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Abstract. We present a Fukushima type decomposition in the setting of general quasi-
regular semi-Dirichlet forms. The decomposition is then employed to give a transformation
formula for martingale additive functionals. Applications of the results to some concrete exam-
ples of semi-Dirichlet forms are given at the end of the paper. We discuss also the uniqueness
question about the Doob-Meyer decomposition on optional sets of interval type.

Introduction. The celebrated Fukushima’s decomposition and related transformation
rules play the roles of the Doob-Meyer decomposition and 1t6’s formula in the framework of
Dirichlet forms. They have been used to investigate the properties of a large class of stochas-
tic processes that are not semi-martingales such as additive functionals of Brownian motion
which are not necessarily of bounded variation (cf. e.g. [25], [5] and references therein).
Fukushima’s decomposition was originally established for regular symmetric Dirichlet forms
(cf. [7] and [8, Theorem 5.2.2]) and then extended to the non-symmetric and quasi-regular
cases (cf. [20, Theorem 5.1.3] and [18, Theorem VI1.2.5]). Suppose that (£, D(E)) is a quasi-
regular Dirichlet form on L2(E; m) with associated Markov process ((X:)r>0, (Px)xeE,) (We
refer the reader to [8, 18, 17] for notations and terminologies of this paper). If u € D(E), then
Fukushima’s decomposition tells us that there exist a unique martingale additive functional
(MAF in short) M*] of finite energy and a unique continuous additive functional N'*! of zero
energy such that

(1) A(X,) — i(Xo) = MM + N1

Hereafter & denotes an £-quasi-continuous m-version of u.

Compared with Dirichlet form, semi-Dirichlet form is a more general framework arising
from various applications. In the viewpoint of applications, and also by the interests of the
theory its own, it is natural to ask if we can extend Fukushima’s decomposition from the set-
ting of Dirichlet forms to that of semi-Dirichlet forms. For example, do we have Fukushima’s
decomposition for the following simple local semi-Dirichlet form?

1 1
Ew,v) = / u'v'dx +/ Vxu'vdx, u,veDE) = H01’2(O, 1.
0 0
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Note that the assumption of the existence of dual Markov process plays a crucial role in
Fukushima’s decomposition for Dirichlet forms. In fact, without that assumption, the usual
definition of energy of AFs is questionable. Here we would like to point out that although
Fukushima’s decomposition was even considered for generalized Dirichlet forms (cf. [26]
and [24]), which is a more general framework than semi-Dirichlet forms (see [23]), up to now
Fukushima’s decomposition for generalized Dirichlet forms has only been given under the
additional assumption that their dual forms are also sub-Markovian. For a quasi-regular semi-
Dirichlet form (£, D(£)), we may use the semi-A transform method to associate (£, D(E))
with a sub-Markovian dual form (cf. [10]). However, without imposing further assumptions,
we cannot expect to obtain Fukushima’s decomposition for general u € D(£); we can only
expect to obtain the decomposition (1) for functions # in the domain of the generator of
(€, D(&)), which is just the classical Doob-Meyer decomposition.

To our knowledge, the paper [16] appears to be the first publication on the Fukushima
type decomposition in the setting of semi-Dirichlet forms without assuming that the dual form
is sub-Markovian. In that paper the authors introduced a condition of local control (cf. Con-
dition 1.5 below) and under the condition they obtained the Fukushima type decomposition
for u € D(E)joc where (£, D(E)) is a local semi-Dirichlet form. The main method employed
in [16] is the localization and pasting technique. For a non-local semi-Dirichlet form, the
jump part of M is in general not locally consistent, which causes some extra difficulty
in implementing the localization and pasting technique. Afterwards, one of the authors of
the present paper investigated further in [28] the Fukushima type decomposition for general
quasi-regular semi-Dirichlet forms. Motivated by some idea of Kuwae [15] and employing
also the localization and pasting technique, he obtained the Fukushima type decomposition
for u € D(E)oc under a suitable condition (S) (see Theorem 1.4 below). Meanwhile Pro-
fessor Oshima sent us a manuscript of his new book [21], in which he proved Fukushima’s
decomposition for u € D(E); in the setting of regular semi-Dirichlet forms satisfying his
condition (£.5). The main techniques employed by Oshima in developing Fukushima’s de-
composition are the weak sense energy and his ingenious auxiliary bilinear form, different
from the localization and pasting technique employed in [16] and [28].

In this paper we shall report and develop further the Fukushima type decomposition
based on [28], and discuss some related topics. Let (£, D(£)) be a quasi-regular semi-
Dirichlet form which is not necessarily local. We show that under a suitable assumption
(i.e. Assumption 1.3 below), a function u € D(E),,. admits a Fukushima type decomposition
if and only if it satisfies Condition (S), and the decomposition is unique. Roughly speaking,
here u admits a Fukushima type decomposition means that

i(X;) — i(Xo) = M + N,

where M1 is a locally square integrable MAF on the set 1(¢) := [0, [U[[¢]l, with ¢ being
the lifetime of X and ¢; the totally inaccessible part of ¢; and Nl is a local AF which is
continuous and has zero quadratic variation on /(¢). For details see Theorem 1.4 below. It
is worth to point out that Assumption 1.3 mentioned above is weaker than the condition of
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local control in [16] and the condition (£.5) in [21]. We are very grateful to Professor Oshima
for sending us his new book [21]. The condition (£.5) in [21] stimulated us to formulate
Assumption 1.3.

The reader might notice that in the above description we used 7 (¢) instead of [0, ¢[[, the
latter is customarily used in the literature. The reason of this variation is that we discovered
that the decomposition on /() is unique, but it may fail to be unique on [0, ¢[[. This differ-
ence is essentially due to the fact that 7(¢) is a predictable set of interval type while [0, ¢ [[
is not necessarily predictable. This discovery exposes not only an oversight in the previous
paper [16], but also similar oversights in the literature e.g. [15] and [2] (however, see Remark
2.5 below). The oversight may be traced back even to Theorem 8.26 of the book [11], which
exposes a question about the uniqueness of the Doob-Meyer decomposition on optional sets
of interval type. We shall discuss this question in detail in Section 2 below.

The rest of the paper is organized as follows. In Section 1, we present a general Fuku-
shima type decomposition for semi-Dirichlet forms. We divide it into three subsections. In
Subsection 1.1, we present basic settings and statement of the theorem, and provide some dis-
cussions and remarks about the theorem. In Subsection 1.2, we give the proof of the theorem.
In Subsection 1.3, we study the local energies of M ] and N, In Section 2, we discuss
in detail the question about the uniqueness of the Doob-Meyer decomposition on optional
sets of interval type. In Section 3, we give a transformation formula for MAFs based on the
Fukushima type decomposition. In Section 4, we apply our results to two concrete examples
of semi-Dirichlet forms appearing in recent papers.

1. Fukushima type decomposition.

1.1. Statement of the theorem and discussions. The basic setting of this paper is
the same as that in [16] with some necessary modifications, e.g., (£, D(£)) in this paper is
not assumed to be local. To fix the notations and also for the convenience of the reader, below
we restate our setting of which some contents are taken from [16]. Let E be a metrizable
Lusin space and m a o-finite positive measure on its Borel o-algebra B(E). We consider a
quasi-regular semi-Dirichlet form (£, D(E)) on L%(E; m). Hereafter for notations and termi-
nologies related to quasi-regular semi-Dirichlet forms we refer to [17]. Denote by (7;);>0 and
(Gg)a>0 (resp. (f})zzo and (éa)azo) the semigroup and resolvent (resp. co-semigroup and
co-resolvent) associated with (€, D(€)). Let M = (82, F, (F1):=0, (X)i>0, (Px)xecE,) be an
m-tight special standard process which is properly associated with (£, D(£)) in the sense that
P, f is an £-quasi-continuous m-version of T; f for all f € By (E) N L*(E;m)and allt > 0,
where (P;);>0 denotes the semigroup associated with M (cf. [17, Theorem 3.8]).

Similar to the symmetric case, in the setting of semi-Dirichlet forms there is also a one-
to-one correspondence between the family of all equivalent classes of positive continuous
additive functionals and the family S of smooth measures. The contents below concern-
ing positive continuous additive functionals and S are taken from [16]. We remark that the
reader can now find more detailed descriptions and discussions in [21] on the potential theory
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of semi-Dirichlet forms including the correspondence between positive continuous additive
functionals and smooth measures.

Recall that a positive measure w on (E, B(E)) is called smooth (w.r.t. (£, D(£))), de-
noted by u € S, if uw(N) = 0 for each £-exceptional set N € B(E) and there exists an £-nest
{ Fi} of compact subsets of E such that

w(Fy) < oo forall k e N.

A family (A;);>0 of functions on §2 is called an additive functional (AF in short) of M if:

(i) Ay is F;-measurable for all # > 0.

(ii) There exists a defining set A € F and an exceptional set N C E which is &£-
exceptional such that P,[A] = 1 for all x € E\N, 6,(A) C A forallt > 0 and for each
w € A, t — A;(w) is right continuous on (0, 0o) and has left limits on (0, ¢ (w)), Ag(w) = 0,
|Ai(w)] < cofort < ¢(w), Ar(w) = A¢(w) fort > ¢(w), and

) Aiys(@) = Ai(w) + As(Brw), Vs, >0.

Hereafter ¢ denotes the lifetime of X := (X;);>0.

Two AFs A = (A;):>0 and B = (B;);>0 are said to be equivalent, denoted by A = B, if
they have a common defining set A and a common exceptional set N such that A;(w) = B;(w)
forallw € Aandt > 0. An AF A = (A;)>0 is called a continuous AF (CAF in short) if
t — A;(w) is continuous on (0, 00). It is called a positive CAF (PCAF in short) if A;(w) > 0
forallt > 0,w € A.

LEMMA 1.1 (cf. [16, Theorem A.8], see also [21, Section 4.1]). Let A be a PCAF.
Then there exists a unique (v € S, which is referred to as the Revuz measure of A and is
denoted by |14, such that:

For any y-co-excessive function g (y > 0) in D(£) and f € BT (E),

1 -
1ZIP(} ;Egm((fA)t) = <f C M, g) .

Conversely, let 1 € S, then there exists a unique (up to the equivalence) PCAF A such that
W= [LA.

Throughout this paper, we fix a function ¢ € L'(E;m) with 0 < ¢ < 1 m-a.e. and
seth = G1¢, h = Gl¢. Denote 7p := inf{t > 0| X; ¢ B} for B C E. Let V be a
quasi-open subset of E. We denote by X" = (X);>0 the part process of X on V and
denote by (£, D(E)y) the part form of (£, D(E)) on L>(V; m). It is known that X" is a
standard process and (€Y, D(E)y) is a quasi-regular semi-Dirichlet form (cf. [14]). Denote
by (TV)i=0, (TV)i20, (GY)g=0 and (GY)g=0 the semigroup, co-semigroup, resolvent and
co-resolvent associated with (£, D(E)v ), respectively. Define

(3) R =Gl¢.

Then 2V € D(E)y and 1 is 1-co-excessive. Denote D(E)v.p, := By(E) N D(E)y.
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For an AF A = (A,);>0 of XV, we define
1
1% . 2
A) :=1lim —Ej A
e’ (4) tlﬁ)th i (A7)
whenever the limit exists in [0, oo]. Define

MY :={M|Misan AFof XV, Ex(M?) < 00, Ex(M;) =0
forallt > 0and £-q.e. x € V,eV(M) < 00},

MV ={N|Nis aCAFofXV, E(|N¢|]) < ooforallt >0
and E-qe.x € V, eV (N) =0},

e .= {{V,,} | V,, is E-quasi-open, V,, C V,41 £-q.e.

o0
VneN, and E = U Vo S-q.e.},
n=1

and
D(E)oc :={u|3F{Va} € © and {u,} C D(E)
such that ¥ = u, m-a.e.onV,, Vn € N}.
In what follows we shall employ the notion of local AFs introduced in [8] as follows.

DEFINITION 1.2 (cf. [8, page 271]). A family A = (A;);>0 of functions on £2 is
called a local AF of M, if A satisfies all the requirements for an AF as stated in above (i)
and (ii), except that the additivity property (2) is required only for s,z > O with# +s5 < ¢ (w).

Two local AFs A1V, A@ are said to be equivalent if for £-q.e. x € E, it holds that
PAY =APt<t)=P.t<¢), Vi>0.
We now define
Mioe :={M | M is alocal AF of M, 3{V,},{E,} € © and {M" | M" € M""}
such that E,, C Vi, Miag,, = M,"MEH, t>0, neN}
and
Lo:={N|Nisalocal AFof M, 3 {E,} € ® such thatt > NMTE”
is continuous and of zero quadratic variation, n € N}.
In the above definition, { N; ATE, } is said to be of zero quadratic variation if its quadratic vari-
ation vanishes in P,,-measure, more precisely, if it satisfies

[T/e1]
Z (N{(k+l)61}ArE,, — N{k«?z}ArE,.)Z — 0 as [ - ooin P,-measure,
k=0

for any T > 0 and any sequence {g;};en converging to 0.
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We use ¢; to denote the totally inaccessible part of ¢, by which we mean that ¢; is an
{Ft}-stopping time and is the totally inaccessible part of ¢ w.r.t. Py for £-q.e. x € E. In
Section 2 below we shall give a proof for the existence and uniqueness of such ¢;, where the
uniqueness is in the sense of Py-a.s. for £-q.e. x € E. Write 1(¢) := [0, ¢[U[[¢]. We can
show that there exists a {V,,} € ©® such that forany {U,} € ®, [(¢) = Un [0, tv,nu, 1 Px-a.s.
for £-q.e. x € E (see Proposition 2.4 below). Therefore /(¢) is a predictable set of interval
type (cf. [11, Theorem 8.18]). In this paper a local AF M is called a locally square integrable
MATF on I(¢), denoted by M e /\/lllo(f), it M € (M2, )'® in the sense of [11, Definition
8.19].

Denote by J (dx, dy) and K (dx) the jumping and killing measures of (£, D(E)), respec-
tively (cf. [12]). Let (N (x, dy), Hy) be a Lévy system of X and u g the Revuz measure of the
PCAF H. Then we have J (dy, dx) = lN(x, dy)ug(dx) and K(dx) = N(x, A)up(dx).

We put the following assumption:

ASSUMPTION 1.3. There exist {V,;} € @ and locally bounded functions {C,} on R
such that foreachn € N, if u, v € D(€)y, , then uv € D(E) and

Ewv, uv) < Cp(|lulloo + lVllec) (€1, u) + &1 (v, v)) .
Now we can state the main theorem of this section.

THEOREM 1.4. Suppose that (£, D(E)) is a quasi-regular semi-Dirichlet form on
L%(E; m) satisfying Assumption 1.3. Then for u € D(E);,. the following two assertions

are equivalent to each other.
1)

loe and

(i) u admits a Fukushima type decomposition. That is, there exist M € M
N e L. such that

(4) (X)) —ia(Xo)=M" Y+ N“' 1>0, Peas. for E-qe.x €E.
(i) u satisfies Condition (S) specified below.

S : puuldx):= / ((x) — ft(y))z.l(dy, dx) is a smooth measure.
E

Moreover, if u satisfies Condition (S), then the decomposition (4) is unique up to the equiva-
lence of local AFs, and the continuous part of M™ belongs to M.

The proof of Theorem 1.4 will be given in the next subsection. In the remainder of this
subsection we provide some remarks and discussions about the theorem.

In [16], the authors obtained a Fukushima type decomposition for u € D(E);oc Where
(€, D(&)) is a local quasi-regular Dirichlet form satisfying the condition of local control as
stated below.

CONDITION 1.5. There exists {V,} € © such that for each n € N there exist a Dirich-
let form (n™, D(n™)) on L*(V,; m) and a constant C, > 1 satisfying D(n™) = D)y,
and for any u € D(E)y,,

1
C—n}”)(u, ) < E(, 1) < Con'\™ (u,u).
n
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It is clear that Assumption 1.3 is more general than Condition 1.5. Hence we have the follow-
ing remark.

REMARK 1.6. Theorem 1.4 extends the corresponding result of [16].

In [21], Oshima discussed various topics of regular semi-Dirichlet forms under his con-
dition (£.5). In particular, he proved in Theorem 5.1.5 a weak sense of Fukushima’s decom-
position for u € D(E)y. Below is the condition (£.5) of [21] stated in our context.

Condition (£.5). Ifu,v € D(E) and w € L?(E; m) satisfy |w(x) — w(y)| < |u(x) —
u(y)| + lv(x) — v(y)| and |w(x)| < |u(x)| + |v(x)| for any x,y € E, then w € D(E) and
[E(w, w)| < K(E1(u, u) + & (v, v)) for some K depending on ||u]|eo and ||v||co-

It is easy to see that Condition (£.5) implies the following condition.

CONDITION 1.7. There exists a locally bounded function C on R such that if u,v €
D(E)p, thenuv € D(E) and

(&) Ev, uv) = C(llulloo + Ivlloc) (€1 (u, u) + E1 (v, v)).

PROPOSITION 1.8. Suppose that (£, D(E)) satisfies Condition 1.7, then any u €
D(E)yp satisfies Condition (S), and hence admits a Fukushima type decomposition.

PROOF. Since Condition 1.7 is a special case of Assumption 1.3, hence by Theorem 1.4
we need only to check that any u € D(E); satisfies Condition (S). By the quasi-homeomor-
phism method (cf. [6] or [12, Theorem 3.8]), without loss of generality below we assume
that (£, D(E)) is a regular semi-Dirichlet form. Let { E,,} be a sequence of relatively compact
open sets such that E = | J,, E, and {v,} C D(E) N Co(E) satisfying v, = 1 on E, for each
n € N. We choose a sequence of relatively compact open sets G; 1 E and a sequence of
numbers &; | O such that the set I'; := {(x, y) € G; x G; | |p(x,y) > &} is a continuous set
w.r.t. J forevery I € N, where p is the metric of E. For 8 > 0, let o be the unique positive
Radon measures on E x E satisfying

(BGpf.g) = /E _T@a0)e(dsdy). Vfig € DENCHE).
Letu € D(E) N Co(E). Then, foreachn € N,

1
3 f / ((x) — u(y)>N(x, dy)pp (dx)
E, JE

1
<3 / / un () (x) — u ()N (x, dy)ps (dx)
EJE

IA

Jim f f (u(x) = u(3)*vn(y)J (dx, dy)
= lim lim = / f (u(x) = u(y)*vn (y)p(dx, dy)

l—o00 f—00 2

tim 2 / / () — u(y) va (y)og(dx, dy)
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< lim é{(,BG,SlE, u*vy) — 2(BGpu, uvy) + (BGgu®, v,))
B—o0 2
. _ _B.oa 2
< lim {B(u — BGpu, uvy) (™ — BGgu~, v,)}
B—00 2

(6) = 5(u, MUV!) - %5(142, UVL) )

which implies that u satisfies Condition (S).
For general u € D(E)p, we may select a sequence of functions {u;} C D(E) N Co(E)
such that uy — u w.r.t. the éf/z-norm as k — oo and ||uglleo < ||#|lco for k € N. Then by

(5), (6) and Fatou’s lemma, we can show that fEn [pGi(x) —@(y)*N(x, dy)pn(dx) < oo.
Hence u satisfies Condition (S), which completes the proof. O

REMARK 1.9. Proposition 1.8 shows that Theorem 1.4 is an extension of [21, Theo-
rem 5.1.5].

We would like to point out that the methods of [21] in developing Fukushima’s decompo-
sition are different from ours. In the next subsection we shall see that Theorem 1.4 is proved
by the localization and pasting technique. The main techniques employed by Oshima in de-
veloping his Theorem 5.1.5 are the weak sense energy and the ingenious auxiliary bilinear
form invented in [21]. We take this opportunity to thank Professor Oshima for sending us his
manuscript [21]. The condition (£.5) in [21] stimulated us to formulate Assumption 1.3.

REMARK 1.10. Theorem 1.4 extends the corresponding results of [8, Theorem 5.5.1]
and [15, Theorem 4.2] from the symmetric case to the semi-Dirichlet form case.

Note that for a symmetric Dirichlet form (£, D(E)), Assumption 1.3 is satisfied auto-
matically. Also, u € D(E)jy. satisfies Condition (S) trivially if (£, D(E)) is local. When
(€, D(E)) is non-local, Condition (S) is necessary even in the symmetric case. In developing
stochastic analysis with Nakao’s integral, Kuwae obtained in [15] a generalized Fukushima
decomposition in the symmetric case for a subclass of D(€);,., which is equivalent to impose
Condition (S) for u € D(E)oc- In this paper when dealing with purely discontinuous part of
M™! we adopted some idea from [15] without making use of Nakao’s integral. One of the
authors of this paper has joint work with others extending Nakao’s integral to non-symmetric
Dirichlet forms (cf. [1]). We feel that Nakao’s integral can also be extended to semi-Dirichlet
forms.

REMARK 1.11. In Theorem 1.4 if we use M}I(?L’,d[ instead of ./\/lllo(f,), then the unique-
ness of the decomposition may fail to be true.

We shall discuss the above remark and related topics in detail in Section 2 below.

1.2. Proof of the theorem. Before proving Theorem 1.4, we prepare some lemmas.
We fix a {V,} € O satisfying Assumption 1.3. Without loss of generality, we assume

that & is bounded on each V,,, otherwise we may replace V,, by V,, N {h < n}. Since h" =
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GY”qS < quﬁ = fz, 1" is bounded on Vy. To simplify notations, we write

hy == A

LEMMA 1.12 ([16, Lemma 2.6]). Letu € D(E)v, ». Then there exist unique Ml e
MVr and N1 ¢ ./\/CV" such that for E-q.e. x € Vy,

a X"y —axyy =M NP >0, Peas.

Lemma 1.12 has been given in [16] under Assumption 1.5 and the additional assumption
that (£, D(E)) is local; however, it can be easily extended to general semi-Dirichlet forms
under Assumption 1.3 with the similar proof.

We now fix au € D(E),, satisfying Condition (S). Then there exist {an} € ® and
{u,} € D(E) such that u = u, m-a.e. on an. By [17, Proposition 3.6], we may assume
without loss of generality that each u, is £-quasi-continuous. By [17, Proposition 2.16], there
exists an £-nest {Fnz} of compact subsets of E such that {u,} C C {Fnz}. Denote by Vn2 the
fine interior of Fn2 Then { Vnz} € ©. Since u satisfies Condition (S), there exists an £-nest
{F,? } of compact subsets of E such that MM(F,f) < o0o. Denote by V,? the fine interior of
Fn3 Since the killing measure K (dx) is a smooth measure, there exists an £-nest {F,f } of
compact subsets of E such that K (F}) < co. Denote by V. the fine interior of F}. Define
V,=V,NnV)nvInV2N Vi Then {V)} € O, each u, is bounded on V, and

[ [ @w=a0ne )

= f f (@(x) — @(y))*J (dy, dx) + / i (x)K (dx)
v, JE %A

< Q.

Forn € N, we define E, = {x € E|h~,,(x) > %}, where h, := GY"([). Then {E,} € ®
satisfying Ff C Eny1 E-qe. and E, C V, E-qe. foreach n € N (cf. [14, Lemma 3.8]).

Here ff denotes the £-quasi-closure of E,. Define f;,, = nhNn A 1. Then f;, = 1 on E,, and
fn =0on Vf. Since f, is a 1-excessive function of &, D(€)y,) and f; < n[z:, e D)y,
hence f, € D(E)y, by [19, Remark 3.4(ii)]. Denote by O, the bound of |u,| on V,. By [14,
(2.1)] and Assumption 1.3, we find that [(— Qy f) Vun A(Qn fu)lfu € D(E)v, . To simplify
notation, below we use still u,, to denote [(— Q,, f) V u, A (Qy f)] and use still E,, to denote
E, NV,. Then we have {E,} € ©, E, C Vy, un, unfu € DE)v, b, and u = u, = u, fy
on E, for n € N. Denote by {F"} the minimum completed admissible filtration of X "». For
n <1, wehave FJ' C .7-'; C F;. Since E,, C Vy, TE, is an {F}'}-stopping time.

LEMMA 1.13 ([13, Lemma 25.3]). For any optional time T and predictable process
Y, the random variable Y1 1(1 <00y € Fr—.

Hereafter for a martingale M, we denote by M¢ and M its continuous part and purely
discontinuous part, respectively.
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LEMMA 1.14. Forn <, we have M,"A’[T"E”nf"’]’c = Mtl}\[:g’]’c, t >0, Py-a.s. forE-q.e.
x €V,

PROOF. Letn < [. Since M™[nfil ¢ MVe, Mmlunfal is an {F7'}-martingale by the
Markov property. Since tg, is an {J}'}-stopping time, {M f‘A’T[Z"f"]} is an {ftnArE,. }-martingale.
Denote Y = a{X;//’(rEn |0 < s < t}. Then {M:‘A’T[Z"f"]’c} is a {Y""}-martingale. Denote

T = a{XSV’MEn |0 < s < r}. Similarly, we can show that {Mj*[;;nfn]w} is a {Y"}-

martingale. Since

(7 XV =x,=Xx", s<tg, Pras. for E-qe.xeV,,
0 N
we find that Y(,, | = T(ntArE,,)—' Hence {Mf;[r’é';f"]’c} € TZATE,.)— by Lemma 1.13 and
therefore {Mfi[r’;':lf"]"'} is a {Y"}-martingale. Moreover, N,IA[?;nf nl e T?z’irg,,)— = Tlnep)- C
‘/—-'tn/\‘[En N
Let N € M.‘/j for some j € N. Then, for any T > 0,
[r7] [r7] oy
D By Vet =N < ) e (EWND, e 1,7 hy)
k=1 k=1 " r
[rT]
< ZeT(E.(Nf), h;)
k=1 ’
(8) ngeTEﬁj,m(Nf) —0 asr— o0.
Hence
[rT]
Z(Nl%l - Né)2 — 0 asr — oo in P, -measure.
k=1

Therefore, the quadratic variations of {Ntl/\[?;f nf ”]} and {N;' A’[T”E"nf ”]} vanish in P;  -measure and
P ,,-measure, respectively.

By (7), we find that for £-q.e. x € V,,,
Mn’[unfn];c_I_Mn’[unfn]’d_'_Ntns[unfn]

INTE, INTE, NTE,
— v — v
= unfn(Xz/\ann) - unfn(X()n)

vV vV
= Mnfn(X;/l\rEn) - unfn(Xol)

— Mls[unfn]sc _i_Mla[unfn]ad _{_Nla[unfn]

IATE, IATE, ineg, o Pras.

Then {M;lA’[r”E"nf”]’d} € Y, and {M,"A’[r"glf”]} and {Mtl’A[Zgnf”]} are {Y"}-martingales. Hence
M;lA’[T”E”nf”]’C = M,Z’A[gnf”]’c and N,nA’[ILZ;f”] = NIZ’A[?;{”], P-a.s. for m-ae. x € V,. This
implies that Em((M.ri([rL:;;fn]’c - M.l)\[?gnf”]’c)t) = 0, Vt > 0. By Lemma 1.1, we find that

pulnfule _ ppblunfule 50 p as. for E-qe.x € V.

INTE), INTE),
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. .. I
Since u, f,, =u; fi =u on E,, similar to [15, Lemma 2.4], we can show that Mt’[u”f”]’c =
Mtl’[”’f’]’c when t < tg,, Py-as. for £-q.e. x € V;. Then mllunfule Ml’[u’fl]’c,t >0,

INTE, INTE,
Pi-as. for £-q.e. x € V. Therefore punfake o ppblufile o5 0 p as for E-qe.

INTE, INTE),
x € V,. d

PROOF OF THEOREM 1.4. (a) Suppose that u satisfies Condition (S). We shall show
that # admits the Fukushima type decomposition (4).

We define M,[K]rgn = limy_ oo MII’A[:g’]’C and M€ := 0 for r > ¢ if there exists some

ul,c .

n such that tg, = ¢ and { < oo; or M,[ :=0fort > ¢, otherwise. By Lemma 1.14, Mule
is well defined and M,[K]rgn = M;lA’[r”E"nf”]’C fort > 0and n € N. Hence M} € Mj,.. Define

M = M,"Atz’n[””“f”“]’c fort > 0andn € N. Then M€ — mr P,-a.s. for £-q.e.

IATE, IATE,
x € Vy41 by Lemma 1.14. Since Ff C Ent1 C Vpg E-qee. implies that Py (tg, = 0) =1
forx ¢ V41, Ml — pym Py-as. forE-q.e. x € E.

IATE, IATE,

Next we show that M" is an {F;}-martingale. In fact, by the fact that 7g, is an {.7-",”“}-
stopping time, we find that 1{z; <s) is ]-}”/TTIEn -measurable forany s > 0. Let0) <51 < --- <
sk <s <tand g € Bb(Rk). Then, we obtain by the fact ML fanide e AfVatt that
for £-q.e. x € V41,

/ Mtng(XS]a "'7XS[()dPx
2
- / MEgXors s X )d P +f M!'g(Xy,. ... Xg)d Py
{zg, =5} {tE, >s)
:/ M:lg(Xslv*”aXSk)dPx
(e, <s}

+1, n n s Vn Vn
+ /;2 Mtn/\‘L’En[u il Cg(Xs]/J\r‘gEn s ey Xsk/J\rll-En)l{TEn >s}dPx
:/ M:lg(Xslv*”aXSk)dPx
{rE, <s}

+1[unt1 fas1], Vi Vi
+ /;2 M:l/\‘[Enu +1f ! cg(XS]/thn R} Xsk/Tll'En)l{TEn >s}dPx

:/ M;‘g(Xsl,...,Xsk)dPx+/ M;lg(Xsl,...,Xsk)dPx
{tE, <s} {tE, >s}
2/ Msng(XSl,...,Xsk)dPx.

2

Obviously, the equality holds for x ¢ V,,1. Hence M" is an {;}-martingale. By Proposition
2.4 below, |, 10, t£,1 2 1(¢) Py-as. for &-qee. x € E. Therefore M- ¢ M| ©).
We define ¢ (x, y) = @(y) = #(x), $1(x, ¥) = (i) = AN 0 _a(y- 1) a0

t
M= ¥ o xo = [ [ s N o andt

O<s<t 0
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for ! € N. Denote Trl = inf{r > 0| |M,l| > r} forr € N. Then, {T,l} is an {F;}-stopping time
and
M, ripep 1< M gy L 10K ngines, — Xintineg,)|
=r+ |¢(Xt/\Trl/\rEn—f Xt/\Trl/\‘[En)l :
We define (cf. [16, Theorem A.3])

9) 3‘6‘0 ={u e So| 01u < célqb for some constant ¢ > 0}.
Letv € S, satisfying v(E) < oo. Then, by [16, Lemma A.9], we get

E[(M], 11, )] <2r%0(E) + 2Ev[ > $rX. XS)}

O<s<tAtg,

INTE),
=2r2v(E) +2Ev[/0 ; ¢*(Xs, )N (X, dy)st}
A

<2r20(E) +2Cy (1 + 1) / h / ¢*(x, )N (x, dy) e (dx)
Ep Ex
<00,

where C, is a positive constant. Hence, for fixed n and r, {M' } is a square integrable

AT ATE
purely discontinuous P,-martingale. By [8, Corollary A.3.1], we find that

— 2 2
M, t/\Tl/\‘[E Z(AMC/\TI/\‘[ =M, t/\Tl/\‘[E ) = Z ¢ (Xs—, Xs)
S=t s<tAT!AtE,
is a P,-martingale, which implies that
1 2 F 2
EV[(MtAfEn) ]511}2{,?‘? [(Mt/\Tl/\rE ) ]

r—>0o0

= liminf E, > H(X, Xs)i|

1
0<s<tAT: A7,

= Ev|: Z ¢12(Xs—v Xs):|

S<INTE,

INTE),
<E, [ / / $2(Xy, YIN(Xs, dy)st}
0 Ex

<Cy(1+1) /E hx) /E $2 (. YIN (. dy)pg (dx)
<. ! .

Thus {M!
bounded, by virtue of Banach-Saks theorem, we obtain that

INTE,
[( tATE, ) =E, [/ / ¢12(Xs, y)N(Xs, d}’)de:| .
0 Ex

ATE, } is a Py-square-integrable martingale. Since {Ml/\Tl/\r }°°1 is L2(P))-
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By Doob’s maximum inequality, we obtain that for any & > 0 and [, &,

k
Pv( sup |M sArE,, = Mg, | > O‘)

0<s<T

4C,(1+T) =
<——— [ h) | &= N&, dy)pudx).
o E, Ex
By the diagonal method, we may select a subsequence Iy — oo such that for each n when

k> n,
X 1
/ h(x) / (Bls — B> @ YN, dy) s (dx) < =
Ep Ea 2
Then

Lkt I
Pu< sup |Mv/\rE _MS‘/\TE |> 2k

1 ) C1+T)
0<s<T 2k

Define Aj = {w € 2| M
A"1 DA "2 forny < na. By the Borel-Cantelli lemma, we get

s /\TE converges uniformly in s on each finite interval}. Then,

P,((Ap) =0 for ve SOO with v(E) < 00.

Therefore Py ((A )¢) = 0 for £-q.e. x € E (cf. [16, Theorem A.3]). Let I'; be the defining
set of the MAF Mlk denote I' = M; Ty and A" = A N T. Then we have Py ((A")) = 0 for
£-qe. x € E. Foreachw € A", M,kME converges uniformly in ¢ on each finite interval and
for each k,

Ik I .
M(t+s)/\rE - Mt/\rE + Ms/\rE Oet/\rEn , if0<t, s<oo0.

Thus, L", the limit of {M SATE, }oe - is a Py-square integrable purely discontinuous martingale
for £-q.e. x € E and satisfies:

n n n :
Lissyneg, = Lineg, + Lsneg, ©Oncg, . iF0<1, s <o0.
By the above construction, we find that L5, = L;’/Z\TE forn < ny. We define MM =
n
L't < g, andM["’ = L",t > ¢, if for some n, 'L'En = < oo Mt[" =0,t>2¢,

otherwise. Then M4 ¢ MI@) which gives all the jumps of #(X;) — u(Xg) on I(¢). Since

{M,l} is an MAF for each /, we find that {M,[”]’d} is a local MAF by the uniform convergence
on I(¢).
We define Nt[f'\]rEn = 0(Xtnrg,) — i(Xo) — Mt[/"\rg - M,K],g for each n € N. Then

N1 is alocal AF of M and ¢ +> Nt[/u\]rE,, is continuous. Now we show that {N,[KIE } has zero
quadratic variation and hence NI € £.. By Fukushima’s decomposition for part processes,
we have that for k > n,

i fie(Xineg,) — i fi(X0) = ux fe(X} ko, ) — i fie(Xg)
—Mk Juk fiel + Nk Juk fiel

INTE, INTE),
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_Mk Juk fil.e + Mka[’lkfk + Nt [k fie

INTE, INTE, NTE,
and
7 X — 17 X _ M[”],C M[u],d N[M
u( tArE,,) u(Xo) = tATE, + tATE, + IATE,
Then
k, d d
NZ[K‘[E = NmruEkfk + Mm[ruEkfk] MtK]rE + M(Xt/\TEn) - “kfk(Xt/\rEn)

k, d
= NtAru;fk + Mm[ru;fk] - M&]rg + [”(XIE,,) - ”kfk(XrE,, )]1{TE,, <t}-

We define A; =[u (X5 )— Mkfk(XrEn)]l{rEn <ryand o(x, y) = (@(y)—u(x)) l{ye(Ecuiay)-
Let v € S, satisfying v(E) < oo. Then, by [16, Lemma A.9], we get

Ev[(ﬁ(XrEn) - ﬁ(XrEn—))zl{rEn St}] = Eu[ Z QZ(XS—, X;):|

O<s<tAtg,

INTE,
=E, [ / / 0% (Xs, Y)N(X;, dy)st}
0 Ex

scv(1+t)f 7{/ Q2 (x. YN (x, dy)pup (dx)
n EA

<141 fE i /E @(x) — G0N Cx, dy)p (dx)
<. n A

where C), is a positive constant. Thus EU[A,Z] < oo. Note that 7, is an {Far,, }-stopping
time and {A;} is an adapted quasi-left continuous bounded variation processes. We denote by
{A!} the dual predictable projection of {A;}. Then {A”} is an adapted continuous bounded
variation process (cf. [8, Theorem A.3.5]). Moreover, (A — AP) is an {F; ¢, }-purely discon-
tinuous P,-square-integrable martingale. Since both {MMTMEkfk 4y and {Mt[/"\TE }are {Fine, }-
purely discontinuous martingales and

k, .d d
Nt[K]rE = NtA[ruEkfk + (Mmrugkfk] - Mt/u\]rE + A - Atp) + Atp >

we find that { M} A[T";nf id ,K]Tg + A; — A} is a purely discontinuous martingale with zero

jump, which must be equal to zero. Hence
(10) Ny, = Nejap M + A7

Since m(E,) < oo and the quadratic variations of Ntk A’[T"E"nf “ and A? vanish in P ,-measure
and Py.,,-measure, respectively, we conclude that the quadratic variation of {N, ,[KT £, )} vanishes

in Py,-measure, i.e., {Nt[f'\]rE } has zero quadratic variation.
1) and

loc

Finally, we prove the uniqueness of decomposition (4). Suppose that M!' € M
I'e £, such that

i(X;) —ii(Xo)=M!'+N', >0, Pe-as. for E-qe. x € E.
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By Proposition 2.4 below, we can choose an {E,} € & such that /(¢) = Un [0, T, 1 Px-a.s.
for £-q.e. x € E. Then, for each n € N, {(M" — M')} is a locally square integrable
martingale and a zero quadratic variation process. This implies that P, ((M™"] — M Yteny, £
0,3 ¢ € [0,00)) = 0. Consequently by the analog of [8, Lemma 5.1.10] in the setting of
semi-Dirichlet forms, P, ((M™ — M), £ 0,3t € [0,00)) = O for E-qee. x € E.
Therefore M,[“] = Mtl, 0 <t <r1g,, P-as. for £-q.e. x € E. Since n is arbitrary, we obtain
the uniqueness of decomposition (4) up to the equivalence of local AFs.

(b) Letu € D(E)joc and suppose that the decomposition (4) holds. We shall show that
u satisfies Condition (S). First, M4 ¢ M;’U’LI,@) implies that there exist a sequence of in-
creasing stopping times {7} such that [, [[0, 7,,] = /(¢) and a sequence of L?-martingales
{M"} such that (M1“41 ;)T = (M"1;())™. Hence (M“:4)Tn js an L?-martingale and its
square bracket equals ) _,_, ar, U(Xs) — u(Xs-))? and is an integrable increasing
process. We use [M“9](r, w) to denote (3 _,—, (u(Xs(w)) — u(Xs—(w))H 1), w).
Then, [M™9] € (Ajpe.0)!® (cf. [11, §8.3]) and is a local AF. Therefore (M[“1-d), =
(fé fEA (ii(X5) — i(y))>N (X, dy)dHy)1 () is a PCAF on I(¢) and can be extended to
a PCAF by [2, Remark 2.2]. By Lemma 1.1, its Revuz measure ,u; (dx) = fEA ((x) —
ii(y))?N (x, dy)p i (dx) is a smooth measure. Thus p, (dx) = [ @(x) — @(y))>J (dy, dx),

which is controlled by ,u; (dx), is also a smooth measure. This implies that u satisfies Condi-
tion (S). O

1.3. Local energies of Ml and N1, Let (£, D(E)) be a quasi-regular semi-
Dirichlet form on L2(E; m) satisfying Assumption 1.3. Suppose u € D(E);,. and u satis-
fies Condition (S). Then, by Theorem 1.4, u admits the Fukushima type decomposition (4).
In this subsection, we study the local energies of M!“! and N!“]. Our result shows that N*]
is locally of zero energy in the weak* sense (cf. Theorem 1.15 (ii)) below. We are grateful to
the referee whose comments stimulated us to study this subject.

We continue with the above setting for Subsections 1.1 and 1.2. Let B = (B;);>0 be a
local AF of X and V a quasi-open set of E. Define

RV =1 (GY ) .
and

1
eV"*(B) == 1{1&} ZE,;V,*,,,,(BEMV)
whenever the limit exists in [0, oo]. In this paper e"-*(B) is called the local energy of B on V
in the weak* sense.
One can check that 2V* € D(E)y and hV* < kY (cf. (3)).

THEOREM 1.15. Let (€, D(E)) be a quasi-regular semi-Dirichlet form on L2(E: m)
satisfying Assumption 1.3. Suppose u € D(E),,. and u satisfies Condition (S). Let M)
and N be the martingale and the zero quadratic variation parts of the Fukushima type
decomposition (4), respectively. Then, there exists an {E,} € © such that forn € N,
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@) {M,[K]rEn} is a Py-square-integrable martingale for £-q.e. x € E and eFr* (M) <
0.
(ii) Ex[(N/}}, )2 < oofort =0, E-qe. x € E, and eEr*(NW) = 0.

PRrROOF. Let {V,,}, {E,}, {fn} and {u,}, etc. be defined the same as in Subsection 1.2.

We first prove Assertion (i). From the above proof of Theorem 1.4, we find that {M,[K]TEH}

is a Pyx-square-integrable martingale for £-q.e. x € E and n € N. Denote by M?u,, ) the
Revuz measure of (M4 f21:¢y wrt. XVr; and denote by ,u?l;;' and M?;)i the Revuz measures
of _[K]T’Ecn) and ( _[K]T’E”i) w.r.t. XEn, respectively. By the proof of Theorem 1.4 and [5,
Proposition 4.1.10] (note that the assertion of the latter holds true also in the setting of semi-
Dirichlet forms), we get

(11) oy (dx) = 1E,(x) - uGy, 1,1 (dX)

and

(12)  uhdx) = 1g, () - (2 / (i (x) — @(y))*J (dy, dx) + ﬁ%x)K(dx)) :
E

Then, we obtain by Lemma 1.1, (11), (12) and Lemma 3.2 below that

1
e () = tim 5| B e [MAEE )]+ B [ (551
1

=5 [ R out py@n+ [ i [ e - a0t dn
En Ep E

+l/ W(x)ﬁz(x)K(dx)
2 J,

~ 1 ~ =
< EUn fr, tn [G3" $) — EE«unfn)% G2 ¢) + 1hlE, loottu(En)

1 = o~
+5||h|En||oo||unfn||§oK(En>

<00,

which verifies Assertion (i).
We now prove Assertion (ii). By (10), we get

(13) Ni,, = N+ A7,

where A; = [ﬁ(XrE,,) — L/l;,\f_;(XTEn )]I{TEn <¢}. From the proof of Theorem 1.4, we find that
EU[AIZ] <oofort >0andv e S(’)‘O satisfying v(E) < oo. Then, we obtain by [16, Theorem
A3] that Ex[(N}}, )?] < coforr > 0and E-qe. x € E.
~En Q AEn 2
Note that (G," ¢) -m € Sy, (cf. (9)) and [ G;"¢dm < oo. Hence E(GZE,,¢)_m[(AI’)t] <
oo for t > 0, which implies that the quadratic variation of A? vanishes in L' (P(GE,, ¢)_m). By
2

(8) and the boundedness of u,, f,, we find that the quadratic variation of N " AE’;’; Il vanishes in

L' (Pi_t,,‘m) and hence in L' (P

(G g ). Thus, we obtain by (13) that the quadratic variation
2 @)m
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of N[KTE vanishes in Ll(P(éE,,¢)_m), ie.,
2
[T/er]
[u] 2
(14) Ew%@m{E:(MwHMMwn_N&mMﬂ)}"O as [ — o0,

for any T > 0 and any sequence {g;};en converging to 0.
Note that Ay = Af,,, forz > 0andn € N. By (14), we get

[1/s]

O_hm Ewm@mUNw+men
k=0
[1/s]

~ip 3 / TEGE G (1) E[ (NI, ()

siO

[u] 2
N{kv}/\rEn ) ]

[ /v
>Pﬁ}§:‘/ hE* (x)E, (NWWE)]nddx)
=2¢Emx (Nl
The proof is complete. O

REMARK 1.16. Let g € D(E)g, be a y-co-excessive function (y > 0) of XEn. By
Lemma 1.1, (11) and (12) (cf. the above proof of Theorem 1.15), we obtain that

1
lim = E g [ (#(X s ng, ) — i1(X0))*]
tl0 t
_ / GO (dx) +2 / 300) f @) — G2y, dx)
E, E, E
(15) + / FOR K (),
E,

where M@) is the Revuz measure of (M[*1:¢). (15) seems to be a new localization formula,
which can be compared with the localization formula for symmetric Markov processes ob-
tained by Chen and Fukushima recently (see [4, Theorem 1.1]).

2. Remarks on stochastic sets of interval type. For the convenience of the reader,
we recall first some concepts and results concerning sets of interval type given in [11, §8.3].
Let (£2, F, P) be a complete probability space with a filtration {#;} satisfying the usual con-
dition. A subset B C £2 x [0, o00) is said to be a set of interval type if there exists a nonnegative
random variable T such that for each w € £2, the section B,, is either [0, T (w)[ or [0, T (w)]
and B, # {. B is called an optional (resp. predictable) set of interval type, if it is an optional
(resp. predictable) set and is of interval type.

Let B be an optional set of interval type. A stochastic process Y defined on B is called a
special semi-martingale on B, denoted by (S p)B, if there exist a sequence of increasing stop-
ping times {7,,} with 7,, 1 T (T is the debut of B¢), and a sequence of special semi-martingales
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{Y"} such that, Un[[O, T,1 D B and foreachn and ¢t > 0, (Y1p)ia1, = (Y"1B)iaT,. In the
same manner one can define local martingale on B (denoted by (M,.)?), adapted process
with locally integrable variation on B (denoted by (Ao¢)?), and others (cf. [11, Definition
8.19]).

The assertion below, which is referred as the Doob-Meyer decomposition on sets of
interval type, was stated in [11, Theorem 8.26].

Assertion. Let B be an optional set of interval type and ¥ € (SP)B. Then Y can
be uniquely decomposed as: ¥ = M + A, where M € (M;OC)B and A € (A;OC,O)B is a
predictable process (i.e., A is the restriction of a predictable process on B.).

Although the above assertion has been employed by several papers (including our previ-
ous paper [16]), during the course of our research we observed the following remark.

REMARK 2.1. Inthe above assertion if B is not a predictable set of interval type, then
the uniqueness of the decomposition Y = M + A may fail to be true.

PROOF. We take just the counterexample stated in [11, Remark 8.24] to illustrate our
remark. Let 7 > 0 be a totally inaccessible time with P(T < oo) > 0, e.g., the first jump
time of a Poisson process. We consider the stochastic interval B = [0, T[[. Then B is an
optional set of interval type but not a predictable set. Let A; := 17, 00p(#) and A, be its
dual predictable projection. Let {Y;, 0 < ¢ < T} be the restriction of A on B. Then we have
decomposition ¥ = M + 0 where M € (Myoe)® is the restriction of A — A on B. But we
have also another decomposition Y = 0 + Y where Y € (.A;OC,O)B is the restriction of A on
B. Therefore the decomposition stated in the above assertion is not unique. O

The above remark reveals that the Doob-Meyer decomposition may fail to be unique on
an optional set of interval type. In the same manner, we observe that the Fukushima type
decomposition may fail to be unique on an optional set of interval type. Note that with the
notation of Theorem 1.4, [[0, {[[ is an optional set of interval type but is not necessarily a
predictable set.

REMARK 2.2. In Theorem 1.4 if we use M}[&ZH instead of M’ o , then the unique-
ness of the decomposition may fail to be true.

PROOF. We provide below a counterexample to illustrate the remark. Suppose that we
have a decomposition

(X)) —i(Xo)=M" ' + N 1>0, Peoas. for Eqe. x€E,

with M e ./\/l}[O’g[[ and Nl e L., and suppose that ¢; = ¢ with P.( < 00) > 0 P,-
a.s. for £-qe. x € E. We write A; := 1<) (i.e., A; = 14(X;)) and denote by A, the dual
predictable projection of A;. Then it is clear that Ae L. But we have also Ae (./\/llm;)[[0 <l
because {Alﬁo,;ﬂ}g = {(A A)lﬂo,;ﬂ}f . Therefore, we have another decomposition:

(X)) —i(Xo) = MM — A+ (N +4), 1>0, Peas. for Eqe x €E,
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which violates the uniqueness. O

With the above discussion, we see that the existence of a suitable predictable set of in-
terval type is important for the uniqueness of the Fukushima type decomposition. Fortunately
in Theorem 1.4 we find such a suitable set /(¢) = [0, ¢ [U[&; 1. In Proposition 2.4 below we
shall provide a proof for the existence and uniqueness of such ¢;. We shall need the following
characterizations for a set of interval type to be predictable. For their proofs we refer to [11].

LEMMA 2.3 ([11, Theorems 8.18]). The following statements are equivalent:

(i) B is a predictable set of interval type.

(i) 1p = 1rlgo,rg + LFelqo, 7, where T is a stopping time, F € Fr_ and Tr > Oisa
predictable time.

(i) B = U, [0, T, 11, where {T,,} is an increasing sequence of stopping times.

Below we consider a quasi-regular semi-Dirichlet form (£, D(£)) on L2(E; m). Let
M = (2, F, (Ft)i=0, (X1)i=0, (Px)xeE,) With lifetime ¢ be the associated m-tight special
standard process.

PROPOSITION 2.4. (i) There exists an {F;}-stopping time {; (may be identically equal
to 00) which is the totally inaccessible part of ¢ w.r.t. Py for £-q.e. x € E. Such a &; is unique
in the sense of Py-a.s. for E-q.e. x € E.

(i) Denote by 1(¢) := [0, ¢[[UI¢i . Then 1(¢) is a predictable set of interval type,
and there exists a sequence {V,,} € © such that for any {U,} € O, [({) = Un [0, tv,nu, 1
Pi-a.s. for E-g.e.x € E.

PROOF. The uniqueness of ¢; follows from [11, Theorem 4.20]. Below we show the
existence of ¢; and the assertion (ii). By the local compactification method (cf. [12, Theorem
3.5], see also [18, Theorem VI.1.6]) in the setting of semi-Dirichlet forms, we may assume
without loss of generality that (X;);>0 is a Hunt process and E is a locally compact separable
metric space.

We take a fixed sequence {V,,} € @ such that each V,, is a relatively compact open set
and E = |, V. Denote by B := (J,[[0, v, ]l and T := lim,— oo Tv,. Set F = {0 | T (w) <
o0, (w, T(w)) € B€}. By Lemma 2.3, for each Py, it holds that B is a predictable set of
interval type, T is an {F;}-stopping time, F € Fr_, Tr := T Ir + (400)IFc is a predictable
time, and 1p = 1rljo, 7+ 1Feljo, 7y = 1o, 71 + 17y 1. Let ¢ be the lifetime of (X;);>0, we
define

¢ = Cpe = ¢Ipe + (+00)IF .
Note that for £-q.e. x € E, we have ty, 1 ¢ = T Py-as., therefore 1(¢) = [0, ¢[UI&] =
[0, TIUITF<]l = B is a predictable set of interval type. Moreover, by the quasi-left continuity
of Hunt process and the assumption that V,, has compact closure, we find that for any n and
x € E, P{S = 1y, = ¢ < oo} = 0 for any predictable time S. Hence {; = T« is the totally
inaccessible part of { w.r.t. Py for £-q.e. x € E. Finally, for arbitrary {U,} € ©, we have
tv,nu, T ¢ = T Py-as. for £-q.e. x € E. Therefore I(¢) = Un[[O, tv,nu, I Px-a.s. for
£-q.e. x € E, which completes the proof. O
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REMARK 2.5. We thank Professor Z.Q. Chen who brought to our attention that /()
had been used in [3]. In a private communication Chen told us that they were aware of the
distinction between /(¢) and [[O, ¢ [[, and the authors of the paper [3] had made such a point
in Section 3 of [3]. Somehow after several iterations, that point got lost in the paper [2].

3. Transformation formula for MAFs. In this section, we give a transformation for-
mula for MAFs. We adopt the setting of Section 1. Suppose that (£, D(£)) is a quasi-regular
semi-Dirichlet form on L?(E; m) satisfying Assumption 1.3. From the proof of Theorem 1.4,
we can see that M#1-¢ is well defined whenever u € D(E);,c. Below is the main result of this
section.

THEOREM 3.1. Suppose that (£, D(E)) is a quasi-regular semi-Dirichlet form on
L%(E; m) satisfying Assumption 1.3. Letm € N, ® € C'(R™), and u = (uy, u2, ..., up)
withu; € D(E)joe, 1 <i < m. Then @ () € D(E)joe and

MIPWle Zq)x,(u) MUl on 1), Py-as. for&-q.e. x € E.
i=1
The proof of the theorem will be accomplished at the end of this section by employing
Theorem 3.3 below. _
We fix a {V,;} € © satisfying Assumption 1.3 and such that / is bounded on each V.

Let X", (€Y, D(E)v,), hy, etc. be the same as in Section 1. For u € D(&)y, , we denote
(n)

by o the Revuz measure of (M™“!y. Foru, v € D(E)v, », we define
(16) iy = —(u(ZLU — iy — () -

Similar to [16, Lemma 3.1], we can prove the following lemma.

LEMMA 3.2. Letu,v, f € D(E)v, . Then
/ Fdpl s = E@w, vf) + E@.uf) — Ev, f).

Foru € D()y, », we denote by M™[41:¢ and M™ -4 the continuous and purely dis-

continuous parts of M"™[*] respectively; and denote by 1,y and ,u?,;? the Revuz measures of

(Mmlhey and (M™1#dY | respectively. Then M = ppmlude 4 ppnluld apd
(n) _  nc n,d
an Moy = Py + By -

Let (N (x, dy), H™) be a Lévy system of X" and v the Revuz measure of H . Similar
to [8, (5.3.7)—(5.3.10)], we can show that

p
(Mn,[u]qd>t :< Z (AM;”[M]’d)Z)

O<s<t

t
(18) = / / (@(x) — a(y)*N™ (X, AdH™
nU{A}
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and

(19) Weas (dx) = / (i (x) = @(y)*N" (x, dy)y™ (dx),
V,u{A}

where AMMId — pprluld _ ppnluld poeg, ) e D(E)v, », we define

§— .

n, n,d

. 1 . . . 1 d d
Q0) iy = 5 () = Moy = HG)) s My = 5 Wiy = Ry — )
THEOREM 3.3. Letu,v,w € D(E)vy, p. Then
@1 iy, ) = By + DA -
PROOF. The argument for the proof of this theorem is similar to that of [16, Theorem
3.2]. We shall only emphasize the differences caused by the jump part.

By quasi-homeomorphism (cf. [12, Theorem 3.8]) and the polarization identity, (21)
holds for u, v, w € D(E)yv,  is equivalent to

(22) § fduz;g’w = 2/‘/ fﬁd,uz;fw , Yfiu,weDE)v,p.
Foru, w € D(€)y, », we define
n (dx) = / (i (x) — () (Bx) — DN (x, dy)® (dx) .
V,u{A}
Then, by (16)—(20), we find that (22) is equivalent to

(23) fvfdugz;w)zzfv fﬁdugj?w)—k/v Fanl,, Vfu,we DEv, .

For k € N, we define v, := kR,:/_”Hu. Then vy — u in D(E)y, as k — oo. By Assump-
tion 1.3 and [18, Corollary 1.4.15], we can show that sup; E(vgw, vpw) < oo. Then, by
[18, Lemma I.2.12], there exists a subsequence {(vg,)}ieN of {vk}ken such that urw — uw in
D(&)y, as k — oo, where uy = % Zle vk,. Note that ux — u in D(E)y, as k — oo and
luklloo < llut]loo for k € N. Moreover, || LY uy||oo < oo fork € N, where L"" is the generator
of XV». Fork,l € N, we define fi := f A (khy) and fi; :=1G)", fi.

Similar to [16, Theorem 3.2], to prove (23), we may assume without loss of generality
that f > 0,u = uy and f = fi .

For 0 < § < 1, we have

1 2
lim = E g L(M"17]

2 ¢
=lm—Ef .m |:/ (Mn’[uk])(t—s) o 95d<Mn’[uk])gi|
t}0 t 0

.2 d
= 1}{8 ;Efk.z‘m |:/0 EX;/n [(Mn’[uk])(t—s)]d<Mn’[uk])s:|

< 2<E~[<Mn,[uk]>5] . MEZ])(), ff'l:l>
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Note that by our choice of u, there exists a constant Dy > 0 such that E ((M™mlulysy =
~ Vs~ Ve s f

E (MDY = E[@r(X)") — de(Xg") — fy LY"uk(X;")ds)?] < Dy for E-qee. x € V.

Letting § — 0, we obtain by the dominated convergence theorem that

1
@Y fit3 TE ol (MM = 0.
We have
— | 2
./v fk,ldMEZ%M =1tlf{)1 ;Eﬂ,;-m“M”’[”k],M"’[w]>z]

1 ~ = i P
= i B (700 = 720 000 — )|

.2 ~ ~ - -
- ltlﬁ)l ;E(f'/(,luk)m[(”k(xtvn) - ”k(X(yn)) (w(van) - w(X(‘)/"))]

.1 ~ ~ 2. -
+lim ;Efk,,,m[(uk(x,vn) — @XM (x) - w(XOV"))]
=1m[I(t) +11(t)].
t]0
Similar to [16, Theorem 3.2], we can show that
: _ T~ (n)
lzl&)ll(t) = 2,/‘/,, fk,l“kdliwk’w) .
Note that
1 .
Em 1(1) = lim ~E [ (M]1€)2 071
tlﬁ)l (1) tlf(} P S m[( t ) M; ]
1 .
+2 lti%l ;Efk.l‘m[(M[n’[uk]’c)(M[n’[uk]’d)M[n’[w]’L]
1
_|_2 ltlfg ;Efk’l.m[(Mtns[uk]ac)(Mtns[uk]ad)Mtn,[w]yd]

1
im0

1
+ lim —Eka‘m[(Mt’"[“k]’d)ZM;t,[w],d]
tl0 t
= lijg{llll () + 2111 (1) + 211 I3(t) 4+ [T 14(t) + IV (1)} .
t

Similar to [16, Theorem 3.2], we can show that

(25) 1;&} I1L(t)=0.

By Itd6’s formula and the orthogonality of the continuous and purely discontinuous martin-
gales, we get
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1

1 2
lim 115 (t)] < {lim —E 7, ., [ (M e ppmlwley2
ti,Ol 2( )|_{t¢0t fk,lm[< >[:|

1
1 Tugldp2 | 2
~{ltlﬁ)l;Eka.m[M[n weldp2 =

Similar to (25), we can show that lim, o I11>(¢) = 0.

By It6’s formula and the Burkholder-Davis-Gundy inequality, we get

1
Gm |I1I4(0)| =lim |~ Epj,m{ Y MPMheapmpiudd)?
}f&' 4(0)| tlf(}‘t fk,,m{ s (AM )

O<s<t

= lim
110

1
;Efk,rm

t
{/ Mn,[w],cd(Mn,[uk],d>S} ‘
A
0

. s ,C, s d
< lim o E g M ),

1 1
1 2 1 2] 2
< Tl ~E g (M2 Tm — E gy (M1
< {zlff)lt feam (M 1 m o E e (( )1)

1 1
1 Qe | [ ] ay 212
< c{im g Erm R i L (07004,

| |
. . 2.1 a2’
=C {ltlﬁ} ;Efk,rm<Mn’[w]’c>t} {ltlin(} ;Efk,rm((Mn’[uk]’ )t) } )

where Mt"’[ l.¢* denotes the maximum of {Ms"’[w]’c, 0 < s <t} and C is a positive constant.
Hence lim; o 1114(¢) = 0. Similarly, we can show that lim; o I113(¢) = 0.

Finally, we estimate 7V (). By 1t6’s formula and the dual predictable projection, we get
1 d
IV = —Efiim [(m 1l dy2 gty
1
= ;Efk,z-m

O<s<t

{ Z (M;’l,[uk],d)Q.M;'l,[w],d _ (M:l,_[uk],d)ZM;’l,_[w]qd

_ZM;"_[”k]’dM;lq_[w]sd(M;’l,[uk],d _ M;’l;[uk]yd) _ (M;’l,_[uk]yd)Z(M;l,[w],d _ M;h_[w]sd)}
Jukl,dy2 J[wl.d
— ;Efk,l'm{ Z (AM" [uk] ¥ AM! [w]

O<s<t

1
= ;Efk,l'm

O<s<t

+ 3 M gy 3 g ld o ytudd g Ld}
O<s<t

t
{ / / (e (X" — () (w (XY — w())ND (XY, dy)d H®
0 wU{A}
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£SO M;u_[uk],dAM;z,[uk],dAMS,[w],d}
O<s<t O<s<t

=1IVi()+IVo(@) + 1V3(1).
We have

lim I V(1) = dn™.
im 1(1) /ank,z Nugow
and by Lemma 1.12 and (24),
1 t
lim |1 Va(r)| =lim |~ E, . M g gl d
i V20| =g £ { [ 221 a0,

!
<lim —Eka‘m{(M;l,[w],d,*an,[uk],d)t}
tl0 t
] 1

1 2 1 2
<C{hm Efk,m<M"’[“f]*d>t} {hm Ef pm (M lk): ),}

110 ¢ 110 ¢
=0,
where M;" ld* genotes the maximum of {M™MM 0 < 5 < ). Similarly, we get
lim; o I V3(¢) = 0. Therefore, the proof is complete. O

PROOF OF THEOREM 3.1. By virtue of Theorem 3.3, following the argument of the
proof of [16, Theorem 3.10], we can prove Theorem 3.1. We omit the details here. O

4. Examples. In this section, we consider some concrete examples. Note that our
Theorems 1.4 and 3.1 are generalization of the corresponding results of [16], which were
only given for local semi-Dirichlet forms without jump.

EXAMPLE 4.1 (see [9] and cf. also [22]). Let (E, d) be a locally compact separable
metric space, m a positive Radon Measure on E with full topological support, and k(x, y)
a nonnegative Borel measurable function on {(x,y) € E x E|x # y}. Set ky(x,y) =
3(k(x,y) + k(y, x)) and kqa(x, y) = 3 (k(x, y) — k(y, x)). Denote by c(’;"’(E) the family of
all uniformly Lipschitz continuous functions on E with compact support. Suppose that the
following conditions hold:

AD x> [ (A Adx, »))ks(x, y)m(dy) € L)

[FACHY)
(AID SUPeer [y 1 (xy)20) Fayy M(dY) < 00.

Define foru, v € C l”(E)

(E;m).

loc

NG, v) = / / ()~ D00~ o5k Im e

and

1
Eu,v) = 5’7(”, v) + //# (u(x) —u(yNv(y)kq(x, yym(dx)m(dy) .
X7y
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Then, there exists & > 0 such that (&, C(l)ip (E)) is closable on L2(E; m) and its closure
(Ea, D(Ey)) is a regular semi-Dirichlet form on L2(E: m). Moreover, there exists C > 1
such that for any u € D(&y),

1
Eﬂa(u, u) < Eg(u,u) < Cno(u,u).

Therefore, our Theorems 1.4 and 3.1 hold for any u € D(E),,. which satisfies Condition (S),
in particular, for any u € D(€) by noting that |k, (x, y)| < ks(x, y).

EXAMPLE 4.2 (see [27]). Let G be an open set of R?. Suppose that the following
conditions hold:
(B.I) Thereexist0 < A < A such that

d

MEP < ) aij(x)&iE; < AlE]P for xe G, £ eRY.
i,j=1

BN b; € LY(G;dx),i=1,...,d.

(B ¢ € LY*(G; dx).

BIV) x> [ (1A |x — yIDks(x, y)dy € L} (G;dx).

(B.V) sup,c¢ f{|x_y\21,ye(;} lkq(x, y)|dy < 00, sup, g f{\x_y|<1,ye(;} lka(x, )I7dy <
oo for some 0 < y < 1, and |k, (x, y)Iz_V < Crks(x,y),x,y € GwithO < |x — y| < 1 for
some constant C; > 0.

Define for u, v € C}(G),

1 ou v
v = 2 E/G 3_xi(X)8_xi(x)dx
1
t3 //7& (u(x) —u(y)(v(x) — v(y)ks(x, y)dxdy

and

E(M,v):%iél'/(;aij(x)g—;(x)%(x)dx+i2:'/6b,»(x)u(x)§_;(x)dx
+ /G U ()L(X)e(x)dx
=) f (0 = WD) vk, vy
+//x¢y(u(x) ks r. y)dxds.

Then, when A is sufficiently large, there exists @« > 0 such that (&, Cé (G)) is closable
on L?(G; dx) and its closure (£, D(&y)) is a regular semi-Dirichlet form on L?(G; dx).
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Moreover, there exists C’ > 1 such that for any u € D(&,),

1 /
Ena(u, u) < Eq(u,u) < C'ng(u,u).

Therefore, our Theorems 1.4 and 3.1 hold for any u € D(E),,. which satisfies Condition (S),
in particular, for any u € D(&) by noting that |k, (x, y)| < ks(x, y).

Acknowledgements. We are grateful to the anonymous referee for helpful comments that im-

proved the presentation of this paper.
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