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Abstract. Using variational methods based on the critical point theory and suitable
truncation and comparison techniques, we study existence, multiplicity and nonexistence of
positive solutions for a parametric nonlinear Neumann problem driven by the p-Laplacian. Our
hypotheses cover the case of nonlinearities of concave-convex type whose exponents depend
on the parameter.

Introduction. Let 2 C R" be a bounded domain with a C2-boundary 352 and let

p € (1, 400). We consider the following parametric nonlinear Neumann problem

—Apu(x) + B ()P 2ux) = fr,u(x),2) in £2,
(P2) 8_u =0 on 052,

ony
with the real parameter A > 0. Here A, denotes the p-Laplace differential operator defined by
Apu = div (|IVu|P=2Vu) forallu € WP (§2) (where | - | stands for the Euclidean R" -norm)
and the nonlinearity f(x, s, A) is a Carathéodory function (i.e., for all (s, 1) € R x (0, +00),
x +— f(x,s,A) is measurable and for a.a. x € £2, (s,A) — f(x,s, ) is continuous). In
the problem, du/dn, = Yu(IVu|P=2Vu) € W—1/P"-P' (382) denotes the generalized outward
normal derivative (see [8]).

Our aim in this paper is to obtain criteria for the existence, multiplicity and nonexistence
of positive solutions for problem (P;) as the parameter A > 0 varies. Specifically, the main
result of the paper, stated as Theorem 1.3, is a bifurcation-type result for the parametric prob-
lem (P, ) ensuring that there exists a value X of the parameter such that (P;) has at least two
positive solutions if A < i, (P;) has at least one positive solution, and (P,) has no positive
solution if A > A.

The hypotheses under which our result is formulated cover nonlinearities f(x, -, A) in
(Py) which are (p — 1)-superlinear near +o00 and (p — 1)-sublinear near 0*. Some related
works focused on the case of concave-convex nonlinearities (see [2], [4], [6], [7], [13]). In
this paper, our hypotheses cover this case and also allow to go beyond it. In particular, they
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allow nonlinearities of concave-convex type whose exponents depend on the parameter 1. In
Section 4, we propose several examples of nonlinearities which fulfill our hypotheses.

Our approach is variational, based on the critical point theory combined with suitable
truncation and comparison techniques. Our proofs are elementary in the sense that they do
not need to use maximum principles or Morse theory.

The rest of the paper is organized as follows. In Section 1, we state our hypotheses and
formulate our main result. In Section 2, we implement lower and upper solution techniques
in the treatment of the parametric nonlinear Neumann problem (P, ). In Section 3, we apply
those techniques to the proof of our theorem. Finally, examples of nonlinearities to which our
result applies are provided in Section 4.

Acknowledgement. The second author is grateful to Lucas Fresse for useful discussions and for

his remarks which allowed to generalize some hypotheses and simplify certain proofs in a previous
version of the manuscript.

1. Statement of the main result. In the following, we will use the Banach space
WP (£2) endowed with the usual Sobolev norm || - ||, whereas | - | stands for the Euclidean
RY -norm. For a given u € W7 (£2), we will use the notation u™ = max{zu, 0}. Also, by
| - |¥ we denote the Lebesgue measure on RY and, for ¢ € [1, +00], by || - l; we denote the
L9($2)-norm.

We consider the following hypotheses on the nonlinearity f(x, s, A). Set F(x,s,A) =
Jo fx, 1, 0)dr.

(Hy) f: 82 x R x (0,+00) — R is a Carathéodory function such that f(x,0, ) = 0 for
aa. x € $2,all A > 0, and
(i) there exist a function a : (0, +o0) — (0, +00) with limy_,.¢ a(A) = 0, a function
r 1 (0,+00) — (p, p*) with infy¢(0,+00) 7(A) > p, and a constant ¢ > 0 such
that

|f(x,s, )] <a() +cs™ P71 foraa x e, alls >0, A > 0;
@i1) forall A > 0, we have

. fx,s, )
lim ——

P 400 uniformly fora.a. x € £2;
§—>—+00 Sr—

(iii) forall A > 0, there exists B} L'(£2)4 such that A 18511 is bounded on the
compact subsets of (0, +00) and

& (x,s) §§A(x,t)+ﬂ;f(x) fora.a. x € 2, all0<s <t,

where &, (x, 5) = f(x,s,1)s — pF(x,s,1);
(iv) forallt > 0and A > 0, there exists 8 (¢, A) > O with0(¢, L) — +o0as A — +00
such that

inf{ f(x,s,A); s>t} >6(,1) foraa. x e §2;
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(v) forall A > 0, there exist g = g(}) € [1, p) and 9o = no(X) > O satisfying
770s‘1_1 < f(x,s,A) foraa. xe £, all s>0;

(vi) forall A > 0 and p > 0, there exists 0, = 0,(A) > 0 such that for a.a. x € £2,
s fx,s,A)+ apsl’_l is nondecreasing on [0, p];
(vil) forallz > 0and A > A’ > 0, we can find 8y(¢, A, ') > 0 such that

flx,s,0) — f(x,s,A) >6p(t, A, \) foraa xec$2,als>¢t.

REMARK 1.1. (a) Note that hypothesis (Hp) (iii) is satisfied if for every A > 0,
there exists Mj > O such that, fora.a. x € £2,5 +— &, (x, s) is nondecreasing on [M; , +00),
and with the assumption that the maps A — M, and A — a(A) (in (Hy) (1)) are bounded
on compact sets. Furthermore, a sufficient condition for the latter property is that for a.a.
xeandallA > 0,5 — f(x,s, )\)/s”_l is nondecreasing on [ M, , +00) (reason as in [10,
Lemma 2.4] taking into account that f has nonnegative values).

(b) We observe that we do not require that s — f(x, s, A) necessarily satisfies the
classical (unilateral) Ambrosetti—-Rabinowitz condition (see [3] for p = 2 and for instance
[10] for p general). This condition implies that the nonlinearity has a strong growth at infinity
and it guarantees that the C'-functional associated to the problem satisfies the Palais—Smale
condition. In our setting, instead of the Ambrosetti—-Rabinowitz condition, we use the assump-
tion that f is (p — 1)-superlinear at infinity together with a quasimonotonicity condition on
s+ f(x,s,A)s —pF(x,s, ) (see hypotheses (Hy) (ii) and (iii)). It allows us to incorporate
nonlinearities with slower growth near +o00, which do not satisfy the Ambrosetti—-Rabinowitz
condition (see Example (f) in Section 4). Moreover, we do not need that our functionals sat-
isfy the Palais—Smale condition and we can replace it by the weaker Cerami condition, which
is sufficient in our situation.

REMARK 1.2. Since we are looking for positive solutions and hypotheses (Hy) con-
cern only the positive semiaxis R = [0, +00), without any loss of generality, we will assume
that f(x,s,X) =0 foraa. x € £2,alls <0,allA > 0.

Typical examples of nonlinearities satisfying (H ) are provided in Section 4.
The hypotheses on g are the following:
(Hp) BeL>®(2),p(x)>0 foraa xef2,B#0.

By a positive solution for problem (P) we mean a function u € C'(2), u > 0in
2, which is a (weak) solution of (P;). The nonlinear Green’s identity then ensures that u
satisfies the boundary value condition du/dn, = 0 on 952 (see also Motreanu—Papageorgiou
[12, pp. 24-25]). Our main result is the following bifurcation-type theorem for problem (P;).

THEOREM 1.3. If hypotheses (Hy) and (Hg) hold, then there exists A > 0 such that
(a) forall & € (0, )A»), problem (P)) has at least two (positive) solutions ug, i € C'(2),
0<u0§ﬁin§,u07&ﬁ;
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®d) ifr= X, then problem (P;) has at least one positive solution necCl(2);
() ifr> i, then problem (P)) has no positive solution.

The proof of Theorem 1.3 is given in Sections 2 and 3.

2. Lower and upper solution techniques. As a preliminary step in the proof of the
theorem, we develop lower and upper solution techniques for problem (P;,).
Let A: WhP(22) — WP (£)* be the nonlinear map defined by

1) (A(), y) :/ |Vu|P~2(Vu, Vy) gy dx  forall u,y € WhP(2).
22

It is well-known that this operator is continuous, monotone, and of type (S)+ (i.e., for every
sequence {uyh=1 C WP (£2) such that uy ~ u in WP (£2) and limsup,_, o (A (ug), ux —
u) <0, then up — u in WhP(£2)).

Recall that u € W17 (£2) is called a lower (resp. upper) solution of problem (P) if, for
each function v € WLP(£2), v > 0, we have that

(A(u),v)—l—/ ,B(x)lulp_zuvdx—/ fx,u(x), MHvdx
2 22

is < 0 (resp. > 0).

We first state a lower and upper solution principle, which will be useful in the sequel.
LetO < A1 < A < Az andlet uy, ur € CH($2) be respectively a lower solution of (Py,) and
an upper solution of (P, ), such that 0 < u; < uy in £2. Consider the following truncation of

f(xs i) )")'
fO,ur(x),2) if s <up(x)
2 fle s, ) =1 fx,s,4) if up(x) <s <ua(x)
fx,ua(x),A) if s > ur(x).
This is a Carathéodory function. We set F (x,s,A) = f(; f (x, t, M) dt and introduce the cl-
functional ¢; : WP (£2) — R defined by

1 1 A
$r(u) = — | Vullh + —/ Blu|? dx —/ F(x,u,2)dx forall ue WhP(£2).
p pJe 2

LEMMA 2.1. Let A, Ay, A2, uy, uz, ¢ be as above. Assume that (Hy) and (Hg) hold.
Then, there is ug € C1(§2) a (weak) solution of problem (Py) which is a global minimizer of
@, and that satisfies u; < uo < u in 2.

PROOF. Asnoted in [1, Lemma 2], hypothesis (Hg) implies that there exists a constant
¢ > 0 such that

A3) IVulb +/ Blul? dx > ¢llull? forall u e WhP(s2).
2

It is clear from (2) and (3) that ¢, is coercive. Also, exploiting the compact embedding of
WP (£2) into LP(£2), we have that ¢ is sequentially weakly lower semicontinuous. So, we
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can find ug € W7 (£2) such that

“) G2 (o) = inf{@a(u); u € WHP(£2)}.
From (4) we have ¢} (o) = 0, which reads as
Q) A(uo) + Bluol”ug = f (- uo(-), 1)

Acting on (5) with (ug — u2)™ € WP (£2), we infer that

(Auo), (o —u2)*) + /Q Bluol”2uo(uo — uz) ™ dx
= / FCx,u0, 2) (o — uz)* dx = / e, un, M) (o — uz)tdx
2 2
< / £, w2 ) o — ua)* dx
2

< <A(u2),(uo—uz)+>+f9ﬁu§"1(uo—uz)+ dx

where we have used (2), (Hy) (vii) and the fact that u5 is an upper solution of (P,,). So, using
the monotonicity of & — |&|7 —2¢ on RV, we infer that

/ B(luolP~*uo — |ua|P ~2u2) (ug — uz) dx < 0.
{uo>uz}

Then, using the strict monotonicity of s — |s|P~2s on R, we obtain that |{ug > u2}|y = 0,
ie., up < up. Similarly, acting on (5) with (uo — u1)~ yields u; < wug. It follows that
uo € [ur, ua] :={u € WHP(£2); uy(x) < u(x) < usr(x) fora.a. x € £2}. Then, by virtue of
(2), equation (5) becomes

Auo) + Bul ™" = f(u0(), 2).

Consequently, uq is a (nontrivial) solution of problem (P;) (see [12]). Nonlinear regularity
theory (see [9]) implies that ug € C!(£2).

It remains to show that u; < ug < uy in 2. We only show that ug < uy, the proof
of the other inequality being similar. Corresponding to A, and p := |u2|lc0, We consider
0, = 0,(A2) > 0 givenin (Hy) (vi). For § > 0 small, we set us = uo + . We can write

—Apus(x) + (B(x) + 0,)us(x)P !

< —Apuo(x) + (B(x) +0,)uo(x)”~" +y(8)

= [, ug(x), 1) + opuo(x)” " +y(8)

= f(x,uo(x), A2) + opuo(x)? " + f(x,uo(x), &) — f(x,uo(x), 22) + ¥ (8)

< [, ua(x), A2) + opua ()P = 6o, 22, 1) + ¥ (8)
with y(6) — Oasé | 0, and ¢ := ming uo > 0, where we have used (Hy) (vi), (vii) and that
uo < up. Since y(8) — 0asé | 0and Oy(z, A2, 1) > 0 (see (Hy) (vii)), for 6 € (0, 1) small
we have

—Apus(x) + (B(x) + 0p)us ()P < —Auz(x) + (B(x) + o) ua(x)?~! in WP (2)*.
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Acting on the previous inequality with the test function (uy — us)~ € W2 (£2) yields us <
uy . Thus ug < us. O

Our next purpose is to show existence results for lower and upper solutions for the prob-
lem (Py).

LEMMA 2.2. Assume that (Hy) and (Hg) hold. Then, for every A > 0, any small
enough constant § > 0 is a lower solution of problem (P;,).

PROOF. Letg = g(A) € [1,p) and no = no(r) > 0 be asin (Hy)(v). Let § €
(0, (70/11Blloc) /P~ (cf. (Hg)). Then, we see that

/ B)S" v dx —/ £ 8, Mdx < (1Blosd”" = nos? vl <0
2 2

forallv e wWhp (£2), v > 0, which yields that § is a (constant) lower solution of problem
(P). O

LEMMA 2.3. Assume that (Hy) and (Hg) hold. Then, there exists Ay > 0 such that
for every A € (0, Lo), problem (Py) admits an upper solutionu € C'(2),u > 0in 2.

PROOF. The proof comprises three steps.
Step 1: the auxiliary nonlinear Neumann problem

—Ape(x) + B(x)|e(x)|P2e(x) =1 in 2,
6 0
©) e _ 0 on 982
ony
has a unique solution e € W17 (£2), moreover e € C!(£22), ming e > (1/[18lo0)/P~1.

The Euler functional associated to problem (6) is coercive and strictly convex, thus (6)
admits a unique solution e € W'?(£2). Nonlinear regularity theory ensures that e € C!(£2).
Acting on (6) with —e™, we deduce that ¢ > 0. Finally, acting on (6) with the test function
—(e — )™, with ;. = (1/]|Bllec) /P~ 1, yields the relation

V(e — Il =/ (n—e)(Bx)e(x)’' = 1)dx <0,

{e<u)
whence e > p in 2. This establishes Step 1.

Step 2: there exists Ag > 0 such that for every A € (0, A¢) there is T(X) > 0 with
@) a() +cx@Mlelloe) P! < TP,

where a(1), (1), and ¢ > 0 are given by (Hy) (i).

Arguing by contradiction, suppose that this is not true. Let 7— = infy¢(0,400) 7 (1) and
I+ = SUP; ¢(0.+00) ' (A). Then we can find a sequence {Ax}r>1 C (0, +00) such that Ax | 0 as
k — oo and

P77 <a(u) + c(tllelog) 0!

<a(Ow) +c(tllelloe) "'+ e(tllello) ™" forall >0, k>1,
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which implies that 1 < ct™=P|le|l " + ct™+Plle|%~". Since r_,ry > p (see (Hy) (i)
and T > 0 is arbitrary, we let T | O to reach a contradiction. This proves Step 2.

Step 3: given A € (0, Ap) and letting T = 7(X) be as in Step 2, the function u = te is an
upper solution of problem (P ), and moreoveru € C 1(@2)andu > 0.
Using (6), (Hf) (i) and (7), we note that

(A(ﬁ),v)—i—/ ,B(x)ﬂp_lvdxzf P lvdx z/ Fx,u(x), Mvdx
22 22 2

forallv € WHP(£2), v > 0. So, i is an upper solution of problem (P;). o

3. Proof of Theorem 1.3. We set
S = {X > 0; (P,) admits a positive solution} .

The first step of the proof of Theorem 1.3 is to show the nonemptiness of S.

PROPOSITION 3.1. Assume that (Hy) and (Hg) hold. Then S # ¢ and if > € S and
e (0,1), then u € S.

PROOF. By Lemma 2.3, thereis A > 0 such that problem (Py) admits an upper solution
necC! (£2), u > 0. In order to establish the proposition, it is sufficient to show that, if A>0
is such that (P5) admits such an upper solution, then for every A € (0, ), we have A € S. Fix
A1 < A. By Lemma 2.2, choosing § € (0, ming %) small enough, u; := § is a lower solution
of (Py,). Then, Lemma 2.1 ensures that problem (P;,) admits a solutionug € C L(2), ug > 0.
Thereby, A € S. O

We let & = sup S. The previous proposition shows that A>0.
PROPOSITION 3.2. If hypotheses (Hy) and (Hg) hold, then * < 4o0.
PROOF. Fix u > ||Bllco. We claim that there exists % > 0 such that

®) f(x,s,X)Z/Lsp_l foraa. x € 2, alls >0.

Fixing A9 > 0, by (H) (ii), (v), we find so > 0 and & := min{(n0/p)"/?~9, 50} > 0 such
that

f(x,s, Ao) > usP~! foraa. x € 2, alls > sg,
Fx,s,h0) = nos?™ ! > pusP™! foraa. x e 2, alls € (0,¢),
where g = g(Ao) € [1, p) and no = no(Ag) > 0 are as in (Hy) (v). Since 8(¢g, A) — +o0 as
A — +00 (see (Hy) (iv)), we can find x> Ao such that (e, 5») > ,usg_l. By (Hy) (iv), we
have

FO,s,5) =006, 2) = usl ™' > usP™! foraa x e 2, all s € e, 5]

Because f(x,s,-) is nondecreasing (see (Hy) (vii)), altogether we deduce formula (8) and
this shows our claim.
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Let A > A and suppose that A € S. Then there exists u; € C'($2) positive solution of
(P). Lett = ming u;. For § > 0, we set t5 = t + 8. Corresponding to p := [[ux |0, WE
consider o, = 0,(1) > 0 givenin (Hy) (vi). By (8), and using (H r) (vii), we can write

—Apts + (BQ) + o)l T < (A o)tP T + v (@) < fF ) o, v (6)

= f ) +opt? T+ f 1R = fx, 1,0 + 7 (6)

< fOun(x), 2) + opun ()P~ — 6o, 1, 2) + ¥ (8)
with y(§) — 0 asé§ | 0. Since y(§) — 0as§ | 0and 6p(z, X, i) > 0 (see (Hp) (vii)), for
6 > 0 small we have

—Apts + (BQ) + o)l T < —Apun(x) + (B(x) +op)un ()P~ in WP (2)*

This implies that ts < u, , which is a contradiction since ¢ is the minimum of u,. Therefore,
A g S,andso A < A < +00. O

PROPOSITION 3.3. If hypotheses (Hy) and (Hg) hold, then AeS, andsoS = (0, Al

PROOF. Let {Ar}x>1 C S be such that Ax 1 Xask — oo. Letuy := Uy, € CH(2) be
a positive solution for problem (Py, ), k > 1. Let ¢, : WP (2) — R be the C'-functional
for problem (P, ) defined by

1 1
0, () = — ||Vu||£ + —/ Blu|P dx —/ F(x,u, ) dx forall ue WhP(£2).
4 pJe 2
Let us show that, without any loss of generality, we may assume that
) 0 () <0 forall k>1.

To do this, fix k > 1. By Lemma 2.2, choosing §; € (0, ming 1) small enough, we have
that the constant function & is a lower solution of problem (P, /2). By (Hy) (v), choosing
8r > 0 even smaller if necessary, we may assume that ¢, () < 0. Applying Lemma 2.1 for
the parameters Ay /2 < Ax < Ag+1, the lower solution 8 of (Py,,2) and the upper solution
ug+1 of (Py,,,), we find ity € cl(2) positive solution of (P, ) that satisfies 6; < iy < Ug4+1
in 2 and ©y, (k) < @5, (8k) < 0. Up to dealing with iy instead of uy, we indeed may assume
that (9) holds.

We have

(10) AGup) + Bul ™' = fC up(), ) forall k> 1.

Acting on (10) with u;, we obtain

(11) — ||Vuk||§ —/ ﬂu,f dx ~|—/ fx,up, Mugdx =0 forall k> 1.
2 2

On the other hand, from (9) we have

(12) ||Vuk||§ ~|—/ ,Bu,f dx —/ pF(x,up, Ar)dx <0 forall k> 1.
2 2
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Adding (11) and (12) results in

(13) / Ey(x,ur)dx <0 forall k> 1
2

(see the notation in (H ) (iii)).

CLAIM. {ug}i>1 is bounded in WP (£2).

Arguing by contradiction, suppose that the Claim is not true. Then, by passing to a
suitable subsequence if necessary, we may assume that |[ux| — +oo. Let yv = uy/|lukl,

k > 1. Then ||yk|| = 1, yx > O for all k > 1, and so we may assume that
(14)
yi =y in WhP(2), yx — y in L7 (2) forall r € [1, p*), yk(x) — y(x)foraa. x € £,
with y > 0.
Case 1: y #0.

Let Z(y) = {x € £2; y(x) = 0}. Since y # 0, we have that |2 \ Z(y)|y > 0, and so
up(x) — +oo fora.a. x € 2\ Z(y). Recalling that Ay > A1, k > 1, by virtue of (Hy) (vii),
we have

(15) F(x,up(x),Ar) > F(x,ur(x),r;) foraa. xe £, allk>1.
Moreover, (Hy) (ii) implies that
Fue(x), M) Fx ug(x), A1)
(79K ug(x)?
Through Fatou’s lemma (since F'(x, ux(x), A1) = 0 by (Hy) (v)), we deduce that
/ F(x, up(x), A1)
Q

yk(x)? — 400 foraa. x € 2\ Z(y).

dx —> 400 as k — o0.

lluxll?
Then (15) leads to
F(x, A
(16) /de—)-i-oo as k — 0.
2 lluxll?

Note by (H ) (iii) that
SO, ug, Muk — pF(x, ug, Ax) = =5, (x) forall k> 1.

Using (10), the fact that ||yk|] = 1, and the boundedness of {||,3;fk l1}k>1 as known from
(Hy) (iii), we obtain that

/ PF(x, ug, ) uk,kk) / IO, ug, Auk + B, (x) i
2

lJurll? llurll?

AT
<M; forall k>1,
lrcl|?

= IVyellp + fg Byi dx +
for some M; > 0. This contradicts (16).
Case 2: y = 0.
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For every k > 1, let t; € [0, 1] be such that
(17 O () = max{gpy, (tur); t € [0, 1]}.

Fix y > 0 and set vy = Qyp/&)/Py;, k > 1 (with & > 0 as in (3)). By (Hy) (i), (v), (vii),
we have

0< F(x, ve(x), a) < F(x, (1), A) < aGyve(x) + % v ()@
r

fora.a. x € £2. According to (14), vy — 0 in L’(X)(Q) as k — o0, hence we obtain
(18) / F(x,ve(x), \p)dx — 0 ask — o0.
Q

Since |lux|| — 400, we can find an integer kg > 1 such that (2yp/&)'/P/|lux|| € (0, 1) for
all k > ko. By (17), (3), the fact that || yx|| = 1 and (18), this yields

1 1
@ (trug) > 3, (vg) = —||Vvk||5+—/ ﬂv,fdx—/ F(x, vk (x), Ag) dx
p PJe 2
¢
2—||Uk||p—/ F(x, vg(x), Ag) dx
)4 2
y—

/F(x,vk(x),kk)dxzy forall k > k;,
Q

for some k1 > k. Recalling that y > 0 is arbitrary, we see that
(19) @i, (tkug) — 400 ask — 00.

Since 0 < trux < uy , in view of (Hy) (iii), we have

20) /Q 1, (6, teug) dx < /Q £y (o) dx + 1L 1

Note that ¢;, (ux) < 0 = @3, (0) (see (9)), hence 7 # 1 for all £ > 1, according to (17).
Moreover, the fact that ¢, (0) = 0 and (19) imply that #; € (0, 1) for all k > k3, with k> large
enough. We infer that

d
(21 0=rn 77 P (Wk)|,:tk = (g3, (teuk), teug)

=|IV(tkuk)||ﬁ+/Qﬁ(tkuk)p dx—/gf(x,tkuk(x),)»k)tkuk dx

for all k > ko . Using (21), (20) and (Hy) (iii), we obtain

(22) P (tkuk) < /9&k (x,up)dx + 1185 Ih < /inxk(x, ur) dx + Mo

forall k > ky , with some M» > 0. Comparing (13), (19) and (22), we arrive at a contradiction.
This proves the Claim.

By virtue of the Claim, we may assume that
(23)
up = i in WhP(R), ux — i in L™ () forall r € [1, p*), ux(x) — ii(x)foraa. x € 2,
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with # > 0. Due to (10), (Hy) (i), (v), (vii), we have
(AGue), ui — ) + /Q Bul ™ ux — i dx
= /Q F O ug, M) (ug — i) dx < /Q F O, ug, W) ug — il dx
gﬁxmbmk—m+c4®*mk—myh.

Passing to the limit as k — oo and using (23), we get lim sup,_, o (A (ux), ux — it) < 0, which
implies that u; — u in WLP(£2) as k — oo (since A is of type (S)4+). From (10), using that
f is a Carathéodory function, (23), the fact that A * A as k — 00, and (H) (vii), we obtain

A@) + Blal ™% = f(a().h).
Hence, i is a solution of problem (P;) (see [12]). Due to nonlinear regularity theory, we see
thati € C'(2).

It remains to show that z > 0. To this end, let ¢ = g(A1) € [1, p) and g = no(A1) > 0
be asin (Hy) (v). Since Ay > A for all k > 1, and by virtue of (Hy) (vii), we get

24) nosq_l < f(x,s,A1) < f(x,s,Ar) foraa. xe £, alls>0,allk>1.

Let us show that ming u; > &g := 10/ 11Blloc) /P9 for all k > 1. Arguing by contradic-
tion, suppose that #; := (1/60) mingux € (0, 1) for some k > 1. Let o, = 0,(Ax) > 0,
corresponding to p := |luk|loo, be as in (Hy) (vi). For 6 > 0, let t5 x = #Jp + §. It turns out
that

25) (B + ol < (BO) +0,)1d0)” ! + ¥ (8)
<1/ 088 + 0, (180)P ! + ¥ (5)
= no(t80)! " + 0, (180)? T + (LT — 1 el T 4y (6)

g—1

p—1

with y(8) — Oasé | 0. Since #x € (0,1) and g < p, we have 1,
8 > 0 small there holds (t,f_1 - t,?_l)n()(Sg_l + y(8) <0, and so

< 0, hence for

—Apts i+ (BO) + o)t < n0(t80)? " + 0 (180)" !
< f(x, 580, Ak) + 0 (1180) 7!
< FOrue(x), M) + opug(x)P !
= —Apuk(x) + (B(x) + 0 ug (x)7 !

in Wl’p(.Q)*. Here we used (25), (24) and (Hy) (vi). It follows that #5 x < uy, and thus
180 < ming uj, which contradicts the definition of #. Thus, #x > 1 forall k > 1.
Therefore u; > 8o in §2 for all k > 1. From (23) we derive that i > & in £2. In

particular, & > 0 in 2. Therefore we have A € S,and so S = (0, i]. O
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PROPOSITION 3.4. If hypotheses (Hy) and (Hg) hold and A € (0, )A»), then problem
(Py.) has at least two positive solutions ug, i € CY$2), i > uy > 0in 2, ug #uandugisa
local minimizer of the energy functional ¢, associated to problem (Py.).

PROOF. From Proposition 3.3, we know that reS. Leti e CY(2),4 > 0,be a
solution for problem (Pi)' By Lemma 2.2, we find a constant §p € (0, ming i) which is a
lower solution of problem (P 2). By Lemma 2.1 applied with A1 = /2, A, = ):, up = 9o
and up = i, problem (P ) admits a solution ug € C'(£2) with 8y < uo < @t in §2, and which
is a global minimizer of the corresponding truncated functional ¢, . Since the restrictions of @,
and ¢, to the ordered interval [8o, 1] = {u € WP (§2); 8¢ < u(x) < ii(x) fora.a. x € 2}
coincide, it follows that ug is a local C! (£2)-minimizer of @,.. Invoking [11, Proposition 24],
we infer that ug is also a local W17 (£2)-minimizer of ¢;.

We consider the following truncation of f(x, -, A):

fx uo(x), 1) if s < wuo(x)

(26) g(x,s,2) = { flx,s,2) if s> uo(x).

This is a Carathéodory function. We set G(x, s, A) = f(; g(x,t,\)dt and consider the C L
functional ¢; : WP (£2) — R defined by

1 1
On(u) = — ||Vu||£ + —/ Blu|? dx —/ G(x,u,\)dx forall ue Whr ().
p pPJe Q
CLAIM 1. @, satisfies the Cerami condition.
Let {ur}k>1 C Whr(2)bea sequence such that
(27) |ga(up)| < M3 forall k> 1,
for some M3 > 0, and
(28) (1 + lug D@ (ux) — 0 in WhHP(2)* as k — oco.

We have to show that {1} admits a strongly convergent subsequence in W7 (£2). From
(28) we have
p-2 erllyll
(29) (Awr), y) + | Blukl"“urydx — [ g(x,up, Mydx| < ————
2 2 1+ fluk]]
forall y € WP (£2), with 4 0. In (29) we choose y = —u, € WP (£2) and have

IVuy |15 +/ Bu)? dx —f fx,uo, M) (—up)dx < g forall k> 1.
2 2

This implies that ¢[lu |7 < & forall k > 1 (see (3)), which guarantees that
(30) {u; }x=1 is bounded in whr(2).

Next, in (29) we insert y = u;” € W!7(£2) and we deduce that

31) —||Vu,j||5—/ ﬂ(u,j)f’dx+/ g(x,uil, Muy dx < g forall k > 1.
2 2
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On the other hand, (27) and (30) yield

(32) IVul 5 +/9ﬂ(u,j)1’ dx —/QpG(x,u,j,)\) dx <My forall k>1,
with M4 > 0. Adding (31) and (32), and taking into account (26), we obtain

(33) /g (f(x, u,':, )»)u,;|r — pF(x, u,":, A)) dx < Ms forall k>1,

for some Ms > 0. Reasoning as in the Claim in the proof of Proposition 3.3 by relying this
time on (33) in place of (13), we show that {u,j}kzl is bounded in W!-7(£2). This, together
with (30), implies that {u};>1 is bounded in W!-7(£2). Then, arguing as in the corresponding
part of the proof of Proposition 3.3, we deduce that ¢, satisfies the Cerami condition.

CLAIM 2. We may assume that ug is a local WP ($2)-minimizer of ¢;..
We introduce the following truncation of g(x, -, 1):

g(x,s, ) if s <ax)

(34) glx.s,2) = {g(x, a(x), ) if s> ax).

This is a Carathéodory function. Let G(x, S,A) = f(‘) g(x,t,A)dr and consider the cl-
functional ¥, : WP (£2) — R defined by

o 1 1 N
U () = — ||Vu||g + —/ Blu|? dx —/ G(x,u,\)dx forall ue wWh?(2).
p pPJe2 2

It is clear that ’ﬁx is coercive and sequentially weakly lower semicontinuous. So, we can find
fig € WP (£2) such that
V(o) = inf{yr, (u); u € WhP(82)}.
This yields ¥/} (iip) = 0, that is,
(35) Alido) + Bliiol"2ito = §(-, fin(-), 1) .
Acting on (35) with (ug — i)t € W1P(2), recalling that uo < i and using (34), (26), and

the fact that u¢ is solution of problem (P, ), we have

(A(do), (o — o)) + /ﬂ Bliio|"~2dio(uo — fio) ™ dx
= / 9(x, g, M) (uo — o)t dx = / F G, uo, M) (uo — o) dx
2 2

= (A(uo), (uo — ito)*) + /Q Bul ™ (uo — ito)* dx,

which implies that |{ug > fig}|y = 0, i.e., ug < fig. Also, acting on (35) with (iip — #i)* €
whr($2), and using (34), (26), the inequality ug < u, hypothesis (Hy) (vii), and the facts that
A < A and # is solution of problem (P;), we obtain

(A(ﬁo),(ﬁo—ﬁ)+>+/ iy~ (o — )" dx =/ §(x, fo, M) (lo — i) dx
Q Q
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= [ seino—ita < [ sei - it ax
2 Q

— (A@). (@0 — i) +/ Bar~ (o — i)+ dx .
2

It follows that |{iig > ii}|y = 0, i.e., ilg < #. Therefore, we have iy € [ug, 7] and (35)
becomes A(iig) + ,Bﬁg_l = f(,up(-), ) (see (34) and (26)), so ug solves problem (P;).
Using the nonlinear regularity theory we see that iig € C'(2). If ug # ilg, then il is a second
positive solution of problem (P ) and so we are done. Hence, we may assume that ug = iy,
that is, ug is a global minimizer of ’ﬁx- Recall that ug < & in £2 and note that Orlio.a) =
1% l0,a1- S0, ug is a local C'(£2)-minimizer of ¢, hence by virtue of [11, Proposition 24], ug
is also a local W17 (£2)-minimizer of @), . This proves Claim 2.

Denote B, (ug) = {u € WLP(£2); |lu — ugll < p}. Due to Claim 2, we can find pg > 0
such that @, (o) = inf{@, (u); u € By, (up)}. Note that we may assume that

(36) @ (uo) < @r(u) forallu € By (uo), u # ug.

Indeed, otherwise we find iig € By, (uo), o 7# ug, with ¢, (iio) = @i (uo). Then, ig is a
minimizer of the restriction of @, to By, (u¢), hence a critical point of ¢;. Writing explicitly
the equality ¢} (iig) = 0, a direct comparison by testing with (1o — iip) T shows that ig > u,
iip € C'(£2) and so, by virtue of (26), g is another positive solution of (P;), and we are
done. Fix p € (0, pg).

CLAIM 3. We have ) (uo) < inf{@, (u); llu — uoll = p} =: ij,.

Arguing by contradiction, assume that there is a sequence {ux}r>1 C WbLr(2), lux —
uoll = p, such that limg_, oo @a (ux) = @a(uo). Up to passing to a subsequence, we may

assume that uy X iy in WhP(£2), for some i € B, (up). Since ¢, is sequentially weakly
lower semicontinuous, we get ¢, (#11) < @z (o), whence 1] = ug (see (36)). So, we have

(B7)  ux ~ up in WHP(2) and up — up in L"(22) ask — oo forall r € [1, p*).

For each k > 1, the mean value theorem yields # € (0, 1) such that

- . (Uk +Uug ~ U — uo
(38) G — o (F0) = (g w0, ).
2 2
where vy = frug + (1 — tx) (ur + up)/2. Thus v =X up in WH-P(£2) as k — oo. We have
Up — ug
(Ao, vk — o) = (ke + D{ Ao, )
ur + ug

= 0+ 1)[%(”1& - ¢x< ) - /Q(,B|vk|p_2vk — g(x, v, A)) “k — 4o dx]

2 2

for all k£ > 1 (see (38)). Using (37), the fact that ¢, is sequentially weakly lower semicontin-
uous, (26), and (Hy) (i), we deduce

lim sup(A(vx), vk —ug) <0.

k—o00
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Since the operator A is of type (S), we obtain vy — ug in W7 (£2) as k — oo. However
14+ %

o = woll = —* llug = uoll = & forall k=1,
which is contradictory. This proves Claim 3.

Hypothesis (Hy) (i) and (26) imply
39) @r(0) > —oc0 as 8 — +o00, 6 €R.

Then Claim 3, (39) and Claim 1 permit the use of the mountain pass theorem (see, e.g., [5,
Corollary 5.2.7]). We obtain i € W7 (§2) such that

(40) @.(uo) < 7Mp < @.(h)
(see Claim 3) and
@1 GG = 0.

Relation (40) entails it # ug. From (41) and (26) we have ug < @ and A(ii) + BaP~! =
f(,u(), A). Using the nonlinear regularity theory, we note that it € C L(£2). So @1 is a second
positive solution of (P). O

4. Examples of nonlinearities satisfying (H ).
(a) A typical example of function satisfying hypotheses (H y) (for the sake of simplicity
we drop the x-dependence) is

f(s,k):ksq_1+sr_1 forall s >0, all A>0, withl <g<p<r<p*.

So, our assumptions incorporate problems with a combination of concave and convex terms.
(b) However, our hypotheses allow to go beyond the classical situation of concave-
convex nonlinearities: a more general example of function satisfying hypotheses (H ) is

Fs,A) = AsI®=1 L g7 ®=1 forall s>0, alla >0,

where ¢ : (0, +00) — (1, p) and r : (0, +00) — (p, p*) (with some p > p) are derivable
functions such that r’(1) = —Ag’(A) > 0 forall A € (0, +00).
(¢) Another function satisfying hypotheses (H ) is

f(s,A) =amin{l, s~} 4 "1 forall s>0, allA>0,

where ¢ : (0, +00) — (1, p) is a nonincreasing, derivable function and r € (p, p*).
(d) More generally, the following function satisfies (H):

A4l o= 5 €10, 1),

PR if s e[l 400), forall A >0,

f(SJ»)={

with r € (p, p*) and ¢ : [0, 1) x (0, +00) — [1, p) continuous such that
e foreachs € [0, 1), X — ¢(s, A) is nonincreasing, derivable on (0, +00);
e for each A € (0,4+00), g(0,A) > 1 and s — ¢(s, A) is derivable on (0, 1) with
bounded from above derivative.
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(e) Other examples of nonlinearities which are not of concave-convex type are those
with two branches whose dividing point depends on A. For instance, the following function

a4 s if s o0, A,

for all A
P if setoo), orallA>0.

f(s,k)={

where | < ¢ < p <r < p*, satisfies hypotheses (Hy).
(f) Finally, an example of function satisfying hypotheses (Hy) which does not fulfill
the Ambrosetti—Rabinowitz condition is

AsIP =1 _egfG=1y if g e0,1),

P s +a(l—¢) if sel[l +ooy, lorallA=0,

f(s,)u)={

where ¢ € [0, 1) and ¢, 6 : (0, +00) — (1, 400) are derivable functions satisfying g(A) <
min{p, #(1)} and ¢’ (1) < min{0, cf’(1)} for all A € (0, +00).
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