),

|h0(ṽ)| ≤ kṽ−γ ≤ kv−γ and |k0(ũ)| ≤ kũ−γ ≤ ku−γ .

Hence, by multiplying the first equation in (2.9) by rv′, the second by ru′, and adding we get

−(rNu′v′)′ + (2 −N)rN−1u′v′ = λrN
[
(h0(ṽ)+ f0(ṽ))v

′ + (k0(ũ)+ g0(ũ))u
′]

(2.12) ≤ λrN
[
(−kv−γ + f̄0(v))v

′ + (−ku−γ + ḡ0(u))u
′]

=
[
λrN(−k0v

1−γ + F̄0(v)− k0u
1−γ + Ḡ0(u))

]′

−λNrN−1
[
−k0v

1−γ + F̄0(v)− k0u
1−γ + Ḡ0(u)

]
,
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where k0 = k(1 − γ )−1.

Next, multiplying the first equation in (2.9) by αv, the second by βu, and adding, we get

−(αrN−1u′v + βrN−1uv′)′ + (N − 2)rN−1u′v′

= λrN−1 [α(h0(ṽ)+ f0(ṽ))v + β(k0(ũ)+ g0(ũ))u)
]

(2.13) ≤ λrN−1
[
α(kv1−γ + f̃0(v +M)v)+ β(ku1−γ + g̃0(u+M)u)

]
.

Adding (2.12) and (2.13), we obtain

ξ ′(r) ≥ λrN−1
[
N(−k0v

1−γ + F̄0(v))− α(kv1−γ + f̃0(v +M)v)
]

+λrN−1
[
N(−k0u

1−γ + Ḡ0(u))− β(ku1−γ + g̃0(u+M)u
]
.

Since

lim
t→∞

N(−k0t
1−γ + F̄0(t))− α(kt1−γ + f̃0(t +M)t)

tp+1
=
(

N

p + 1
− α

)

l0 > 0 ,

and

lim
t→∞

N(−k0t
1−γ + Ḡ0(t))− β(kt1−γ + g̃0(t +M)t)

tq+1
=
(

N

q + 1
− β

)

l1 > 0 ,

there exist positive constants a and m independent of u, v, λ, such that

(2.14) ξ ′(r) ≥ λrN−1(a(uq+1 + vp+1)−m)

for r ∈ [0, 1].
Step 2. Show λD

q

0 , λD
p

1 → ∞ as D0 → ∞.

Note that λ is dependent on D0 and it is not trivial that λDq0 → ∞ as D0 → ∞. Our
strategy here is to first use the equation for u and the fact that t ≤ tλ to show that λDp1 → ∞
as D0 → ∞, and then use the equation for v to show that λDq0 → ∞ as D0 → ∞.

By Lemma 2.3 (ii), t ≤ tλ, which, together with (2.1) and (2.4), implies

u(r) ≤ tλ + λ

∫ 1

r

1

sN−1

(∫ s

0
τN−1(kψ−γ + d0(v +M)p + d1)dτ

)

ds

(2.15) ≤ tλ + λm1(1 +D
p

1 ) ,

for r ∈ [0, 1], where m1 = k(1 − γ )−1 + d02ν−1(1 +Mp)+ d1, ν = max(p, q). Similarly,

(2.16) v(r) ≤ tλ + λm1(1 +D
q

0 )

for r ∈ [0, 1]. Suppose D0 > 4t̃λ, (D0/2m1)
1/p > 4t̃λ, where t̃λ = max(tλ,m1).

Since λ < 1,

tλ + λm1 < tλ +m1 ≤ 2t̃λ < D0/2 ,

from which (2.15) implies

(2.17) λD
p

1 ≥ (1/m1)(D0 − tλ − λm1) ≥ D0/2m1 .
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Consequently,

D1 ≥ (D0/2m1)
1/p > 4t̃λ .

Hence it follows from (2.16) that

(2.18) λD
q

0 ≥ (1/m1)(D1 − tλ − λm1) ≥ D1/2m1 ≥ D
1/p
0 m2 ,

where m2 = (2m1)
−(1/p+1).

Step 3. Establish a lower bound estimate for ξ(r), r ≥ r2.

Let us recall that r2 = max(r0, r1) where u(r0) = D0/2, v(r1) = D1/2. Note that r0, r1
exist since u(1) ≤ tλ < D0/2, v(1) ≤ tλ < D1/2, and u(0) > D0/2, v(0) > D1/2.

It follows from (2.14) that for r ≥ r2,

ξ(r) ≥ λ

(

a

∫ r0

0
sN−1uq+1ds + a

∫ r1

0
sN−1vp+1ds −m

)

(2.19) ≥ λ
(
brN0 (D0

q+1 + brN1 D1
p+1 −m)

)
,

where b = (a/N)(1/2)max(p,q)+1.

Next, we need estimates for r0, r1. Since there exists a positive constant m3 depending
only on k, γ, d0, d1, p,m1,M such that

∫ r

0
sN−1 (h0(ṽ)+ f0(ṽ))ds ≤

∫ r

0
sN−1(kψ−γ + d0(v +M)p + d1)ds

≤m3D
p

1 r
N ,

it follows that

(2.20) −u′(r) = λr1−N
∫ r

0
sN−1 (h0(ṽ)+ f0(ṽ))ds ≤ λm3D

p

1 r .

Integrating (2.20) on (0, r0) gives

(2.21) D0/2 ≤ λm3D
p

1 (r
2
0/2) .

By taking m3 larger if necessary, we obtain in a similar fashion that

(2.22) D1/2 ≤ λm3D
q

0 (r
2
1/2) .

From (2.21) and (2.22), we deduce that

(2.23) r0 ≥ m4

√
D0

λD
p

1

and r1 ≥ m4

√
D1

λD
q

0

,

where m4 = √
1/m3. Using (2.23) in (2.19), we get

(2.24) ξ(r) ≥ λ1−N/2bmN4

(
D
q+1+N/2
0

D
Np/2
1

+ D
p+1+N/2
1

D
Nq/2
0

)

− λm .
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Let δ = 1 + N
2(q+1) − Np

2(p+1) . Then δ > 0, by (A1). Since

D
q+1+N/2
0

D
Np/2
1

= D
(q+1)

(
q+1+N/2
q+1

)

0

D
(p+1)

(
Np

2(p+1

)

1

≥ D
(q+1)δ
0

if Dq+1
0 > D

p+1
1 , and

D
p+1+N/2
1

D
Nq/2
0

= D
(p+1)

(
p+1+N/2
p+1

)

1

D
(q+1)

(
Nq

2(q+1

)

0

≥ D
(q+1)δ
0

if Dq+1
0 ≤ D

p+1
1 , it follows from (2.24) and λ < 1 that

ξ(r) ≥ λ1−N/2bmN4 D
(q+1)δ
0 − λm ≥ λ1−N/2(bmN4 D

(q+1)δ
0 −m)

(2.25) ≥ m5λ
1−N/2D(q+1)δ

0 for r ≥ r2 ,

where m5 = bmN4 /2, provided that D(q+1)δ
0 > m/m5, which we assume.

Step 4. Proof of (i).
Case 1: r2 ≥ 1/2. If r2 = r0 then u(1/2) ≥ u(r0) = D0/2, which, together with

(2.18), implies

(2.26) λuq(1/2) ≥ λ(D0/2)q ≥ m2D
1/p
0 /2q ,

while if r2 = r1 then v(1/2) ≥ v(r1) = D1/2, which together with (2.17), implies

(2.27) λvp(1/2) ≥ λ(D1/2)p ≥ D0/(2p+1m1) .

Case 2: r2 < 1/2. Then, by (2.25),

ξ0(r) ≥ ξ(r) ≥ m5λ
1−N/2D(q+1)δ

0 for r ≥ 1/2 ,

where ξ0(r) = rNu′v′ + λrN(F̄0(v)+ Ḡ0(u)).

Since limt→∞ t−(p+1)F̄0(t) = l1 and limt→∞ t−(q+1)Ḡ0(t) = l2, there exist constants
l,m6 > 0 such that

(2.28) u′v′ + λl(vp+1 + uq+1) ≥ m5λ
1−N/2D(q+1)δ

0 −m6 ≥ m7λ
1−N/2D(q+1)δ

0

on [1/2, 1], provided that D(q+1)δ
0 > 2m6/m5, where m7 = m5/2.

Since λ < 1, it follows from Lemma 2.3 (i) that

(2.29) λvp(r) ≤ δ−1
0 (u(r)+ δ1) and λuq(r) ≤ δ0

−1(v(r)+ δ1)

for r ∈ [1/2, 3/4]. Multiplying the first inequality in (2.29) by lv, the second by lu, and
adding to get

(2.30) λl(vp+1(r)+ uq+1(r)) ≤ m8(uv + u+ v) ,

where m8 is a positive constant depending on δ0, δ1, and l.
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Combining (2.28) and (2.29), we obtain

u′v′ +m8(uv + u+ v) ≥ m7λ
1−N/2D(q+1)δ

0 ,

from which it follows that

u′v′ + uv + u+ v ≥ m9λ
1−N/2D(q+1)δ

0 ,

where m9 = m7
max(1,m8)

. Since u′, v′ < 0 on (0, 1], this implies

(2.31) (−u′ − v′ + u+ v + 1)2 ≥ u′v′ + uv + u+ v ≥ m9λ
1−N/2D(q+1)δ

0

on [1/2, 3/4]. Let w = u+ v. Then it follows from (2.31) and λ < 1 that

−w′ + w ≥ √
m9λ

1/2−N/4D(q+1)δ/2
0 − 1 ≥ m10λ

1/2−N/4D(q+1)δ/2
0 ,

on [1/2, 3/4], provided that D(q+1)δ/2
0 ≥ 2m−1/2

9 , where m10 = √
m9/2.

Solving this differential inequality gives

w(1/2) ≥ m11λ
1/2−N/4D(q+1)δ/2

0 ,

where m11 = m10(1 − e−1/4). Hence

u(1/2) ≥ (m11/2)λ
1/2−N/4D(q+1)δ/2

0 ,

or

v(1/2) ≥ (m11/2)λ1/2−N/4D(q+1)δ/2
0 .

If u(1/2) ≥ (m11/2)λ1/2−N/4D(q+1)δ/2
0 then

(2.32) λuq(1/2) ≥ m12λ
1+(1/2−N/4)qDq(q+1)δ/2

0 ≥ m12D
q(q+1)δ/2
0

since 1 + (1/2 − N/4)q ≤ 0, where m12 = (m11/2)q .
On the other hand, if v(1/2) ≥ (m11/2)λ1/2−N/4D(q+1)δ/2

0 then

(2.33) λvp(1/2) ≥ m13λ
1+(1/2−N/4)pDp(q+1)δ/2

0 ≥ m13D
p(q+1)δ/2
0 ,

since 1 + (1/2 − N/4)p ≤ 0, wherem13 = (m11/2)p.
Combining (2.26), (2.27), (2.32), and (2.33), it follows that

λ(uq(1/2)+ vp(1/2)) → ∞ as D0 → ∞ ,

i.e. (i) holds. In particular, there exists a constant Rλ > rλ such that uq(1/2) + vp(1/2) >
t
q
λ + t

p
λ for ||(u, v)|| ≥ Rλ. This implies u(1/2) > tλ or v(1/2) > tλ for ||(u, v)|| > Rλ,

which contradicts Lemma 2.3(ii). Hence (2.8) has no solution (u, v) ∈ K with ||(u, v)|| ≥ Rλ,

which completes the proof of Lemma 2.4. �
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LEMMA 2.5. Let z ∈ C1[0, 1] satisfy

(2.34)

{−(rN−1z′)′ ≥ −λkrN−1ψ−γ in (0, 1) ,
z(1/2) ≥ L, z(1) = 0 ,

where γ ∈ (0, 1), k, L > 0. Then

z(r) ≥ L0(1 − r)

for r ∈ [1/2, 1], where L0 = 22−NL− 2N−1k(1 − γ )−1λ.

PROOF. Let z0(r) = z(r) − z(1/2)
(∫ 1
r
s1−Nds

) (∫ 1
1/2 s

1−Nds
)−1

, r ∈ [0, 1]. Then

z0(1/2) = z0(1) = 0 and z0 satisfies the diffferential inequality in (2.34). Hence

(2.35) z0(r) ≥ −λk
∫ 1

1/2
K(r, s)sN−1ψ−γ ds,

whereK(r, s) is the Green’s function of −(rN−1u′)′ with zero boundary condition on (1/2, 1).
Note that

K(r, s) =
⎧
⎨

⎩

ρ
(∫ s

1/2 τ
1−Ndτ

) (∫ 1
r
τ 1−Ndτ

)
if s ≤ r ,

ρ
(∫ r

1/2 τ
1−Ndτ

) (∫ 1
s τ

1−Ndτ
)

if s > r ,

where ρ =
(∫ 1

1/2 τ
1−Ndτ

)−1
. Since

K(r, s) ≤
∫ 1

r

τ 1−Ndτ ≤ 2N−1(1 − r)

for 1/2 ≤ r, s ≤ 1, it follows from (2.35) that

z0(r) ≥ −2N−1kλ

∫ 1

0
sN−1ψ−γ ds ≥ −2N−1k(1 − γ )−1λ(1 − r) .

Hence

z(r)= z(1/2)

(∫ 1

r

s1−Nds
)(∫ 1

1/2
s1−Nds

)−1

+ z0(r)

≥ (22−NL− 2N−1k(1 − γ )−1λ)(1 − r)

for r ∈ [1/2, 1], which completes the proof. �
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3. Proof of the main result.
PROOF OF THEOREM 1.1. By Theorem A, Lemma 2.2, and Lemma 2.4 (ii), Tλ has a

fixed point (uλ, vλ) ∈ K with ||(uλ, vλ)|| ≥ rλ. Since rλ → ∞ as λ → 0, it follows from
Lemma 2.4(i) with t = 0 that

(3.1) λ(u
q
λ(1/2)+ v

p
λ (1/2)) → ∞

as λ → 0. By Lemma 2.3(i),

(3.2) uλ(1/2) ≥ λ(δ0v
p
λ (1/2)− δ1) ,

and

(3.3) vλ(1/2) ≥ λ(δ0u
q
λ(1/2)− δ1) .

Let M0 > 0. We shall show that

uλ(r), vλ(r) ≥ M0(1 − r) on (0, 1)

if λ is sufficiently small. Let K > 1 be large enough so that

(3.4) 22−N min(K1/max(p,q), δ0K − δ1)− 2N−1k(1 − γ )−1 > 2M0 .

In view of (3.1), there exists λ0 ∈ (0, λ̃0) such that λuqλ(1/2) > K or λvpλ (1/2) > K for
λ ∈ (0, λ0).

If λuqλ(1/2) > K then uλ(1/2) > K1/q and it follows from (3.3) and λ < 1 that
vλ(1/2) ≥ δ0K − δ1. Since uλ, vλ satisfy (2.34) with L = min(K1/max(p,q), δ0K − δ1), (3.4)
and Lemma 2.5 imply

(3.5) uλ(r), vλ(r) ≥ 2M0(1 − r)

for r ∈ [1/2, 1]. On the other hand, if λvpλ (1/2) > K then vλ(1/2) > K1/p and it follows
from (3.2) that uλ(1/2) ≥ δ0K − δ1. Hence (3.5) follows from (3.4) and Lemma 2.5. Thus
(3.5) holds in either case. Since uλ, vλ are decreasing, uλ(r) ≥ uλ(1/2) ≥ M0(1 − r) and
vλ(r) ≥ vλ(1/2) ≥ M0(1 − r) for r ∈ [0, 1/2). In particular, by takingM0 = M, we see that
(uλ, vλ) is a positive radial solution of (1.1) for λ < λ0 with

(1 − r)−1 min(uλ(r), vλ(r)) → ∞
uniformly in r ∈ [0, 1) as λ → 0, which completes the proof. �
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