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Abstract. Shinichi Kobayashi found a generalization of the Coleman power series
theory to formal groups of elliptic curves and applied it to a study of p-adic height pairings.
In this paper, we generalize his theory of Coleman power series to general formal groups.

1. Introduction. The theory of Coleman power series [1] says that every norm com-
patible system is interpolated by a power series. This theory has been generalized in various
ways by Perrin-Riou [8] and others, and they play important roles in Iwasawa theory. On
the other hand, Kobayashi [6] found a generalization to formal groups of elliptic curves. He
studied the interpolations of “admissible norm systems” (cf. [6]), which are not norm com-
patible. Furthermore, he applied it to computations of p-adic height pairings to prove the
p-adic Gross-Zagier formula for elliptic curves at supersingular primes. We expect a general-
ization of his theory will play an important role in proving more general p-adic Gross-Zagier
formulas. In this paper, we generalize his theory to general formal groups over unramified
rings.

Let {pn be a primitive p”-th root of unity such that ¢ 5 ar1 = ¢pn, My, the maximal ideal
of Zp[¢pn] and U, = 1 + my,. Then the Coleman power series theory [1] says that every
(Uun)n € 1(21 U,, where the limit is taken with respect to the norm maps, is interpolated by a

power series. Namely, there exists a unique power series f(T) € Z,[[T]] such that
f(;p” - =u,
for all n > 1. In terms of formal groups, every element of lim Gm (m;,) can be interpolated.

Let E be an elliptic curve over @, with good supersingular reduction and E the formal
group over Z, (of height two) associated to E. Then it is known that lim E (my,) is trivial,
<«

where the projective limit is taken with respect to the trace maps Tt/ : E(my) — E(my).
However, systems (c;), € ]_[flozl E (m,,) satisfying the equations
(1.1 Trui2/ment2 — apTrntineny1 + pen =0

in E(mn) forall n > 1, where ap, = p + 1 — #E(F)), are also important (cf. Kobayashi
[5], Perrin-Riou [7]). For example, some systems satisfying (1.1) are constructed from certain
integral power series and applied to a construction of p-adic height pairings in [7]. In [6],
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Kobayashi studied the interpolations of systems (c,), € ]_[flozo E (my,) satisfying (1.1) and
found a generalization of the Coleman power series theory. By his theory, a system of Heegner
points, which satisfies (1.1), can be interpolated by a power series. Thus, he applied the
system to computations of the p-adic height of Heegner points. This computation played an
important role in his proof of the p-adic Gross-Zagier formula, which relates the p-adic height
of a Heegner point to the first derivative of a p-adic L-function of E.

Here, we explain our main theorem for odd primes (see Theorem 4.6 for the general
case). Let G be a d-dimensional, commutative formal group over Z , of finite height 2. We fix
an isomorphism G = Spf(Z,[[X1, X2, ..., Xal]) between formal schemes over Z,. Then,
we can identify G(Z ,[[T]]) with the subset (p, T)®¢ of Z,[[T1]®? and G(m,) with m®4
not as Z ,-modules but as sets (cf. Section 2). We denote by M the Dieudonné module of G,
which is a free Z ,-module of rank /2. Then, M has operators Frobenius F" and Verschiebung
V. Letdet(r — V) = t" + bp_11"" + ... + by € Zp[t], € the logarithm logg of G and
T/n 2 Qp(Cpm) — Qp(&pn) the usual trace map. Our main theorem is the following:

THEOREM 1.1 (cf. Theorem 4.6). For each system (cp), € ]_[Zil G(m,) satisfying

(1.2) Wyt /nl(Cntn) + bp_1tnpn—1/nl(Cnyn—1) + -+ -+ bol(cy) =0

in Qp(&pn) foralln > 1, the following conditions are equivalent:
(a) There exists a power series f(T) € G(Z,[[T]]) such that

f(g-p” —D=q¢

foralln > 1;
(b) ¢/ y = ¢, mod pr[;“an]@dforalln > 1.

REMARK 1.2. (1) We prove our main theorem for formal groups over unramified

rings.

(2) In [7], Perrin-Riou constructed systems satisfying (1.2) similarly as in the case G =
E. See Section 3 for details.

(3) In the case G = E, we have det(t — V) = 1% — apt + p and |, E(m,,)tor = 0.
Therefore, we see that (1.2) is equivalent to (1.1) and that our main theorem coincides
with Kobayashi’s theorem [6, Theorem 3.15]. In this paper, we modify his proof. The
key is to use Knospe [4, Proposition 2.1].

Acknowledgment. This paper is based on Master’s thesis of the author. He would like to express
his sincere gratitude to his adviser Professor Shinichi Kobayashi for suggesting the problem to him and
for giving much advice. The author would also like to thank the referee for giving helpful comments.

2. Preliminaries. In this section, we fix notation and recall Dieudonné modules of
formal groups over unramified rings.

Let p be a prime number and k a perfect field of characteristic p. We denote by W the
ring W (k) of Witt vectors with coefficients in k and by K its fractional field with absolute
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Frobenius o. We fix a prime element 7 of Z, and ¢(T') € Z,[[T]] such that
o(T)=xnT mod T*Z,H[[T1], @(T)=T" mod nZ,[[T]].

As is well known, ¢ induces a Lubin-Tate formal group F over Z, whose multiplication-by-m
map [ ]£ is given by ¢(T). For n > 0, we denote by F[n"*] the kernel of the endomorphism
[7"]F of F and put K,, = K (F[n"]). We denote by m,, the maximal ideal of the valuation
ring Ok, of K,,. We fix a system (7r,) € [ Flr"] \ F[7" " such that [7 ] £ (Tpt1) = 7p.
Let G be a d-dimensional, commutative formal group over W of finite height 2. We also
fix an isomorphism G = Spf(W[[X]]) between formal schemes over W, where W[[X]] =
WI[X1,..., X4]], and denote by X @ ¥ € W[[X, Y]]®? the d-dimensional formal group
law. Then, for a commutative W-algebra A which is complete under the topology induced
by an ideal I of A containing p, we can identify G(I) with the set of W-homomorphisms
f : W[[X]] > A suchthat f(X;) € I for1 <i < d. Thus, we can identify G(I) with ]9
asasetby f +— (f(X;));. In other words, we identify G(/) with the Z ,-module 194 whose
addition is induced by the formal group law X @ Y.

In order to define Dieudonné modules, we recall the formal differential module of
WI[X]] over W. We denote by D the space of derivations of W[[X]] over W and by D*
the dual W[[X]]-module of D. Then, we have D* = P, _; ., WI[X]]dX;. Here we denote
by dg the map D — W[[X]] defined by D +— Dg for g € WT[X]]. We say that w € D* is an
exact formif o = df = Y, ;.,f/3X;)dX; for some f € K[[X]]. For an exact form w,
we denote by F,, € K[[X]] aﬁrﬁque power series such that w = d F,, and F,,(0) = 0. We put

Z={weD*; wisexact, F,(X®Y) — F,(X) — F,(Y) € pW[[X, Y]1},
B={df e D*; f e pWIIXIl},
L={weD*; F,( X®Y)=F,(X)+ F,(Y)}.
We define the Dieudonné module M of G by M := Z/B. Since it depends only on the special
fiber G of G, we also call it the Dieudonné module of G. It is known that M is a free W-module

of rank h. Let W[F, V] be the Dieudonné ring. Namely, F' and V satisfy the relations

—1

FV=VF=p, Fx=x°F, Vx=x°V

for x € W. We remark that W[F, V] acts on M as follows: For w € Z, we put F,(X) =
Za ayX*. Here « ranges over all (if,...,iq) € Zgg \ {(0,...,0)}, and X* denotes the

product X'i‘ le‘l fora = (iy, ..., iq). We make F and V act on M by

F(+ B)=d(FJ (X)) +B= Y —(FJ (X"))dX; +B.

1<i<d

_ 9 _
V(a)+B)=d<Zpa;',a1X“)+B= Z 8X»< pa;',alX”‘)dX,»+B.
o o

1<i<d !

i

Here pa denotes (piy, ..., pig) fora = (i1, ..., iq). Thus, M is aleft W[F, V]-module. We
call F Frobenius operator and V Verschiebung operator, respectively, on M.
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According to Honda [3, Proposition 1.3 and Lemma 1.4], we see that L C Z. By abuse
of notation, we also denote by L the image of L in M. Furthermore, one can show that M is
aleft W[F, V]-module generated by the W-submodule L of M (cf. [3, Lemma 4.3]).

We define a W[[T]]-submodule P of K[[T]] and its quotient P by

P= {f(T) =Y a,T" € K[[T1]; na, € Wforn >0, f(0) e pW} ,
n=0

P="P/pWITI]l.

We remark that ¢ acts on P by ¢ (f)(T) = f°(¢(T)). Then, by [3, Lemma 2.1], we see that
¢ induces Frobenius operator F of P, which is defined by

F(ZanT" - pW[[T]]) = alT" + pWIIT]].

By an argument similar to that in the proof of [7, Lemme 1.2], one can show that there exists
a unique o ~!-linear operator ¥ of P such that i o ¢ = p and

oy (IT)= Y f(Tern,
neFinl

where @ r denotes the addition in F.

PROPOSITION 2.1. For f(T) € Pandn > 1, we have
@ o(f)(Tnt1) = f7(mn);
(b) ¥ (f)(wn) = tpp1/n(f (@Tny1)).

Here, try,p is the usual trace map from K, to K, for m > n.
PROOF. For example, see [7, Lemme 1.4]. O

Moreover, i induces Verschiebung operator V of P, which is defined by
-1
V( YT+ pW[[T]]) =Y pap, T"+ pWIT].
n n

Thus, P is a left W[F, V]-module. According to Fontaine [2], we have a canonical Z ,-linear
isomorphism

GIIT1]) = Homyp,v)(M,P).

In order to construct this isomorphism, we fix some notation.

We denote by wy, ..., wg the canonical invariant differentials of G, which is also called
the canonical base of L in [3]. Here, we recall that we have identified G with the formal
group law X @ Y over W through the fixed isomorphism G = Spf(W[[X]]). We denote by
logg = (Fu; (X)) € K[[X11%? the logarithm of G, which is also called the transformer in [3].
We put expg(X) = logél € K[[X]]1®¢. For a local ring A, we denote by m, the maximal
ideal.
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First, we construct G(k[[T]]) — HomW[F,v](M,f). For (f;(T)) € G&[[T]) =
mitl, = TKIITN®, we take any Lift (f(T)) in GWIIT) = m{{ 7y, = (p. T)® such
that f;(0) = 0. We define an element of Homy v (M, P) by

o= Fo(fi(T), ..., fa(T)) mod pWI[[T]].
Note that this morphism is independent of the choice of (f;(7")) by [3, Lemma 2.1]. Thus, we
have a Z ,-morphism
GKIITT) — Homwir,vi(M, P).
For v € Homwf v (M, P), we take any lift F;(T) of v(w;) such that F; (0) = 0. We define
an element f(7T') of G(k[[T]]) by

F(T) = expg(Fi(T), ..., Fa(T)) mod G(pWIIT]]).
Note that the power series expg(Fi(T), ..., F4(T)) is an element of G(W[[T]]) by
[3, Lemma 2.4]. By [3, Proposition 3.3 and Lemma 4.1], we also see that this is indepen-
dent of the choice of (F;(T")). Thus, we have the inverse morphism.

In the following, we often identify G(k[[T']]) with Homw[Fr, v (M, 5) by this isomor-
phism.

3. Construction of systems after Perrin-Riou. In this section, we shall construct
systems satisfying a relation similar to (1.2) in the same way as in [7]. First, we recall a
lift Homw[r,vi(M, P) — Homw (M, P) constructed in [7]. It plays important roles in this
paper. We keep the same notation as in the previous section.

PROPOSITION 3.1. For each x € Homw(r v (M, P), there exists a unique lift * €
Homw (M, P) of x such that

(3.3) Y(p(x(m)) — X(Fm)) =0
forallm € M, or equivalently, ¥ (x(m)) = X(Vm) forallm € M.
PROOF. This is [7, Proposition 3.2]. In [7], only the case where p(T) = (1 4+ T)? — 1

is treated. However, we can also prove this proposition for our ¢ by the same argument as in
[7]. O

We construct systems satisfying a relation similar to (1.2) by using the lift.

Let x be an element of G(k[[T]]) = Homwr,v1(M, P). In the case p > 2, the power
series expg o(X(w;)) is an element of G(W[[T]]) = m%”f[m by [3, Lemma 2.4]. Thus, we
have a lift

L GKIITID — GWIITID, x = expg o(X(w;i)) .
Hence, we have

GWITID = «(GKIITID) & Homy (L, pWI[T]])

(cf. [7, Théoreme 4.1]). For f(T) = 1(x) = expg o(X(w;)) € (GK[[T]])) & GWI[TID,
we put

cn=f7" () = (expg oF (@) (Ta) € G7 " (my).
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In the case p = 2, we put ¢, = (expg 0(2%(i)))? " (m,). Note that the constant term of
2x(w;) is in 4W and that expg converges on 4w (cf. Lemma 4.1). As in the case p > 2,
we have a lift

1
L GKITID ® Q2 — GWIITID ® @2, x> 5 (expg o(2x(i))) -

See [6, Section 3] for a lift without a denominator.
We take a polynomial Q(f) = " + by, _1t" ! + .- + by € W[t] such that

34 O(V)w;i =0

forl <i <d (e.g. Q(t) = dety (tV — VV|M) in the case where k is the finite field F ,» of p”
elements). By Proposition 3.1, we have

W™ + b1 9" 4+ bR (@) = 0
for 1 <i < d. Therefore, by Proposition 2.1, we have
(35 tapm/nlatm (Cnim) + bn—1nim—1/nlnym—1(Cntm—1) + - - + boln(cn) =0
for all n > 1, where we denote by ¢,, the logarithm logﬁ’;_’l of G7 ",

DEFINITION 3.2. Let Q(t) € WI[T] be a polynomial satisfying (3.4). We say that
(cn)n € TI32, G " (my,) is a Q-norm system if it satisfies (3.5).

REMARK 3.3. (1) We have shown that the map

GWITI) = [9° ") . f(D) = (f " @)n

induces
t(G(K[[TT])) — {Q-norm systems}

in the case p > 2. See Theorem 4.9 for the image.
(2) If G is a formal group over Z, and if there exist no non-trivial p-torsion points in
UZi 1 G(my,), then the relation (3.5) is equivalent to the relation

Trn+m/ncn+m + bm—lTrn+m—1/nCn+m—1 + -+ boc, =0,
where Tt /, is the trace map from G(m,,) to G(m,,).

EXAMPLE 3.4 (Thecase G = Gm). Let G be the multiplicative formal group G
Furthermore, we assume that k is a finite field and that p is odd for simplicity. Our lift ¢
from G, (k[[T]]) to G,,(W[[T]]) induces a lift

L+ myqry — 1+ mwyry -
One can show that it coincides with the map

g N¥(G) = lim V')
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where N : W[[T]1]* — WI[T1]* is the norm operator defined in [1] and § is any lift of g in
WIIT11*. Hence, we see

(G KIITID) Z (1 + mr™ =
By the classical theory of Coleman power series, we conclude that

(G KILTID) = lim Gy (my)
where the limit is taken with respect to the trace map of Gm See [1, 7] for the detail.

4. Proof of the main theorem. In this section, we prove our main theorem. We keep
the same notation as in the previous section. First, we show basic properties of formal groups.

LEMMA 4.1. Let H be a d-dimensional, commutative formal group over W. As be-
fore, we fix a W-isomorphism H = Spf(W[[X]]). Let I be an ideal contained in m,.
(1) For A, B € H(my) = m;‘?d, the following congruences are equivalent.
(a) A= B mod 199 where we regard A, B as elements ofm;?d.
(b) A= B mod H(I), where we regard A, B as elements of H(my,).
(2) If I is contained in the ideal {x € K, ; v(x) > 1/(p — 1)}, then logy, induces a
Z ,-linear isomorphism
HI) = 19
Here, v denotes the valuation of K;, normalized by v(p) = 1.

REMARK 4.2. Theisomorphism in (2) differs from the identification through the fixed
isomorphism H = Spf(W[[X]]).

PROOF. (1) We denote by X @4 Y the formal group law induced by H = Spf(W[[X]]).
Since X @7 Y is a formal group law, it satisfies

XdnY=X+Y mod deg?2,
Xey0=X, 0yY=Y.

Suppose that A = B mod I9¢, namely, there exists an element C of /94 such that A =
B + C. According to the congruences above, we have A = B+ C = B @ C mod 199,
which shows that A = B mod H (/). Conversely, we suppose that A = B mod H (/). Then,
there exists an element C of 799 such that A = B @3 C, where we regard A, B as elements
of m® . Hence, we have A = B+ C mod 199, which shows that A = B mod %<,

(2) By [3, Theorem 2], we may identify H with the formal group law whose logarithm
is of the form

X+ BXP € KI[[X1,....,Xa|®,
v>1
where B, € p~"Mg(W) for v > 1. Here, we put X7 = ’(X”v, ...,XSV). For a matrix
D = (d; ;) with d; ; € K,, we define the valuation v(D) of D by v(D) = inf; ;j{v(d; ;)}.
Then, we have
v(By) > —v
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for v > 1. For x € m®, we have
P’ v 5
v(Byx” ) >pv(x)—v 00

as v — 00. Hence, we see that logy,(x) is well-defined. Suppose that v(x) > 1/(p — 1) in
addition. Then, we have

v

v(ByxP") — v(x) = pPu(x) — v(x) — v > P~ 50

for v > 1. Hence we have
(4.6) v(ByxP") > v(x)
for v > 1. Thus, we have v(x) = v(logy(x)). Hence, we see that logy, induces an injective
Z ,-morphism
logy : H(I) — 1%
We put mé = I. Forb > 0 and A € (m?+?)®¢ by (4.6), we have

A —logy (A) € (matbHhy®d,

Namely, the map

log’)—{ . H(m2+b) — (mz-‘rb)@d/(mz-i-b-i-l)@d
is surjective for all b > 0. By the completeness of K,,, we conclude that the map H (1) — 194
is surjective. O

REMARK 4.3. The assumption that H is defined over W allows us to use Honda’s
theory and to simplify the proof. One can show this lemma in more general case (cf. Tate [9,
§2]).

Let | | denote a p-adic absolute value on | J, K,,. The following proposition plays an
important role in the proof of our main theorem:

PROPOSITION 4.4. Let P(t) = t" + dp_1t""' + --- +dy € W[t] be a polynomial
such that the p-adic absolute value of every root of P(t) is strictly greater than |p|. If (Yn)n €
[152, Ok, satisfies

Crm/n (Yn+m) + dm—ltrn+m—l/n Ontm—1) + - +doy, =0
foralln > 1, theny, =0foralln > 1.

REMARK 4.5. Inthecasek = F v, the polynomial P(t) = detw (t" — V| M) satisfies
the condition of the proposition since F on M is topologically nilpotentand F'V = VF = p.

PROOF. This is [4, Proposition 2.1]. In [4] it is assumed that p > 2, k is a finite field,
yn € my, foralln > 1 and that ¢(T) = (14 T)? — 1. However, we can prove this proposition
for our case by the same argument as in [4]. O

In the following, we fix a polynomial Q(¢) € W[t] satisfying (3.4) and the assumption
of Proposition 4.4 about the p-adic absolute values of the roots.
We state our main theorem.
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n

THEOREM 4.6. (1) Suppose p > 2. For each Q-norm system (c,), € ]_[flozl Ggo
(my,), the following conditions are equivalent:
(a) There exists a power series f(T) € GIW[[T]]) = m%ﬁﬂ] such that
[ ) = ¢
foralln > 1;
(b) cfy =cu mod pOR?  foralln = 1.
(2) Suppose p = 2. For each Q-norm system (cp)n, the following conditions are equivalent:
(a) There exist r > 0 and a power series f(T) € G(W[[T]]) = m%”f[T]] such that
fo7 ) = 12" gonca
foralln > 1;
(b) There exists r > 0 such that ([2’]g07(n+1)cn+1)2 = [2’]gg—n ¢, mod 20%11 for all
n>1.

REMARK 4.7. In (b), forc, € Gge" (my), we regard ¢, as an element (c; ,); of mﬁ?d
by the identification G7 " (m,) = mP through G = Spf(W[[X]]) and put cff = (c!’,);.

PROOF. We first prove that the condition (a) implies the condition (b). In the case p >
2, we suppose that there exists f(T) € G(W[[T]]) such that

o () = cn

for all » > 1. Note that nf_H =, mod p(’)KH] since ¢(,+1) = m,. Hence, we have

o—nth)

=" )? = 77 (o) = e mod pOE!

for n > 1. In the case p = 2, we can also prove that the condition (a) implies the condition
(b) in the same way as in the case p > 2.
In the following, we prove that the condition (b) implies the condition (a). First, we

consider the case where p > 2. Forn > 1, we take a polynomial f, = (fi.») € (p, T)@d -
WIT 194 such that

7 ) =cn-

By (b), we have

—m —n n—m n—m n—m—1 J
7 @)= £ ()t = = Cﬁ—l =..-=c¢, mod p(’)%

for m < n. Thus, we have
“4.7) fin+1(@@m) = fin(mwm) mod POKm

form <n, 1 <i <d. We claim that

1

(4.8) fint1 = fin mod (p, TP 77",

In fact, we have
("1 7(T) = Un(T) Py (T)
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by the p-adic Weierstrass preparation theorem. Here, U, (T') is a unit of W[[T']], and P,(T) is
a distinguished polynomial of degree p” since [z"]£(T) =T P" mod pWI[T]]. Therefore,
we have
®,(T) = [x"17(T) /"' 1#(T) = UT)P(T),
where U(T) is a unit of W[[T]], and P(T) = P,(T)/P,—1(T) is a distinguished polynomial
of degree ¢ (p") = p" — p"~!. Hence, we have
fint1 = fin = RD®(T) + appry1 T*P 7 - 4 ag

forsome R(T) € W[[T]]anda; e W (0 < j < ¢(p") —1). If we put T = m,,, then we have

-1
a¢(pn)_17tf(p ) +---+ap € pOk,

by (4.7). Since {n,{}?i%n)_l is free over W, we have a; € pW for 0 < j < ¢(p") — 1. Thus,
we have proved (4.8) as claimed.

By (4.8), we see that f; , converges to an element h; of k[[T]] as n — oo, where f; ,
is the image of f; , in k[[T']]. For the lift h; € W[[T]] of h; such that h;(0) = 0, we put
h = (h;). Then, we have ho " (p) = ¢, mod p(’)}‘?f for n > 1. Thus, by Lemma 4.1, we
have

(logg oh)* " (1t4) = £u(cs) mod pOF’.

We define x € Homwr v(M, 5) by
(x (1)) = logg oh + pWI[T1®? .

Here, recall that M is generated by L as a left W[F, V]-module. We put z,, = (% (a),')”_’l
(mp)) € K de for n > 1 (see Proposition 3.1 for the definition of x). Then we have

Wntm/nZn+m + bm—ltrn+m—1/nzn+m—l + -+ bozy =0,

zn = (logg oh)” " (my) = Lu(cy) mod pOZ?

foralln > 1. If we put y, = z, — €n(cy) € pO%i, then we have y, = O foralln > 1 by
Proposition 4.4. We put f(T) = t(x) = expg o(X(w;)) € G(W[[T]]). Then, we have

Ca(fO () = 20 = Lulcn)

£o " (ty) = h " (my) = ¢y mod p(’)%d

for all n > 1. Therefore, we have f”in () = ¢, foralln > 1 by Lemma 4.1.
In the following, we treat the case p = 2. By the congruences in (b) of (2), as in the case
p > 2, we can take an element h(7T') of WIIT11%? such that #(0) = 0 and

he " () = 2] gg-ncn  mod 208
for all n > 1. Therefore, we have
(121gh)° " () = 2" g, ncy  mod 40%7
a([2gh)" " () = £a (127 gyncn)  mod 40F7
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forall n > 1. We define x € Homwr,v(M, P) by
(x (@) = logg oh + 2W[[T1]® .
Then, we have
4.9) (2% (w;)) = 2logg oh = logg o([2]lgh) mod 4w(rn® .

If we put z, = 2% (w;)?  (7m,)) € K& for n > 1, then we have z, = En([2’+1]gufn cp) for
all n > 1 by Proposition 4.4. We put f(T) = expg o(2x(w;)) € G(W[[T]]). By (4.9), we
have f(T) = [2]gh(T) mod AW[[T11®¢. Therefore, we have

(7 ) = 20 = 62 go-ne).
fa—" (mp) = [2r+1]ga_n cn  mod 4(’);‘?3.
Hence, we have [ " (1) = [27 '] g,ncy forall n > 1. O

REMARK 4.8. In the proof of the case p = 2, we have also shown that if (c,) satisfies
the condition (b) for some r, then there exists f € G(W[[T]]) such that £ (1) = [2"H]c,
foralln > 1.

We denote by NG the set of Q-norm systems satisfying (b). In the proof of our main
theorem, we have proved the following theorem.

THEOREM 4.9. In the case p > 2, the image of the map

CGKITID) = []67 "), £ = (f7 ()

is NG. In the case p = 2, the map « (GKk[[T]]) ® Q2) — NG ® Q> is surjective.

REMARK 4.10. (1) Since the map G(W[[T]]) — [], G " (my) is injective by the
p-adic Weierstrass preparation theorem, we conclude ¢ (G(k[[T]])) = NG in the case p > 2.
In the case p = 2, we also conclude ¢« (G(k[[T]]) ® @2) = NG R Q».

(2) See Example 3.4 for the case G = Gm of Theorem 4.9.

(3) Since these maps are independent of the fixed Q, the set NG is also independent of
the choice of Q. Thus, as in [6], we may call a Q-norm system satisfying (b) an admissible
norm system with dropping Q.
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