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Abstract. We present a criterion for multiplicity-freeness of the decomposition of the
restriction Resg (p1 ® p2) of the Kronecker product of two generic irreducible representations
p1, p2 of a finite group G with respect to a subgroup H < G. This constitutes a generaliza-
tion of a well-known criterion due to Mackey (which corresponds to the case H = G). The
corresponding harmonic analysis is illustated by detailed computations on the Clifford groups
G = CL(n), together with the subgroups H = CL(n — 1), for n > 1, which lead to an explicit
decomposition of the restriction of Kronecker products.
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1. Introduction. Let G be a finite group and let K < G be a subgroup. We denote
by Ga complete set of pairwise inequivalent irreducible representations of G and say that
a G-representation is multiplicity-free provided it decomposes as the direct sum of distinct
elements in G. Let also denote by L(G) the group algebra of G and by XL(G)X = {f €
L(G) : f(kigky) = f(g)Vg € G, Vki, ka € K} the subalgebra of bi-K -invariant functions

on G. Recall that (G, K) is a Gelfand pair provided XL(G)X is commutative.
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Our main result is the following criterion for multiplicity-freeness of the restriction to a
subgroup H < G of Kronecker products of irreducible representations of G (this is a gener-
alization of Mackey’s criterion corresponding to the case H = G).

THEOREM 1.1. Let G be a finite group and H < G a subgroup. Consider the sub-
group H = {(h,h,h) :h € H}of G x G x H. Then the following conditions are equivalent:
(i) (G x G x H, H) is a Gelfand pair;
(i) Resg (p1 ® p2) is multiplicity-free for all p1, p2 € G.

We shall deduce this result from a suitable Frobenius’ reciprocity type theorem for per-
mutation representations (Theorem 3.1) which is quite interesting on its own, and illustate it
by explicit computations on the Clifford groups CLL(n) (see Section 4) yielding the following
results.

THEOREM 1.2. (i) (CL(n) x CL(n) x CL(n), CL(n)) is a Gelfand pair;
(i) (CL(n) x CL(n) x CL(n — 1), CLL(n — 1)) is a Gelfand pair if and only if n is odd.

In addition, we give a complete harmonic analysis for the Gelfand pair (CLL(n) x CL(n) x
CL(n), @E/(n)) with an explicit description of the associated spherical characters (see Section
4.4) and of the orbits of CIL(n) acting by conjugation on the Cartesian product CL(n) x CLL(n)
(see Section 4.3).

2. Preliminaries. In this section, in order to fix notation, we recall some basic facts
on linear algebra and representation theory of finite groups.

All vector spaces considered here are complex. Moreover, we shall equip every finite
dimensional vector space V with a scalar product denoted by (-, -)y with associated norm
[I-llv; we usually omit the subscript if the vector space we are referring to is clear from the
context. Given two finite dimensional vector spaces W and U, we denote by Hom(W, U)
the vector space of all linear maps from W to U, and for T € Hom(W, U) we denote by
T* € Hom(U, W) the adjoint of T. We define a (normalized Hilbert-Schmidt) scalar product
on Hom(W, U) by setting

1
(T, T2>Hom(W,U) = mtr(TﬁTl)
for all 71, T, € Hom(W, U), where tr(-) denotes the trace of linear operators; note that, by
centrality of the trace (so that tr(T5T) = tr(T;T})), we have
dimU
(2.1) (T, T2>Hom(W,U) = W<T2*’ T1*>H0m(U,W) .
In particular, the map T + /dimU/dimWT* is an isometry from Hom(W, U) onto
Hom(U, W). Finally, note that denoting by Iy : W — W the identity operator, we have
1w IHomw.w) = 1-

Let G be a finite group. A unitary representation of G is a pair (o, W) where W is a
finite dimensional vector space and o0 : G — Hom(W, W) is a group homomorphism such
that o (¢) is unitary (that is, 0 (g)*o(g) = Iw) for all ¢ € G. The term “unitary” will be
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omitted. We denote by d, = dim(W) the dimension of the representation (o, W). Let (o, W)
be a G-representation. A subspace V < W is said to be G-invariant provided o (g)V € V
for all ¢ € G. Writing o|y(g9) = o(g)|v for all ¢ € G, we have that (o|y, V) is a G-
representation, called a subrepresentation of o. One says that o is irreducible provided the
only G-invariant subspaces are trivial (equivalently, o admits no proper subrepresentations).

Let (o, W) and (p, U) be two G-representations. We denote by Homg (W, U) = {T €
Hom(W,U) : To(g) = p(9)T,Vg € G}, the space of all intertwining operators. Observe
that if 7 € Homg (W, U) then T* € Homg (U, W). Indeed, for all g € G we have

(22)  T*p(9) =T*p(g™H* = (o(g™HT)* = (To(g "N  =o (g™ T* =0 (9)T .

One says that (o, W) and (p, U) are equivalent, and we shall write (o, W) ~ (p, U) (or
simply o ~ p), if there exists a bijective intertwining operator T € Homg (W, U).

We denote by Ga complete set of pairwise-inequivalent irreducible representations of G
(it is well known (cf. [2, Theorem 3.9.10]) that there is a bijection between G and the set of
conjugacy classes of elements in G so that, in particular, G is finite). Moreover, if o, p € G
we set 85, = 1 (resp. = 0) if 0 = p (resp. otherwise).

Suppose that H < G is a subgroup. We denote by (Resga, W) the restriction of o to H,
that is, the H-representation defined by [Resga](h) = o(h) forall h € H. The direct sum
of the two representations o and p is the representation (¢ @& p, W @ U) defined by [(c &
) (9w, u) = (c(g)w, p(g)u) forallg € G, w € Wandu € U. If ¢ is a subrepresentation
of p, then denoting by W+ = {u € U : (u, w)y = 0 Vw € W} the orthogonal complement of
W in U, we have that W is a G-invariant subspace and p = o @p| w . From this one deduces
that every representation p decomposes as a direct sum of irreducible subrepresentations. In
the particular case when these irreducible subrepresentations are pairwise inequivalent, we
say that p is multiplicity-free. More generally, when o is equivalent to a subrepresentation of
p, we say that o is contained in p.

Suppose that (o, W) is irreducible. Then the number m = dimHomg (W, U) denotes the
multiplicity of o in p. This means that one may decompose U = U1 @ U, ®- - - B Uy, ® Ujp41
with (p|y;, U;i) ~ (o, W) foralli =1, 2, ..., m. The G-invariant subspace U1 @ U, @ - - - B
U, < U is called the W-isotypic component of U and is denoted by mW. One also says
that p (or, equivalently, U) contains m copies of o (resp. of W). If this is the case, we say
that 71, T», ..., T,, € Homg (W, U) yield an isometric orthogonal decomposition of mW if
T; € Homg (W, U;) and, in addition,

(2.3) (Tiwy, Tjwa)y = (w1, w2)wéi,

for all wi,w, € Wandi,j = 1,2,...,m. This implies that the subrepresentation of U
isomorphic to mW is equal to the orthogonal direct sum TI/W & LW & --- & T, W =
Ui ® Uy ® --- @ Uy and each operator T} is a isometry from W onto U;.

LEMMA 2.1. Let (o, W) be an irreducible G-representation. Then the operators T,
T», ..., Ty yield an isometric orthogonal decomposition of the W -isotypic component of U if
and only if T, T», . . ., Tyy form an orthonormal basis for Homg (W, U). Moreover, if this is
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the case, we then have:
2.4) Tj*Tl- =& jlw
foralli,j=1,2,...,m.

PROOF. Supposethat Ty, T3, ..., T, form an orthonormal basis for Homg (W, U). Tak-
ing into account (2.2) we have T]?kTi € Homg (W, W). By irreducibility we deduce from
Schur’s lemma that there exist A; ; € C such that T]?kTi = A jlw foralli, j =1,2,...,m.
By taking traces, we get §; jdo = tr(TJ?kTi) = Aijde = Ayj = &;j and (2.3) and (2.4) follow.
The converse implication is trivial. O

We denote by L(G) the group algebra of G. This is the vector space of all functions
f: G — C equipped with the convolution product % defined by setting [ f1 * f2]1(g) =

Yheg filh) (b~ g) = Y e fi(gh) fo(h™) forall fi, f2 € L(G) and g € G. We shall
endow L(G) with the scalar product (-, -) () defined by setting

2.5) (i, Pe) = Y fi9) f(g)

geG

for all f1, fo € L(G).
Let (o, W) be a representation of G and let {w, w, ..., wg, } be an orthonormal basis
of W. The corresponding matrix coefficients uj ; € L(G) are defined by setting

(2.6) uji(g) = {o(@Qwi, wj)
foralli,j=1,2,...,dy, and g € G.

PROPOSITION 2.2. Leto, p € G. Then

G

2.7) (u?’j, ”Z,k> = Ll_|80’p8i’h8j’k (orthogonality relations)
(o8

and
G

(2.8) u? wul, = U(Sa,pb‘j,huf’k (convolution properties)

i,j hk — da
foralli,j=1,2,...,ds andh,k =1,2,...,d,.
PROOF. See Lemma 3.6.3 and Lemma 3.9.14 of [2]. O

The sum yx, = Zj’i 1 ui,i € L(g) of the diagonal entries of matrix coefficients is called
the character of o. Given a vector space V, we denote by V' = Hom(V, C) its dual space.
The conjugate of a linear operator T € Hom(V, V) is the linear operator T’ € Hom(V’, V')
defined by [T'(v)](v) = V(T (v)) forall v/ € V' and v € V. The conjugate of a G-
representation (o, W) is the G-representation (o, W) defined by o/(g) = (o (g_l))/ for all
g € G. Note that d, = d, and that o is irreducible if and only if o’ is. Note that one may
have o % o’ but it is always the case that (6') ~ o.

Let G and G be two finite groups and suppose that (o;, W;) is a G;-representation for
i = 1, 2. The outer tensor product of o1 and o7 is the (G x G)-representation (o1 Xoa, Wi ®
W>) defined on simple tensors by setting [(o71 X 02)(g1, g2)](w1 ® wr) = (o1(g91)w1) ®
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(o2(gp)wn) for all g; € G; and w; € W;, i = 1,2 and then extending by linearity. When
G1 = G2 = G, we denote by G = {(g, 9) : g € G} the diagonal subgroup of G x G (this is
clearly isomorphic to and we shall thus identify it with G) we set 01 Q 02 = RengG(al Xoy)
and call the G-representation (o1 ® 02, W1 ® W>) the inner tensor product of o1 and o5.

In general, the inner tensor product of two irreducble G-representations is not irre-
ducible: the following easy lemma, however, gives a sufficient condition guaranteeing its
irreducibility (we include the proof for the readers’ convenience).

LEMMA 2.3. Let G be a finite group and let 01,02 € G. Suppose that dimo; = 1.
Then o1 ® o2 is irreducible.

PROOF. We have
(X(71®027 X0'1®02) = <XU| XUzv X(Tl X(Tz)

1 -
=G > %01 (9 X2 (9) X, (9) Xy (9)
G /=2

e — _ 1 _ —_—
(since X0, (9) = xoy (97") = G > %01 (D X1 (97 Xor (9) X0y (9)
geG
. . L 1 _ —_—
(since xo, ~ o7 is multiplicative) = Gl Z Xo1 (99 I)Xaz (9 x0,(9)
geG

1

b > Xor (9 %02 (9)

geG
=1.

Alternatively, up to identifying Vg5, With Vi,, which we simply denote by V', suppose that
W C V is a o1 ® oy invariant subspace and let ¢ € G. We then have o1(g)o2(g)W =
(01 ®02)(g)W < W and, by multiplying on the left by the scalar o1 (g), we obtain o2 (g)W <
o1(g)W = W. Thus W C V is o, invariant and since o> is irreducible, W is trivial. O

Suppose that G acts transitively on a finite set X and denote by L(X) the vector space of
all functions f: X — C. The associated permutation representation (A, L(X)) is defined by
(A(9) f1(x) = f(g~'x) forall f € L(X),x € Xand g € G.

Fix a point xo € X and denote by K = {g € G : gxo = xo} < G its stabilizer. Then
we may identify X with the set G/K of left cosets of K in G as homogeneous G-spaces and
L(X) with the L(G)-subalgebra L(G)X = {f € L(G) : f(gk) = f(g9)¥g € G,Vk € K} of
K -right-invariant functions. Moreover we denote by KL (G)X = {f € L(G) : f(kigky) =
f(@)Vg € G,Vk1, ky € K} the subalgebra of bi-K -invariant functions.

Given a representation (o, W) we denote by WX = {w € W : o (k)w = w,Vk € K} <
W the subspace of K -invariant vectors of W.

For the following result we refer to [1] and/or to the monographs [2, Chapter 4] and [5].

THEOREM 2.4. The following conditions are equivalent:
(a) The algebra XL(G)X is commutative;
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(b) the permutation representation (A, L(X)) is multiplicity-free;

(c) the algebra Homg (L(X), L(X)) is commutative;

(d) forevery (o, W) € G one has dim(WX) < 1;

(e) forevery (o, W) € G one has dimHomg (W, L(X)) < 1.

DEFINITION 2.5. If one of the equivalent conditions in Theorem 2.4 is satisfied, on
says that (G, K) is a Gelfand pair.

The equivalence (d) < (e) in Theorem 2.4 is a particular case of the fact that the mul-
tiplicity of (o, W) in (A, L(X)) is equal to dimWX . More precisely (see [3, Section 1.2.1]
or [6]), with every w € WX we may associate the linear map T,: W — L(X) defined by
setting

(Tyv)(x) = 5{—("(1), o(gw)v

forall v € W, x € X (here g is any element in G such that gxo = x). Then one easily checks
that T, € Homg (W, L(X)) and that

(Tw,v1, Ty, v2)L(x) = (v1, v2)w{wa, wi)w
for all wy, wa, v1, vo € W. This easily implies that the map
2.9) w—> Ty

yields an isometry between WX and Homg (W, L(X)).
An irreducible representation (o, W) € G contained in (A, L(X)) is called spherical and
its spherical character is the function xf € L(G) defined by

1 -
(2.10) & @ =—= % kg
|K| keK

for all ¢ € G, where x, denotes the (usual) character of o (see [3, Section 1.2.2] or [6]). In
particular,

2.1D) Xf (1) = multiplicity of o in A .

3. Harmonic analysis for the pair (G x G x H, H). Let G be a finite group and
H < G be a subgroup. We define a transitive action of the group G x G x H on the set
X = G x G by setting
3.1 (91, 92. ) (93, 98) = (91939 '+ g2.94h™")

for all (g1, g2, h) € G x G x H and (g3, g4) € G x G. The stabilizer of (1, 1g) € G x G is
the subgroup H = {(h, h, h) : h € H}. Denote by 1 the associated permutation representation
of G x G x H, so that

(g1, 2. W) £1(g3. 98) = f (g7 9392, 95 ' gah)
forall f € L(G x G), (g1, 2, h) € G x G x H and (g3, g1) € G x G.
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3.1. A Frobenius reciprocity type theorem and proof of the main result. We shall
deduce Theorem 1.1 from the following result which can be regarded as a sort of Frobenius
reciprocity for permutation representations.

THEOREM 3.1. Let (p1, V1) and (p2, V2) be two irreducible G-representations and let
(0, W) be an H -representation. Then the map

Homg xgxr(p1 ® p2 K6, ) —> Homy (Res§ (o1 ® p2). 60")
T — T,

where

[T (1 ® v2)](w) = T ®v@wl(le, 1)

19,
Vdy
forallvy € Vi, vy € Vo andw € W, is an isometric isomorphism of vector spaces. Its inverse
is given by the map

Homy (Res% (01 ® p2),0") —> Homgxgx (o1 K pr X6, 1)

S — S,
where
~ d,
[S1 ®va @ w)] (g1, ) = T/T—T [S[p1(g5 " g7 Hur ® pa(gy Hual}(w)

forallvy € Vi,vy € Vo,we Wand g1, p €G.

PROOF. Firstof all, note that a linear operator 7 : Vi@ VoQW — L(G x G) intertwines

p1 X pp2 K6 with 7 if and only if
(32) {Tlp1(g)v1 ® p2(g2)v2 ® O(W)w]l} (g3, g4)
' = [T ® v2 @ w)] (g ' 9392, 95 ' gah)

while a linear operator S : V| ® Vo — W/ intertwines Resg (p1 ® p2) with 8’ if and only if
(3.3) {Slor(Wv1 ® p2(W)v2]} (w) = [9’(h)S(v1 ® vz)] (w),
forallvi € Vi, v € Vo, w e W, g1, ¢, 33, 94 € G and h € H. It follows that:

{TTp1(M)v1 ® p2(W21} (W) = {Tp1(W)v1 ® pa(h)v2 ® w}(lG, 16)
G|

by(G2) = =(Thiene wlf(lg, h™h)
(again by (3.2)) = %{T[vl @ v ®0(h Hwl}e. 1)

= [T ®v)](e¢h"Hw)
=[0'(WT (w1 ® v)|(w).
That is, 7 intertwines Res% (o1 ® p2) with 6. Similarly,

{Slo1(g0)v1 ® p2(g2)v2 ® O(WYw]} (g3, 94)



560 T. CECCHERINI-SILBERSTEIN, F. SCARABOTTI AND F. TOLLI

dy
]/;{ [o1(g; 95" gD)v1 ® p2(g; ' 2)v21} (O ()w)
dy
\|/G—|{9 (™ Slp1(g; " g5 g1 ® p2(g5 ) val}(w)
dy

(by (3.3)) ]/;{ o1 (W gy g5 gvr ® pa(h ! gy ) val} (w)

=[S ® v2 @ w)] (97 5392, 95 )

and therefore S intertwines o1 X pr X 6 with n. Moreover, we have

2 dy  ~
[T @ v @w)](g1, 9) = S Tloi(gy g7 Hvr ® pa(g5 Hval}(w)

G
= {Tlpi1(g5 " 97 Hv1 ® p2(g5 Hv2 ® wl} (I, 16)
by(3.2)  =[Tw ®vew]g.n
and
[So1 @ v)](w) = ﬂ[§(v1 @@ w)|le. 1)
Vds

= [S(v1 ® v2)](w),

that is, ?’ = T and § = S. It follows that the map T +— Tisa bijection and its inverse
is S — S. Finally fori = 1,2let{v;; : j =1,2,...,dy} be an orthonormal basis in V;
and denote by u h . the associated matrix coefficients; 1et also{w; : j =1,2,...,dp} be an
orthonormal ba51s in W. If T, T» € Homgxgx g (p1 X oy X 0, n) then we have, on the one
hand,

(71, 7o) = (T2 1)

P1¥02

| dp, dp,

= Z Z(T~1 (1 ®v2)), Ta(v1,; ® v2,)))
dpldPZ i=1 j:l
dp dp, dy

ZZ Z [T1(v1,i ® v2,)] (we) - [Bo(v1,i ® v2,))] (we)

i=1 j=1t=1

1
dp,dp,

doy doy dy

_IG?
_ dpldpzdg Z Z Z Ti (1,0 ® v2.m ® we)] (16, 16)

m=1 {=1

(Tin ® vam @ wo)] (. 16)
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and, on the other hand,

doy dpy dy

(T, 1) = ——— ZZZ Y [ @ vaj @ wo)] (g1, 92)
p1%p 40

=1 j=1{=1 g1,92€G

(1 @ va,j @ we)] (91, 92)
dpy dpy dy

by(2) =0 d,, 7 - ZZZ >

=1 j=14¢=1 g1,90€G

11195 g7 Hvri ® p2(gy Hva; @ wo)](Le. 1)

- [Tz(m(g;lgfl)vl,l- ® p2(g5 D2 @ we)](lg, 16)
dp1 dp2

=i dd dp2d9 S Y Y e

i,h,s=1 jm,t=14=1 gpeCG

S ultgy gl (g g

g91€G
A[Tin ® vam @wo)] (16, 16) - [T2(v1.s ® v2r ® we) ] (16, 16)
|G|2 doy dpy  dy
by 27) = D3 [N @ vam @ w)] (6. 16)
dpldpzd@h 1m=1 =1

(i ® vam @ we)] (6. 16).

We deduce that (T1, T2>H0m(V1®V2 Wy = (T, T2>H0m(V,®V2®W,L(GxG)) showing that the
bijective map T +— T is indeed an isometry. O

PROOF OF THEOREM 1.1. We first observe that if an H -representation 6 is irreducible,
then the multiplicity of the irreducible (G x G x H)-representation p; X p» X 6 in the
permutation representation 7 (associated with the pair (G x G x H, H)) equals the multi-
plicity of the irreducible H-representation 6’ in Resg(pl ® p2). Moreover, all irreducible
(G xGx H)- (resp H- )representatlons are, up to equivalence, equal to p; X pp X 6 (resp.
0’y with p, o2 € G and 6 € H. Theorefore n is multiplicity-free (and therefore, all equiv-
alent conditions in Theorem 2.4 are satisfied for the pair (G x G x H, H )) if and only if
Resg (p1 ® p2) is multiplicity-free. O

3.2. Invariant vectors and spherical characters. In this section we describe the
isometry (2.9) and the spherical characters for the pair (G x G x H, H ).

Using the description of tensor products in [2, Section 9.1] (see also [7]), we identify
V1 ® Vo, @ W with the vector space of all anti-trilinear maps B: V1 x V3 x W — C. Moreover,
anelement Be Vi ® Vo, @ Wis H-invariant (thatis, B € (Vi ® Vo, ® W) if and only if

B(p1(Mv1, p2(M)va, 6 (R)w) = B(vi, v2, w)



562 T. CECCHERINI-SILBERSTEIN, F. SCARABOTTI AND F. TOLLI

forallvi € Vi,v, e Vo,we Wandh € H.

PROPOSITION 3.2. LetBe (VIQ Vb, ® W)ﬁ. Then the associated intertwing opera-
tor Tp € Homgxgx g (01 X p2 X0, n) given by (2.9) has the form:

vV dp,dp,dp

G|

[Ta(v1 @ v2 @ W)l(g1, ) = B(p1(g5 g7 Hr, pa(gy Hva, w)

forallvy € Vi,vy € Voandw e W.

PrROOF. First note that

(V@ ®w, B) = (B,v1 ® 2 ® w) = B(vy, v2, w)

and that the last expression is trilinear. Moreover, recalling (3.1), we have (g3, g4, 1) (1, 1G)
= (g1, g») if we take g3 = 9192, g4 = g2 and h = 1. By virtue of these simple considerations
we may write (2.9) explicitely as follows:

vV dp,dp,dp
|G|
vV dp,dp,dp

= T(m (95 971 ® p2(gy Hva ® w, B)

Jdydodp —— —
= %B(m(gz LoD, p2(gy v, w) .

[Te(vi @ v2 @ w)1(g1, 2) = (v1 @2 @ w, [p1(g9192) X p2(g2) WO(15)]B)

a
By combining the isometries in Theorem 3.1 and Proposition 3.2 we obtain the following.
COROLLARY 3.3. Themap B — Ts vields an isometry
(Vi ® V2 ® W) — Homp (Res (01 ® p2). 6).
Moreover, for B € V1 @ Vo @ W, the intertwining operator Tg has the form:
[T5(v1 ® v2)|(w) = \/dp,dp, B(vr, vz, w)

forallvy € Vi,vy € Voandw e W.

Clearly, the last Corollary may be proved directly following the same arguments in the
proof of Theorem 3.1.

We end this section by providing an explicit expression of (2.10) for the pair (G x
GxH, H ). This quite easy: the spherical character associated with the pair (G x G x H)-
representation p; X py X 0 is given by:

1

YRR (91, 2, 1) = =l Z Xp1RpyRe (g1, hga, hhy)
heH

1
= > %01 hg) Xpy (hg2) xo ()
heH
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for all g1, o € G and h1 € H. In particular, (2.11) and the isomorphisms above yield

Yoo (16, 16, 16) = dim (Vi x Vo x W)#
= dimHomgxgxu (01 X p2 X 6, 1)

= dimHomp (Res§) (o1 ® p2), 0')
= multiplicity of #’ in Res$ (01 ® p2) .

The fact that ¥/, x,,=6 (16, 16, 16) equals the multiplicity of 6’ in Resg (p1 ® p2) could also
be recovered from the explicit expression of ¥, x,,®¢ (16, 16, 1) which is nothing but the
scalar product between the character of 8’ and the character of Resg (p1 ® p2).

4. Harmonic analysis on Clifford groups. In this section we consider the Clifford
groups G = CLL(n) and we study the decomposition of the tensor product of two irreducible
representations and its restriction to the subgroup H = CLL(n — 1).

4.1. Clifford groups and their irreducible representations. Let n € N and set
X, ={1,2,...,n}. Denote by CLL(n) the Clifford group of degree n. Recall that CLL(n) =
{£y4 : A € X,,} with multiplication given by

e1ya - &2y = e162(— 1) By np

where A denotes the symmetric difference of two sets and £(A, B) equals the number of
elements (a, b) € A x B suchthata > b, forall e1,¢7 € {1, —1}and A, B C X,,. Notice that
the identity element is given by 1 = yy and that (sy4) ™! = e(—1) =D ya forall e = £1
and A C X,,.

It is well known (cf. [7, Section IV.3]) that CLL(n) admits exactly 2" one-dimensional

representations, namely x4, A C X, given by
4.1y xa(Eyp) = (=AM

forall B C X,,, and, if n is even, there is only one irreducible representation p,, of dimension
2/2 whose character is given by

(4.2) Xpn (£vB) = £8p,92"/*

for all B C X, and, if n is odd, say n = 2m + 1, there are exactly two irreducible represen-
tation pni, of dimension 2" whose characters are given by

2m if B=0¢
43) XE) =10 if B£# X,
+c2"  if B =X,

where

@4) c:{l if m=0 mod 2

—i ifm=1 mod?2
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and

4.5) Xz (=VB) = —X,=(VB)

forall B C X,,.

4.2. Kronecker products of irreducible representations of CIL(n). In this section
we study the decomposition of the Kronecker products of irreducible representations of CIL(n)
and of their restriction to the subgroup CL(n — 1), yielding the proof of Theorem 1.2.

PROOF OF THEOREM 1.2.(i). By Corollary 1.1 for H = G, this is equivalent to prove
that the tensor product of any two irreducible representations of CIL(n) decomposes multi-
plicitly free. To this end, we distinguish the two cases corresponding to the parity of n.

Suppose first that n is even. By virtue of Lemma 2.3 we only need to analyse the decom-
position of p, ® p,. Suppose 6 € m Then we have

1 _
Konwon X0) = 57 D Xen(9)°X0(9)
geCL(n)
1 — r—
= W[Xﬂn(l) x0(1) + Xxp, (=D x9(=1)]

1
= (276D + 2% (1))

|1 if 6= xa, ACX,, by 4.1)
10 if 8 =p,, by (4.2).

It follows that

(4.6) pn®pn= P xa-
ACX,

Suppose now that n is odd, say n = 2m + 1. As before, we need only to analyze p,” ® p,,

of ® p; and p, ® p, and show that they decompose multiplicity free. Suppose 6 € CL(n).
Then we have

1 _
Ao X0) = 57 D Ao (@D x6(9)
geCL(n)

1 — —
= 2o (%o (D0 (D) + Ko, (=10 (=T)

+ X V) %0 x) + KXo (—Vx)* X0 (=¥, |

1 -
= St (2" 0o + Xo (1) + 222" (o (rx,) + 20 (= vx,))]
. with |Alevenand m =0 mod 2
1 if 6 = xa,

= or |Aloddand m =1 mod 2

0 otherwise
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where the last equality follows from (4.2), (4.5) and (4.4). It follows that

®|A|evenXA if m=0 mod?2

! ! ®|A|oddXA if m=1 mod?2.

Similarly we have

@Dajoaaxa if m=0 mod?2

(4.8) ol ®p, =

’ ! Diajevenxa if m=1 mod2,
while
49) P ® Py~ o B

a

PROOF OF THEOREM 1.2.(ii)). By Corollary 1.1 this is equivalent to showing that the
restriction to the subgroup CIL(n — 1) of the tensor product of any two irreducible represen-
tations of CLL(n) decomposes multiplicitly free if and only if 7 is odd.

We first observe that
(4.10) XA ® XB = XAAB

and, if n is even,

(4.11) XA ® Pn = pn

while, if n is odd,

:l: . .
0 if |A]is even
4.12 T=1 :
@.12) X4 ® Py {p,f if |A]is odd
forall A, B C X,,.
Moreover,
CL
(4.13) Rescy 1) XA = Xa\in)
forall A C X,, and if n is even,
CL —
(4.14) ReSCr(n 1) on = Pyt ® Py
while, if n is odd,
C
(4.15) Rescy o) P = pu-t -
Collecting all these facts together, we deduce the following:
CL
o Resc (| (X4 ® XB) = X(AnB)\(n) (by (4.10) and (4.13));

CL _ . .
Reser® | (xa ® pu) = p;y ® p_. if n is even (by (4.11) and (4.14));

Resggy (x4 ® pF) = put, if n is odd (by (4.12) and (4.15));

ResCL(n_l) (on ® pn) =2 @AEXn_l X4, if n is even (by (4.6) and (4.13));

CL(n) + + _ CL(n) + F _ . .
Rescr,ly (Pt ® ppy) = Rescrgly (0,21 ® 0,-1) = Dacx,_, xa. if n is

odd (by (4.7), (4.8), (4.9) and (4.13)).
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The proof is now complete. i

4.3. The orbits of CL(n) on CL(n) x CL(n). In this section we study the orbits of
CLL(n) acting by conjugation on the Cartesian product CLL(n) x CL(n). The interest for such
analysis is motivated by the fact that spherical characters are constant on each orbit.

Let A, C C X. Then we have

velyave = (-1 2 HAOHCALD)

(4.16) = (=1) T HEAOHEC A +ECO)

YCA(AAC)

YA

=, (_1)\AHC\—|A0C|VA

where =, follows from the fact that £(C, C) = W

THEOREM 4.1. Let® C A, B C X, and denote by O, (£ya, £yg) the CL(n)-orbit
of (£ya, £vB).

(@) On(Eyp, £vw) = {(Lyg. Ty}

(b) ifA# Band A, B # 0, X,, then

(4.17) On(£ya, £vB) = {(va, v), (=va, —vB), (=va, ¥B), (YA, —vB)}

unlessnisodd and A [ B = X, (here and in the sequel | | denotes a disjoint union)
in which case

(4.18) On(Eya, £vB) = {(£ya, £vB), (Fva, Fvp)}:
(c) if A # ( then
On(£yy, £ya) = {(£yg, va), (£vu, Fra)}

unless n is odd and A = X, in which case On(£yg, £yx,) = {(Xys, £vx,)}. The
analogous result holds for O, (L£ya, £yy);
(d) if A # O then

On(xya, £ya) = {(£ya, £ya), (Fra, Fra)}
unless n is odd and A = X, in which case O, (£yx,, £yx,) = {(£yx,, £vx,)}

PROOF. We limit ourselves to prove (b) which is the most involved case: the remaining
ones are simpler and can be treated in a similar manner. Suppose first that |A| and |B| are
both even. We distinguish two cases. (i) None of A and B is contained in the other. Let then
a € A\ Bandb € B\ A. Then taking C = {a, b} (resp. {a}, resp. {b}) and using (4.16) gives
ye(va, vB)YE' = (=ya, —yg) (tesp. (—ya, yp), resp. (va, —yg)). (i) Suppose A C B
(the specular case B C A is treated in the same way) and leta € A and b € B\ A. Then
taking C = {a} (resp. {a, b}, resp. {b}) and using (4.16) gives yc(ya, )/B))/C_1 = (—v4, —VB)
(resp. (—ya, vB),resp. (Ya, —vp)). Thus (4.17) follows in both cases. If |A| and | B| are both
odd, similar calculations yield again (4.17). We now consider the remaining case, namely
when |A| and | B| have different parity. To fix ideas we suppose that |[A| is even and | B| is
odd. We distinguish three cases. (i) AUB # X, and A\ B # (. Letthena € A\ B
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and ¢ € X,, \ (A U B). Then taking C = {a} (resp. {a, c}, resp. {c}) and using (4.16) gives

ve(va, vB)Ye' = (—=va, —vs) (tesp. (—ya, yp), resp. (ya, —yp)). (i) A C B. Let then
a €A, be B\ Aandc € X, \ B. Then taking C = {a, c} (resp. {a}, resp. {b, c}) and

using (4.16) gives yc(va, y)ve ' = (—va, —vB) (tesp. (—ya, v), resp. (ya. —yp))- (i)
AUB = X,. Suppose that AN B # (. Letthena € A\ Bandd € AN B and set C = {a}

(resp. {d}, resp. {a,d}). We have yc(va, v8)yc' = (=va,—vs) (resp. (—ya, vB), resp.
(ya, —yB)) and (4.17) follows also in this case. On the other hand, if A N B = @ (so that
necessarily n = |A| + |B]| is odd) and C € X, then if |C N A] is even (resp. odd) then
ye(ya. vB)YE' = (va. vp) (tesp. yc(va. vB)yC ' = (—ya. —ys)) and (4.18) follows. O

4.4. The spherical characters for (CL(n) x CL(1) x CL(1), CL(n)). In this sec-
tion we study the spherical characters associated with the Gelfand pair (CL(n) x CL(n) x
CL(n), (@(_n/)). We start with a simple preliminary combinatorial result. This could be im-
mediately deduced from the orthogonality relations for the characters, but we prefer to give a
direct proof.

LEMMA 4.2. LetU C X,,. Then

1 1 ifu=90
.19 o Z (=DI7P! = {0 gtherwise.
DCX,,
PROOF. If U = @, we have |[UND| = @ forevery D C X, so that each summand in the
Left Hand Side of (4.19) equals 1 and therefore the whole Left Hand Side of (4.19) equals 1.
Suppose now that U # (J and fix u € U. Consider the sets Pp = {A C X, : [AN U] is even}
and P = {A C X, : |ANU|is odd}. Since the map @ : Py — P defined by

A\{u} ifugA

PA) = { AU {u} otherwise

is bijective, we have |Py| = |P1|. As a consequence,

1 1 1
o 2 (D= 2—( o (=nlvneiy e (—1>U”D') = 57 (Pol = IP1l) = 0.

DCX, AePy AeP
O

The spherical character on CL(n) x CIL(n) x CL(n) associated with the representation
xa X xp X xc, for A, B, C C X, is given by

1
(4.20) Y\ B €177 271 £371;) = 57 D (~DHANPATIHENEATIHCADAT)

DCX,
foralle; =+land 7; C X,,i = 1, 2, 3. In particular (when 77 = T» = T3 = (), we have

1 if C=AAB

“4.21) ViaRypRye (1, 1, 1) = {0 otherwise .
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Indeed, in this case, (4.20) gives

1 AND|+|BND|+|CND
Wxng&c(lflvl):z—n Z (-1 [+ [+ |

DCX,

= in Z (—1)|(ALBYNDI+2|ANBADI+(CND|
DSX,

= in Z (—1)(ABBYAONDI+2I(AAB)NC)NDI

DCX,

— i Z (_1)|((AAB)AC)QD|

! DCX,
and (4.21) follows from Lemma 4.2 by taking U = (AAB)AC.
Suppose now that n is even. The spherical character on CIL(n) x CL(n) x CL(n) asso-

ciated with the representation p, X p, X p,, is trivial. Indeed,

3
1
1//,;,,&,;,,&,;,, (e1ym, 2V, €3Y13) = W Z Z 1_[ Xon (EEIYDYT,)
e=+1 DCX, i=1
Zn% S et [Ty X (eei (= DET Ty if Ty =Ty = T3
0 otherwise

Ze:ﬂs(zﬁ ?zl(ei(—1>5<Tf’Tf>2"/2)) if T\ =Ty =T;
0 otherwise

=0
foralle; =+land T; € X,,,i = 1,2, 3.

The spherical character on CL(n) x CIL(n) x CL(n) associated with the representation
xa X o, X p, for A C X, is given by

3
1
VxaBp, @, (E1VT1- £27Ty E3VT3) = S Z Z XA(551VD7/T1)1_[Xpn (e€iypyT;)
e=+1 DCX, i=2
S e GO (e (ST 202)if Ty = T3 =: T
0 otherwise

(=D Tilgres  if Ty=T3=:T
0 otherwise
foralle; =+land T; € X,,,i = 1,2, 3.
The spherical character on CL(n) x CIL(n) x CL(n) associated with the representation

xa X xp X xp,, for A, B C X,, is again trivial. Indeed,
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Vs aRysRp, (E1VTy E2YTy €3VT3)

1
= o1 Z Z xa(ee1ypyn) xB(€€2YDYT) Xp, (€€3YDYT;)
e=+1 DCX,,

1
= 5o 2 & (xanymxsnym) =D )
e==+1

=0

foralle; =+land T; € X,,,i = 1,2, 3.
Suppose now that n is odd. The spherical character on CL(n) x CLL(n) x CL(n) associ-
ated with the representations p,!' X p,> X p,” is trivial for all 5; = %, i = 1, 2, 3. Indeed,

w ﬂlgp'n'gpm (81)/T1,82VT2, 53VT3 2n+1 Z Z l_IX n; (EEIVDJ/T)
e=+1DCX, i=1

3
= 2n—1+1 Z 8( Z ]_[xp;n (8inyTi))

e=%l “DCX,i=I
=0

foralle; =+land T; € X,,,i = 1,2, 3.

In order to express the spherical character on CL(n) x CL(n) x CLL(n) associated with
the representations x4 X o> K p,* for A € X, andn; = +,i = 2,3, lets; = +1 and
T; € X,,i =1,2,3. Then we have

Vo mpmpn (E1YTy, €2VTy, €3YT3) = 2n+1 Z Z XA(€<91)’DVT])1—[X ni (£€iYDYT;)
e=+1DCX,

1 .
=5 2 xA(mm]"[e,»xpg,«((—1>f<’)*“ym,->.

DCX, i=2

This quantity vanishes if 75 # T3, T; while, if I, = T3 := T, equals

1
o (a(rrareaesx i (DS D yrar) s (DI Dyrar)

)%‘( , )%‘(T,T)

+ XA(VTATI)8283X,0,?2 ((—1 VTAT)XpP ((—1 VTAT))

— 27[8283((_1)‘AQ(TAT])| + C2n2n3(_1)‘Aﬂ(TAT])|)
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and, finally, if 7» = T3 := T, equals

)S(T,T)

1 E(T.T)
—(XA(VTAT1)8283ngz((—1 yrar)x s (=1) Y1 AT)

2}’[

+ xarzare2esx,m (DX Dyzag)p,m (CDF D ypag)

= 2"ceres (m(_1)|A0<TAT1>|+5(T,T>+5(T,T>
+ ,’2(_1)\AW(TATO\+S(T,T)+S(T,T)) .
As special cases (essentially the only ones for which we have a rather simple expression)
we have

v, mpmy €171, 21 e3vr) = 23 (1+ (=D nanse?)
and
Vo, €177 e2v1, 3yr) = 2"ee3 (=D

Finally, the spherical character on CLL(n) x CL(n) x CL(n) associated with the repre-
sentations x4 X xp X ,oni is again trivial for all A, B C X,,. Indeed,

Yy Ry Rp (E1VTy €2V15, €3YT3)

1
= ot Z Z xa(ee1ypyr) xB(€€2YDYD,) X o+ (€€3YDYT;)
e=+1DCX,

1
= Jni Z 8( Z xA()/DJ/TI)xB(yDVTZ)xpni(ssme))

e=+l1 “DCX,

=0

foralle; =xland T; C X,,,i = 1,2,3.
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