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Abstract. We study the space of bilinear differential operators on weighted densities
as a module over sl(2, R). We introduce the corresponding space of symbols and we prove
the existence and the uniqueness of canonical projective equivariant symbol and quantization
maps.

1. Introduction. The general problem of quantization is to associate linear operators
on a Hilbert space with Hamiltonian functions on a symplectic manifold. In the simplest
situation when the symplectic manifold is a cotangent bundle 7*M over a manifold M, the
usual quantization procedure consists of establishing a correspondence between the space
Pol(T*M) and the space D(M) of linear differential operators on M called a symbol map:

o :D(M) — Pol(T*M) .

The inverse Q = o~! : Pol(T*M) — D(M) is called the quatization map. Generally, there
is no quantization map (and symbol map) equivariant with respect to the action the group
Diff(M) of diffeomorphisms of M and the Lie algebra Vect(M) of vector fields on M. Two
spaces: Pol(T*M) and D(M) are not isomorphic as modules over Diff(M) or Vect(M).

Let M be a smooth manifold. We consider the space F; (M) of tensor densities of degree
A on M (i.e., the space of sections of the line bundle Ay (M) = |A"T*M|®* over M). Clearly,
Fo(M) = C*®(M) as a Vect(M)-module. Denote Dy, (M) the space of linear differential
operators from JF, (M) to F,,(M). This space is an associative (and, therefore, a Lie) algebra
with the filtration by the order of differentiation:

DY (M) C D), (M)---C DS (M) C---.

On the other hand, we consider the space S(M) of symmetric contravariant tensor fields on
M (i.e., S(M) = I'(STM)). As a Vect(M)-module it is isomorphic to the space Pol(T*M).
Therefore, S(M) is a Poisson algebra with a natural graduation given by the decomposition

SM) =P S*(m)
k=0
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where S¥(M) is the space of k-th order tensor fields. The algebra S(M) is naturally identified
with the associated graded algebra gr(Dy, , (M)), that is

Dy (M)/Di (M) = S5 (M) .

The corresponding projection oy : D’;’ M) — SK(M) is called the (principal) symbol.
Several works have been interested in the study of the problem of existence and uniqueness
of symbol and quantization maps. In [2], It was proven the existence and the uniqueness of
a conformally equivariant symbol calculus and quantization on any conformally flat pseudo-
Riemannian manifold. For the flat manifold M = R”, the authors define in [6] the unique
(up to normalization) symbol map from the 1-parameter space D, (R") (i.e., A = w) of linear
differential operators on F (R") to the space of polynomial on fibers functions on 7*R", equi-
variant with respect to the Lie algebra of projective transformations sl(n + 1, R) C Vect(R").
This implies that D, (R") is isomorphic to Pol(T*RR") as a module over sl(n+1, R). The same
result holds for manifolds endowed with a projective structure (an atlas with linear-fractional
coordinate transformations). In the one-dimensional case (n = 1), in [3] and [4], thanks to the
sl(2, R)-equivariant symbol map, a complete description of the modules D/A" . (R) was given.
In [1], sI(2, R)-equivariant symbol (and quantization) map was obtained in a more general
situation of pseudodifferential operators. In the case of the supermanifold S!!' equipped with
the standard contact structure, the authors study in [5] the space D;, (S 111y as a module over
the Mobius superalgebra osp(1]|2). They introduce the canonical isomorphism between this
space and the corresponding space of symbols and find all cases where such an isomorphism
does not exist.

The main object of our study is the space of bilinear differential operators acting on
weighted densities on R, the space D;,, ,,,, of bilinear differential operators from F),; ® F;,
to F, is also a Vect(R) (and a Diff(R))-module. Each module Dy, 3,,,, has a natural filtration
by the order of differential operators. The graded module gr(D;, 1,,.), also called the space
of symbols and denoted by S;,, 1,,., depends only on the shift, § = pu — A; — Ay, of the
weights. Moreover, we show that, as a Vect(R)-module, Sy, 5., is decomposed as

ook

PO P 07,

k=0 £=0 i+j=¢
We restrict the Vect(R)-module structures to the particular subalgebra sl(2, R) and look for
sl(2, R)-isomorphisms called respectively projectively equivariant symbol and quantization
maps:

. . o
Ori o - Doy = Sagdans Qayhan = 03, 550 Sidae = Do -

As the linear case, for almost all values (A1, A2, 1), we prove the existence and the unique-
ness (up to normalization) of the sl(2, R)-equivariant symbol map and calculate its explicit
formula. We also calculate the quantization map @ = o~ !. The proof of the unigness of
the equivariant symbol map allows us to prove, that in terms of the sl(2, R)-equivariant sym-
bol, every isomorphisms of modules of bilinear differential operators has a ’diagonal’ form.
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Finally, as an example, the case of modules of second order bilinear differential operators is
investigated, we determine, for almost all values (A1, A2, ), the isomorphisms of the modules
2
DAI Az M . . . . . . .
We hope to be able, in the immediate future, using our results, to give a full description

of the modules D’)fl’ 5, Tor all integer k. A work in this framework is currently being.

2. Preliminaries. Denote by F;, A € R (or C), the space of densities of degree —X
onR (or S1)

(1) @ = p(x)(dx)" 9 € C¥(R).

As a vector space, F;, is isomorphic to C*°(R). The Lie algebra Vect(R) of vector fields and
the group Diff(R) of all diffeomorphisms of R naturally act respectively on the space F by

@) L5 (@) = (X()¢/ () = 2X (0)g () ) (@x) ™ = Ly (o))~

where X = X (x) 4 € Vect(R) and

3) P (@) = ((f ) Fpo f(x))(dxr* [ € Diff(R).

Obviously, VA1, A2 € R, Fy, x Fy, is also a Vect(R)( and a Diff(R))-module with the action
“ LY@, @) = (LY (1), $2) + (1. LF($2)) .

Consider the space of bilinear differential operators

5) A:F x Fry — Fa

with arbitrary A1, A2, & € R. This space will be denoted by Dj, 5, .. The subspace of bilinear
differential operators of order < k will be denoted by DA o A bilinear differential operator
Ae D’)f o is of the form

(6) A= ZZal,m i j—

0=0i+j=¢t
where a; ;(x) are smooth functions. More precisely,

digy d/
@) A1, 82) = Z 3 a0 S E2 ) @y

dxt dx/
{=0i+j=¢
where &1 = (pl(x)(dx)_)‘1 € Fy, and &, = o (xX)(dx)™™ € Fra-
The Lie algebra Vect(IR) acts on the space of bilinear differential operators as follows
®) LY (A)(@1, B2) = L 0 A(D1, D) — ALY (D1), @2) — A(@1, LY (P2))
where L§( is the action given in (2). For short we write
) LAy =1 o A— Ao L)2.

The space D;,, 1, is thus endowed, thanks to (8), with the Vect(R)-module structure.
In a similar manner, one can make the space Dy 3,,,, a Diff(R)-module.
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The projective Lie algebra, i.e., the Lie subalgebra of the Lie algebra Vect(R) of vector
fields on R generated by the following vector fields:
d d 2 d

10 . x—
10 dx xdx dx

’

is isomorphic to sl(2, R). Theese vector fields are infinitesimal generators of (locally defined
on R) linear-fractional transformations. Note that the Lie subalgebra sl(2, R) C Vect(R) is
maximal in the following sense. Given an arbitrary polynomial vector field X ¢ sl(2, R),
then, a Lie algebra generated by X together with the vector fields , coincides with the whole
Lie algebra of polynomial vector fields on R. Obviously, Fj and Dy, ;,,, are modules over
the projective algebra s1(2, R).

3. Modules of bilinear differential operators.
3.1. Theinvariant§ = u — Ay — Ao.

LEMMA 3.1. For the Vect(R)-module DA]
weights is an invariant. That is:

P the difference § =  — A1 — A2 of

x~ pk S U—Al—Ar=V—p]— .

k
an DAIJ-LM P1,02,V

PROOF. This is an immediate consequence of the equivariance with respect to the vector
d
field x 7. O
3.2. Adjoint modules. In this section, the following results and proofs are adapted
from the unary case (see [3] and [4] for more details).

THEOREM 3.2. Foreachvalue of k, there exist the following isomorphisms of Vect(R)-
modules:

(12)
k ~ 1k ~ vk ~ vk ~ 1~k ~ 1~k
D= Pt —1-0= Py 1 —1-,= Pty —1-00= P 1= —1-0, = P iy

given respectively by the sl(2)-invariant maps

(13)
0 4/
— U PR
=Y. ¥ a e lnamey. ¥ e z( ) oo
(= 0l+j ¢ (= Ol+/ =L
o J . d1+s di=s
ity T e ew=Y ¥ 002 (1) de oa
L=0i+j=¢L (=0i+j=¢t

Ci0Cy,CroCiand Cypo CioCa(or CioCroCy).

PROOF. For two compactly supported densities @=¢ (x)(dx) "), W=y (x)(dx)' T*e
F_1-,, we consider the Vect(R)-invariant pairing

(14) (@, W) = fR oY ()dx .
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Then, for AeD¥
such that

15) (A(@1, D), W) = (@1, AT(¥, 1))

there exists a unique bilinear differential operator ATeDk

AL, A2, 00 1=, A2, —1=2

where @ € F,, P2 € F;, and ¥ € F_;_,. We easily show that the map C; : A > A’lk is
Vect(R)-invariant, that is

(16) Cro Ly = L7 o oy

The explicit expression of the map Cy (or Cz) given in (13) is produced immediately trough
integration by parts. Indeed, let A = a,,d - ® f], D) = (pl(x)(dx)_)‘1 € Fu, P2 =
@2(x)(dx)™* € Fy, and ¥ = ¥ (x)(dx)'** € F_i_,. Then

(A(D), D2), W) = /R ai,j (V)91 () Dl ()P (x)dx
=0 [ 0100 (a6 0w ) dx
R

' . 6
= (=D f o10) (al,(x)w(”(xwx)) dx

= (—1)(1) ‘/Rgol (_x) g (s) (W(x)ai,j(x)) (/+Y)(_x)d-x

= (P, AT(¥, P2))

i—s

where A% = (=)@ Y, (’Y) jxl —0a;; ® dd —. Since C} is linear, formulas (13) are thus
proved. |

Dk Dk

k
DEFINITION 3.3. We call the modules D Mo l—p,—1—2y* Py

—1—p,Ap,—1—=Ay"
1= D’;z 1=y Dl)izm,u the adjoint modules of Dﬁl,kz,u'
Especially, Dk o pg—1—y (respectively Dl)fl’_ - u,—l—Az) is called the left-adjoint (respec-
tively the right-adjoint) module of D’;l o
The module D])iz’ A is called the symmetric module of D])i] o
A module of the form D’;’ A—1—h X € R will be said a self-adjoint module.

A module will be said singular if it is not isomorphic to any module other than itself and

previously mentioned modules.

3.3. Explicit formulas for the action of Vect(R) on Dx ot Let X =X (x)dd—x €
Vect(R) and A = Ze:o Ditjt i, /;_lxl, ® % S D])il,kz,u‘ The following result gives the
expression of L))}' A2l g),

PROPOSITION 3.4. The action ofthe vector field X on the operator A is given by

d]
ALA2, 1
(17) L2 A) = Z > a”dx’ o

0=0i+j=¢
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where:
(18)

afly = L% (ao,0) + E (as,0h1 + agsh2) XSHD
|
s= -

a,, () =L +p(ap 0) + E (ap+s o(— ( ) + A1 (H;p)) +ap,s)¥2)X(S+l); 1 <p=<k-l
1
Ep

§ .
= LX+p(GO,p) + Z(ao,p+s(_ (zi[f) + A2 (HS-[J)) + as,pkl)X(H_l); 1 <p=<k-l
s=1

k—p
§ s+i s+j
0 =157 @+ (assi s (00 a0 (U5 D e (5] +22 (VF ) x4
s=1
l<p=i+j<k-—1
af, = LY @) i+ j=k.
PROOF. Let @ = ¢1(x)(dx)™ € Fy,, P2 = ¢2(x)(dx)™*2 € F;,. Upon using (2)
and (8) we get
LY (A (@1, @2) = L 0 A(@1, @2) — ALY (@1), @2) — A(@1, LY (1))
k
=@ [ 3 (06 ) X — ug"6lx’
0=0i+j=¢
0) 1)
—a; (w{X - )»1§01X') o) —a; ,(Pfl)(%x - )»2§02X’) ] .
On the other hand, from (17), we have

Al,A2,
LAY (@1, @2) = (dx)~ “2 Y aXieey
L=0i+j=L

Then, formulas (18) are easily obtained by identification. O

3.4. Space of symbols of bilinear differential operators. Consider the graded
Vect(R)-module gr(D;,, ,,,) associated with the filtration

0 1 k—1
(19) Do € Pipign €+ C Dii © Doyt €
i.e., the direct sum
—1
(20) gr(D)\]JZsH) @ DX] VN D)\l Ao,

with the convention that D;ll o = {0}. We call this Vect(R)-module the space of symbols
of bilinear differential operators and denote it Sy, ;,,,. The space of k-th order symbols is

—1
21 SM Ao @Dll A2, DM Ay, p



BILINEAR DIFFERENTIAL OPERATORS 487

PROPOSITION 3.5. The Vect(R)-module S;,, 3, depends only on the shift, § = u —
A1 — X2, of the weights and not on [, A1 and Ly independently. Moreover, for every k € N,
we have

k
22) S;flskz,lt = S§ = @ @ ‘7:%+i ®‘7:%+j :
0=0 i+j=t

PROOF. We consider the projection called the principal symbol map

. Pk
(23) Opr D sy~ D Frai ®Fsy;
i+j=k

k d' dJ k .
defined for A =37y > ;i j(x) 15 ® 75 € Dy ;. by
(24) ope(A) = Y aij(0)dxiT @ dxit

itj=k

One easily checks that oy, is a Vect(IR)-equivariant map. d

REMARK 3.6. Let (x, &) a standard coordinate of 7*R, we can readily see that the
space of symbols S5, being treated as a Vect(R)-module, is isomorphic to F5 ® C*®(R) ®
R[s]‘g’z. It will be convenient, in the sequel, to write an element of S§ in the form

k
(25) P(x,&) =6 > @ ,(0E @8

0=0i+j=t

4. Projectively equivariant symbol and quantizationmaps. Amapo : Dy, ), . —
Ss is called a symbol map if it is bijective and for every k € N the following diagram is
commutative:

k
DM ENY

(26) ”"'l l

Id
S35 ®Fsy; —— D T34 ®Fsy;

i+j=k i+j=k

— S

where the right arrow is the projection. In other words, the highest-order term of o coincides
with the principal symbol map defined in (23). The inverse map, Q = o, is called the
quantization map. The following statement is the main result of this paper it shows that for
generic values of § the s1(2, R)-module Dl)fl o is isomorphic to S§ . The sl(2, R)-equivariant
map is called a projectively equivariant symbol mapping.

The main theorem of the paper is the following

THEOREM 4.1. If8 = pu— A1 — Ay # —1,-3/2,—2,-5/2,..., =k, then Df ;

is isomorphic to S§ as an sl(2, R)-module. The isomorphism is given by the unique (up to



488 T. BICHR, J. BOUJELBEN AND K. TOUNSI

normalization) following sl(2, R)-equivariant symbol map

: ()G ()
2A1—s8 2Ar—t —
@) o =83 Y (Z D i AL
p=0itj=p “t=p =t <3 z) ( 264+2p+1 )
where A = Zf;:o Ditjp ij j;, ® ddx/] € Dl)f o - Note that the binomial coefficients in

(27) are defined by (;) = 20=D-0=gFD 1pis expression makes sense for arbitrary v € C.

q!
2)\1 i 2)»2—j
20— 2Ar—t

<2a+£+p+1)

PROOF. Let us denote by

ifs >i,t>],
254+2p+1
therwhise

(28) ol = ( -

o\_//—\

where{ =s+1t,p =i+ jand

k
O (L) =83 3 T ¢,

p=0i+j=p
where X € Vect(R). Then, we readily see that

(29) al;(x) = Z 3 o ( )(Z P =it

{=ps+t=L

Thanks to Proposition 3.4, forall0 < p =i + j < k, we get
(30)

Ei),(j: Z o ( 5+I’(a3 t)+Z[am+”( (er)+)L (" )+

s+t=p
as.iem(= (1) + 2 (m+f)>]x<m+l>)+

kfj Y o (L5+‘(a”>+2f[am+”( () + 0 (5

(= [J-H s+t=L
$7£0,1£0

as.iem(= (51) + 22 (m+’))]X<m+1>)
—S

-p)
m +
k 1 k—
[amssol= (1) + 21 (") + s | X4D)

(s=p)
oD (L5 @0 + +

§= p+1

i a; ;(L5+t(aot)+2|:00m+t( ( )-l—k (m+t))_|_a )Ll:IX(m"‘l))(t_p)_l_

t=p+1 m=1

(k—p)
5, S+k

O‘;,/t‘ <L§(+ )(aw)> .
1=k

~uM

+

N

+
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Thus
(31)
@ - LY@ =] Y —aliauG+p+ D+
s+t=p+1
k
Y a(()-(V)e o)l
l=p+2s+t=L
k—1
s — {—
33 (- (47) 40 (1l - (47 40 ()l
L=ps+t=L
k—1
2 e ( (3w (1 Dl 20
s=p+1
k—1
Z ag’j’(( (H'l) + A (’H))ao 1 A a ))]X” + termsin X®; (n > 3).
t=p+1

Since a satlsﬁes the equation
(32) (E=p@S+L+p+ e —sQ@hi —s+ l)a;.‘jl*t —tQhy —t + 1)@;}‘1 =0,

the term in X" vanishes and the map o3, 5, is clearly sl(2, R)-equivariant.
Let x : Dy, ny,u — Ss be an s1(2, R)-equivariant symbol mapping defined by

(33) aij = Z > xal),
Lr=1s+r=¢
where the X;;’j”r are generally in C*°(R) . The sl(2, R)-equivariance of x means that

(34) al =L@, Yo<p=i+j<k VX €sl2R).

s,t,r

The equivariance of x with respect to the vector fields X1 = % quickly leads to
Indeed, we have

k

S‘ r (r) S‘ r (r)
(35) Y Y (an) = 2 ()
Lir=1s+t=¢ Lir=1s+t=¢L
and
(36) LY @) = @) = Z > (k)
Lir=1s+t=¢

Thus, the equivariance condition (34) provides the conclusion. By a similar reasoning, thanks
to the following equation

(37) LY @) = x@.)) — (p + 8)ar,
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where X, = x%, the equivariance of y with respect to the vector fields X, leads to the
equation

k k
38) Z Z chjtr( (r+1) (8~|—£—r)a(r)>= Z Z X;]”< (r+1) — )a(r))

Cr=1s+t=¢( Cr=1s+t=¢L
which means that @; ; = Y j_, D=t xl ¥ ‘a7, The map x is bijective if and only if,
forall p € {0, 1, ..., k}, the matrix ()(i )0<,<p is invertible.
P 0=j=p

Finally, if we impose the equivariance with respect to the vector fields X ,» = x> %, as the
previous cases and given that

(39) Ly P @) = x> @) = 2(p + §)xai .

by a direct computation, we get

s—1,t

sQh—s+ D) H 1@ — 14+ DT !

40 o= ss+t=pos=11>1
R - @ +Ltp+D spr=nis
and
GIED) o ()G
5,0 \P 201 —s§ .0 . 0 __ \P 2hp—t 0 p. < <
S Lj = (25+S+p+1) Lj o AT (25+t+p+1> Xij s pHlssisk
26+2p+1 26+2p+1
If we set (Xz i )0<,<p = Ipy1 forall p € {0,1,...,k}, we obtain x;;’j’ = l],Vz J, S, t.
The unigness, up to normahzatlon of 03, 1, 15 thus proved O

Let us now give the explicit formula for the quantization map.

PROPOSITION 4.2. The map Qj iy = Gx_llxzu associates to a polynomial
P(x,&) = &° Ze OZ[+1 eb, J(x)§’ Q& e Sk the differential operator Qj, s, u(P) =

= -
Ze oZ,ﬂ =¢ l/dxz ® 77 dx/ € DAQA L Such tha’bw = Ze:;; Dt 15”17( ” , where
(42)

s,t m i1, 2,2 st Iy i
B Z( D > Oy gy FE=SH=p =it
pittji<iztjp<-<im—1+jm-1=t
s, .
ﬂl-,,-— i,jlfs“—””'

5. Intertwining operators. The uniqueness, up to normalization, of the map o, 1,
implies that in terms of the sl(2, R)-equivariant symbol, every isomorphisms of modules of
bilinear differential operators has a ’diagonal’ form in the following sense

THEOREM 5.1. Let§ = u — A — Ay # —1,-3/2,-2,-5/2,...,—k and T :

k .
DM,Az W Dk be a linear map.

A,A2, 1
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. k d' dr—i .
Foragiven A=}, _, > o Gip—i T ® I in Dl{,,xz,w we denote by

p p
@3) of , (A =8> "G, & @& ando] , (T(A) =8 al, & @&’
i=0 i=0

the homogeneous components of order p of 0y, s, u(A) and oy, 3, . (T (A)) respectively.
Then, T is sl(2)-equivariant if and only if, for all p € {0,1,...,k} the symbols

ofl " M(A) and ofl " M(T(A)) are ’proportional’, that is there exits an invertible matrix
Jsp—J
T, = (8”)_[. )Ogsp € GLp11(R) such that
O=j=p
—T T —T \t — — ¢
(44) @, > @i, pis -1 p o) = Ypldo,p, a1, p—1,---,dp,0)

where the notation u' means the transpose of the vector u € R". Equivalently,

P
(45) al, = Zsi*,f;faj,p_j;Vi €{0,1,...,p}.
j=0

In other words, the map oy, 3, u 0T o a):’l)\z’ﬂ onS) P S) - - @ S multiplies each term of

the direct sum by an invertible matrix.

6. Example: second order bilinear differential operators. In this section we plan
the case of the modules Dil 3. ©f second order bilinear differential operators with the con-

dition § =t — A — Ay # (1, -3/2, =2} Let A = Y3 o Y, i pai; @ 4 e D2

dxJ Az,
and P = &° Z%:o Ditjt b &' ® &/ e S7. By Proposition 3.4, the action of Vect(R) on
D%Ml,u is given by
afy = L% (a0,0) + (a1,0h1 + ao,142) X" + (az.0h1 + a0 222) X"
af, = L3 (@o,1) + (@022 — 1) + a1,1k1)X"
(46) affo = L(;(J"l(al,o) + (a202A1 — 1) + al,l)~2)X”
af, = L?i(ao,z)
alle = L§(+2(a1,1)
afo = LY (az0) .
If we set
2
47) Onian(A) =8> " @ ;& @&
p=0i+j=p
and
2 _ 4l
(48) Quan(PY =3 D bijoo® ——,

(=0i+j=¢
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from (27) and (42), the sl(2)-equivariant symbol and quantization maps are respectively given
by the following expressions

(49)
T — Ay RSE A2 (2h—1) 2X122 A1(2A =1
ao,0 = ao,0 + 311“10,1 + 5+1“1,0 + (5+1)(25+3)“0 2t (a+1)(25+3)“1 1 T GD) 2 0
— _ -1 a
ao,1 = 4ao,1 + J72, 40 ay, t+ a+2 1 1
aio=aio+ aiz ay o+ 5+2“1 1
ap2 = ap,2
ai,| =ai,
azo=azo
and
(50
s _ A g Al g/ M QRi—=1) 31 2x100 " MQAM=1) 1n
bo.o = bo.o — 53700, 5+1b + (5+2)(25+3)b + (5+2)(25+3)b + (5+2)(25+3)b

bo.1 =bo.1 = 077 %027 a+2 ap,
— 1— 2
b1o=Db1o— 2 bz 0~ 5+2b

bo2 = bo,2
b1 =b1
bro=b2p0.

Let us now give a complete classification of the modules Dfl’ it b =pn—r —2r #

THEOREM 6.1. (i) All the Vect(R)-modules Dk M with (M # 0 and Ay # 0), (A1 # 0
and u # —1), (k2 #0and u # —1) are lsomorphlc
(ii) The modules of the form

(5D Di,o,—l = D(%,A,—l = D(Z),o,—l—x ;A #0

are singular.
The module D&A’_l (respectively D%,o,—l) is a self-left-adjoint (respectively self-right-
adjoint) module.

PROOF. Let T : D§1,kz, P Df,l pp,v D€ an isomorphim of Vect(R)-modules then
. Q2
Ao, b 85 -

obviously § = u — A1 — A2 = v — p; — p2. Denote by T := Op1.my ol o a{ll
- 1 1,0
832. Using Theorem 5.1, T is ‘diagonal’, that is there exit &g € R*, T = ( ' g% ) e
0o €10
GL(22,R) and

&0
0,
0,
e,

LI 20
88’% "0z %83

T =| &7 8}’1 € € GL(3,R) such that
02 1,1 20
€0 €20 %20

- e S T T T _
gy o = €040,0 » (@1, 0) = Y1(do,1,a1,0)" and (@5, a1, a50)" = Y2(@0.2,a1.1,a2,0)
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we set fora, b, c € R,

(52) I'(a,b,c) = (

2b(c —a+1) 2ab 2a(c—b+1) >
2c—a—-b)+3 2(c—a—-b)+3" 2(c—a—-Db)+3)’
then by a direct computation, the equivariance condition

(53) LYY oT =T o LY,

leads us (in terms of equivariant symbols) to the following matrix equation

(54) T2l (p1, p2.v)' = g0l (A1, 22, )’

Since T is an isomorphism, two cases arise
i) I'(p1, p2,v) # 0and I' (A1, A2, ) # 0, thatis (o1, o2, v) and (A1, A2, ) are in the set

{(a,b,c)eR¥>: (@#0 andb #0), (a #0 andc # —1), (b #0 and ¢ # —1)}.
Thus we get a family of Vect(R)-isomorphisms given by the conditions
(55) go=1,Y1 € GL(2,R) and V2T (p1, p2,v)" = ['(A1, A2, )’
ii) I'(p1, p2,v) = I"(A1, A2, w) = 0, then
(56)  (p1, p2, ), (k1, A2, ) € {(A,0,=1), (0,2, 1), (0,0, =1 — 2); » € R*}.

This concludes the proof of the theorem.
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