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SOME EXAMPLES OF
SELF-SIMILAR SOLUTIONS AND TRANSLATING SOLITONS
FOR LAGRANGIAN MEAN CURVATURE FLOW
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Abstract. We construct examples of self-similar solutions and translating solitons for
Lagrangian mean curvature flow by extending the method of Joyce, Lee and Tsui. Those
examples include examples in which the Lagrangian angle is arbitrarily small as the examples
of Joyce, Lee and Tsui. The examples are non-smooth zero-Maslov class Lagrangian self-
expanders which are asymptotic to a pair of planes intersecting transversely.

1. Introduction. In recent years the Lagrangian mean curvature flow has been ex-
tensively studied, as it is a key ingredient in the Strominger-Yau-Zaslow Conjecture [9] and
Thomas-Yau Conjecture [10]. Strominger-Yau-Zaslow Conjecture explains Mirror Symmetry
of Calabi-Yau 3-folds. In [3], Joyce, Lee and Tsui constructed many examples of self-similar
solutions and translating solitons for Lagrangian mean curvature flow. Those Lagrangian sub-
manifolds L are the total space of a 1-parameter family of quadrics Qy, s € I, where [ is an
open interval in R. In this paper, we construct examples of those Lagrangian submanifolds
that associate with the examples of Lagrangian submanifolds given in [2], [3], [4], [5] and so
on. To do so we improve theorems in [3] by describing Lagrangian submanifolds of the forms
of [3, Ansatz 3.1 and Ansatz 3.3].

Our ambient space is always the complex Euclidean space C" with coordinates z; =
xj +1y; and the standard symplectic form @ = Z?Zl dxj Ndyj. A Lagrangian submanifold
L is a real n-dimensional submanifold in C" on which the symplectic form w vanishes. On
L, we can define Lagrangian angle 6 : L — R or6 : L — R /2w Z by the relation

dzi N Ndzy|L = eievolL ,
and the mean curvature vector H by
€)) H=JV6,

where V is the gradient on L and J is the standard complex structure in C”. Equation (1)
implies that a Lagrangian submanifold remains Lagrangian under the mean curvature flow, as
in Smoczyk [8]. The Maslov class on L is defined by the cohomology class of d6. Hence L is
zero-Maslov class when 6 is a single-valued function. A Lagrangian submanifold L is called
Hamiltonian stationary if the Lagrangian angle 6 is harmonic, that is, if A@ = 0, and L is
called a special Lagrangian submanifold if 6 is a constant function. A Hamiltonian stationary

2000 Mathematics Subject Classification. Primary 53C44; Secondary 53D12.
Key words and phrases. Lagrangian mean curvature flow, self-similar solution, translating soliton.



412 H. NAKAHARA

Lagrangian submanifold is a critical point of the volume functional among all Hamiltonian
deformations, and a special Lagrangian is a volume minimizer in its homology class.

DEFINITION 1.1. Let L C R" be a submanifold in R". L is called self-similar solu-
tion if H = aF* on L for some constant « € R, where F is the orthogonal projection of
the position vector F in RY to the normal bundle of L, and H is the mean curvature vector
of L in RN . 1t is called a self-shrinker if « < 0 and a self-expander if « > 0. On the other
hand L C RV is called a translating soliton if there exists a constant vector T in RV such
that H = T, where T is the orthogonal projection of the constant vector T in RY to the
normal bundle of L, and we call T a translating vector.

It is well known that if F is a self-similar solution then F;, = 2t F is moved by the
mean curvature flow, and if F is a translating soliton then F; = F 4 ¢T is moved by the mean
curvature flow. By Huisken [1], any central blow-up of a finite-time singularity of the mean
curvature flow is a self-similar solution.

First we consider self-similar solutions.

THEOREM 1.2. Let C,A1,...., Ay € R\ {0}, o, ¥1,...,¥n € R, a1,...,a, > 0,
and E > 1 be constants. Let I C R be a connected open neighborhood of 0 € R such that
infyer (E{[Tj—; (1 + axrrs)}e* — 1) and infser(1/aj + A js) are positive forany 1 < j < n.
Definery,...,r, : I — R by

[
) ri(s)= | —+xrs, j=1,...,n,
aj

and ¢1,...,¢p: I — R by

A [S d
3) m@=w+§/ i ,
0 (1/aj + Ajt)\/E{]_[Zzl(l +aphat) et — 1

j=1,...,n. Then the submanifold L in C" given by

n
L = {(x1r1 (s)ei¢‘(5), ...,xnrn(s)ei¢’1(5)); ijsz- =C,xjeR, s € I}
j=1

is an immersed Lagrangian submanifold diffeomorphic to S™~' x R*™™*+1 where m is the
number of positive Aj /C, 1 < j < n, and the mean curvature vector H satisfies CH = aF+
for the position vector F. That is, L is a self-expander when «/C > 0 and a self-shrinker when
o/C < 0. When a = 0 the Lagrangian angle 0 is constant, so that L is special Lagrangian.

The following Theorem 1.3 is slightly generalized from [3, Theorem C].

THEOREM 1.3. Letai,...,an > 0,¢1,...,¥, € R,E > 1,and o > 0 be constants.
Definery,...,r, : R — R by

1
“) rj(s) = /;%—sz,
J
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and ¢1,...,¢p : R > R by

S d
) @m:w+A lld

(1/aj+ t2)\/E{]_[Z=1 1+ aktz)}e"”2 -1
Then the submanifold L in C" given by

n
6 L= {(xlrl(s)ei¢1(s), e Xt ($)e P )y fo =1,xjeR,seR,s# 0}
j=1

is an embedded Lagrangian diffeomorphic to (R\ {0}) x 8", and the mean curvature vector
H satisfies H = aF+, where F is the position vector of L. If @ > 0, it is a self-expander,
and if @ = 0 it is special Lagrangian. When E = 1 the construction reduces to that of Joyce,
Lee and Tsui [3, Theorem C]. So the condition s # 0 on the definition of L is not necessary if
E=1.

REMARK 1.3.1. In the situation of Theorem 1.3, define ¢y, ..., ¢, > O by

_ © |t|dt
¢j = - .
0 (1/a; +t2)\/E{]_[Z=1(l+akt2)}e"" —1
We pute > 0 and E > 0. From (14), the third equation of (13) and the proof of Theorem 1.3,
the Lagrangian angle 6 satisfies

Is|

and
\/E{szl 1+ aksz)}eaﬂ _ 1)

9@=Z@®+m§w
@) ’

—als|

VEUTZ 0+ s fess 1
It follows that 6 is strictly decreasing. We define the submanifolds L and L, of L so that
s > 0on Ly, and s < 0 on L, respectively. Therefore we have L = Lj U L. We rewrite
01, 6> as the Lagrangian angle of Li, L,, respectively. Then limg_, 4o, 01(s) < 601(s) <
limg_40601(s) and limg__g02(s) < 6G2(s) < limg__ B2(s) hold. So from the first
equation of (7) we have

- _ 1
;W1+;¢1<91(S)<;1ﬂ]+tan lﬁ and

0(s) =

@)
1 -
-1
i +m —tan < 02(s) < i+ — i
oy o<
Therefore we can make the oscillations of the Lagrangian angles of L; and L, arbitrarily
small by taking E close to oo and hence tan~!(1//E — 1) close to 0. Furthermore, we can

prove that the map

1 " ~ 1
<1§:(O,o<>)"—>{(yl,...,yn)e(O,tan_1 ) ;O<Zyj <tan~! }
VE-1 P E—1
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defined by ®(ay, ..., a,) = (@1, ..., ¢n) gives a diffeomorphism similarly to the proof of in
[3, Theorem D]. Therefore we also can make the oscillations of the Lagrangian angles of L
and L arbitrarily small by taking Zj q_bj close to tan~' (1//E — 1).

For understanding Theorem 1.3, we compute

dF R A
ds (x1(F1 4+ ir1g))e ", .. xy Py + irngn)e'®)

:<x1€i¢1< i +l |S| ),...,
VIar+s® e+ sHE[[Tz, (0 + asd e — 1)

)
VUan+5® [ a, + ) E(TTis (1 + asd e’ - 1)

< L || ) < x1ei® xyeitn )
= § ! : g e e ey .
JETD 0+ awdfes — 1)) \War+s? " e +57

Then we have

2

1 X5

—| = 1 . 4
ds‘ s < +E{]—[Z=1(l+aks2)}e°”2—l> Zl/aj+s2

J

So we obtain

- 1 _d_F_( 1 i 1/«/E—1> 1
s—+0|dF/ds| ds \JTI+1J(E—-1) JI+1/(E—-1) \/2jajx]2_

. (xle"‘”‘«/a R ,xne"‘/'”a/an)

and
. 1 dF < -1 yi 1/VE —1 ) 1
m —_— = i
s——0|dF/ds| ds J1+1/(E—1) JI+1/(E—-1) \/Zjasz-
j
. (xlei‘”‘«/al, .. .,xne"‘/'”a/an).
Thus we get

. 1 dF . 1 dF
lim ———— — # lim C—
s—+0 |dF/dS| ds s—>—0 |dF/dS| ds

Therefore, if we remove the condition s # 0 from the definition of L, it is not smooth at any
point s = 0. In [6], Lotay and Neves proved that smooth zero-Maslov class Lagrangian self-
expanders in C" which are asymptotic to a pair of planes intersecting transversely are locally
unique if » > 2 and unique if n = 2. It is easy to check that L is zero-Maslov class and
asymptotic to a pair of planes intersecting transversely. By [3, Theorem C], we can construct
a smooth Lagrangian self-expander asymptotic to any pair of Lagrangian planes in C" which
intersect transversely at the origin and have sum of characteristic angles less than 7, where
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the characteristic angle is defined in Lawlor [7]. So Theorem 1.3 shows that, without the
smoothness assumption, the uniqueness statement does not hold.

REMARK 1.3.2. In the situation of Theorem 1.3, if we put E = 1 and « = 0, then
changing 0 — —oo in the integral of (5) gives Joyce’s example [2, Example 6.11].

REMARK 1.3.3. In the situation of Theorem 1.2, if wetake C = A1 =--- = A, = 1
and « > 0, then the construction of L reduces to that of Theorem 1.3 where s > 0.

Next we turn to translating solitons.

THEOREM 1.4. Fixn > 2. Let A1,...,Ay—1 € R\ {0}, E > 1, a1,...,ap—1 > O,
and o, Y1, ..., ¥,—1 € R be constants. Let I C R be a connected open neighborhood of
0 € R such that infseI(E{]_[Z;ll(l +agrs)ye® — 1) andinfye(1/aj + A js) are positive for
any 1 < j <n.Definery,...,rn—1:1 — R by

[1
) ri(s)=_[—+xs, j=1,...,n—1,
aj

and ¢1,...,¢n—1:1 > Rby

[ d
(10) $;(s) =1/fj+7’f ! ,
0 (1/aj+ 10y E{TTZN (U + aghen) o — 1

j=1,...,n— 1. Then the submanifold L in C" given by

n—1

. . 1 s
L= {(xlrl(s)e”/"(s), ey Xne1Tn—1 (5)e' P16 ~3 Z)»jx? + =
j=1

2

i [* dt
+§/ >;x1,...,xn_1eR,seI}
0 JE(ITZN (1 + aghen oot — 1

is an immersed Lagrangian submanifold diffeomorphic to R", and the mean curvature vector
H satisfies H = T+, where T = ©,...,0,a) € C". When o = 0 it is special Lagrangian.

The following Theorem 1.5 is slightly generalized from [3, Corollary IJ.

THEOREM 1.5. Fixn > 2. Letay,...,an—1 > 0, ¥1,...,¥u—1 € R, E > 1, and
o > 0 be constants. Definery, ..., rp—1 : R — Rby

1
(11) ris) = |—+s2, j=1,...,n—1,
aj

and ¢1,...,¢n—1: R —> R by
$ |t|dt

(12) b6 =v;+ |
0 (1/a; + 2 E{TTiZh (1 + aur?) eer® — 1

bl
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j=1,...,n— 1. Then the submanifold L in C" given by

-1
. . 15 2
— ip1(s) ipp—1(s) __ 2,2
L= {<x1r1 ($)e' P o xp_rp—1(s)e' P11 > jg_l xi+ 2

./S |z|dt
+1
0 JETZI (0 + ar)eer® -

);xl,...,xn_l €R,s €eR, s;éO}
1

is an embedded Lagrangian submanifold diffeomorphic to (R \ {0}) x R"~', and the mean
curvature vector H satisfies H = TL, where T = ©O,...,0,a) € C". When o = Q it is
special Lagrangian. When E = 1 and ¥y = --- = yru—1 = 0, the construction reduces to
that of Joyce, Lee and Tsui [3, Corollary I]. So the condition s # 0 on the definition of L is
not necessary if E = 1.

REMARK 1.5.1. In the situation of Theorem 1.5, we define the submanifolds L and
Ly of L sothats > Oon Ly, ands < 0on L», respectively. Similarly to Remark 1.3.1 if we
fix @ > 0, then we can make the oscillations of the Lagrangian angles of L and L, arbitrarily
small.

REMARK 1.5.2. In the situation of Theorem 1.4, if we put A = --- = A,_; = 1 and
o > 0, then the construction of L reduces to that of Theorem 1.5 where s > 0.

Acknowledgments. The author would like to thank the supervisor Akito Futaki. He also wishes to
thank Masataka Shibata, Yuji Terashima, Mitutaka Murayama and Kota Hattori for useful conversations.
Kota Hattori gives him helpful comments concerning Lemmas 2.1 and 3.1.

2. Proofs for self-similar solutions. In order to prove Theorems 1.2 and 1.3, we
use the following Lemma 2.1 that is generalized from [3, Theorem B]. The submanifolds in
the following Lemma 2.1 are immersed Lagrangian self-similar solutions diffeomorphic to
Sl x R"=m+1 where 1 <m < n.

LEMMA 2.1. Let I be an open interval in R and D a domain in R"*?. Let o €
R, A,....,0,,C € R\ {0}and ay,...,a, > 0 be constants,and f : I x D — C\ {0} a
smooth function. Let u,¢1,...,¢p,0 : I — R be smooth functions such that
{(s,u(s), d1(s), ..., Pn(s),0(s)); s € I} C I x D. Suppose that

d
_Lt =2Re(f(s,u,p1,...,¢n,0)),

ds
d¢] _)‘jlm(f(sﬂuad)]’”"(ﬁnae)) .
(13) s a; + hjus) , j=1,...,n,
do
d—=—OlIm(f(SVM,¢1,---,¢n,¢9)),
s

hold in 1. We also suppose that

inf(l/aj—i—)»ju(s)) >0, j=1,...,n,
se
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and

(14) 0(s) = Z(bj(s) +arg(f (s, u(s), 1(5), ..., u(s), 6(s)))

j=1
hold in I. Then the submanifold L in C" given by

L= {(xh/l/al + Au(s)e S x/1/ay +)»,,u(s)ei¢”(s));
(15) n
Z)ijjz-zC,xj eR,s e I}
j=1

is an immersed Lagrangian submanifold diffeomorphic to 8"~ x R"™%1 where m is the
number of positive X /C, 1 < j < n, with Lagrangian angle 0(s) at

(x14/1/a1 + Mu(s)eP® o x, 1/a, + dntt ()€ e L,

and the mean curvature vector H satisfies CH = aF*, where F is the position vector of L.
Note that 0(s) is a function depending only on s, and L is a self-expander when o/ C > 0 and
a self-shrinker when a/C < 0. When o« = O the Lagrangian angle 0 is constant, so that L is
special Lagrangian.

REMARK 2.1.1. In the situation of Lemma 2.1, if weseta; = --- =a, =1, a =
— Y ki M and
f(S,)’l,n-,)’n-i-Z):i,
u(s) =0,
(16) ¢j(s) =Arjs, 1=<j=<n,
n
T T
0(s) = —as + 2 = (;xk>s+5,

then it is easily seen that this setting satisfies the assumptions of Lemma 2.1, and the con-
struction is Hamiltonian stationary in addition to being self-similar and it reduces to that of
Lee and Wang [5, Theorem 1.1]. If f is a real valued function, then the submanifold L is an
open subset of the special Lagrangian n-plane

{(yleigl, ...,yneisn); yi€R, 1 <j<n},
where &§; € R.

PROOF OF LEMMA 2.1. Write

wj(s) =,/1/a; +kju(s)ei¢f(s), I<j<n.
We compute
doj d A iy,
—r = (Y Vaj +2ju) e 4 a4 juls) i e
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_ <AjRe(f(S, U, P1, .. ¢, 0)) +l,)ujlm(f(s, u, @i, . "’¢"’9))>ei¢_,-(s)
1/aj+ Aju(s) T/a; + Au(s)
_ S u i . 0)

@j

Thus we obtain
doj _ Ajf(s,u.¢1,.... ¢, 0)

: j=1...,n,
(17) (ZS@ @i
o= —eIm(f (... 61.0)).

By (14) and (17), we can prove this theorem similarly to the proof of [3, Theorem A]. The
details are left to the reader. This finishes the proof of Lemma 2.1. g

Now we can show Theorems 1.2 and 1.3.

PROOF OF THEOREM 1.2. Define f : I — C \ {0} by

Fo =3+ ’

? 2\/1?{IIZ=1(1 +'akkks)}eas -1

and f : I x R — C\ {0} by f(s, y1,...,Vns2) = f(s). Note that f is a function
depending only on s € I. We also defineu : I — R by

u(s) = 2/S Re(F(t)di = s,
0

and 6 : I — Rby

(18) 0(s) =Y ¢j(s) +arg(f(s)) .

j=1

[1
ri(s) = a_j + Aju(s)

Then we get

and
dg; A Im(f
(19) 9; _ rjIm(f)
ds 1/aj + Aju
forany j = 1, ..., n. By our assumption we have
inf (1/a; +Xju(s)) =inf (1/a; +1js) >0, j=1,...,n.
sel sel
Since
d - d (hn(f))
—arg(f)=—tan —_—
ds et/ ds Re(f)

< mmﬁ”d Im( /)
=(14+—% L= .
Re(f)2)  ds \Re(f)
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! -1
=(1+
< E{[Tie1 (1 4 axhis) fes — 1)

.i( 1 )
IS\ JE{TTiz (0 + avus) Jeos — 1
_ E{[Ti 0+ ardues)fe® — 1 —1
E{[Tioi (1 + adus)fe™ o[ E{Tr_, (1 + aphes) }ews — 1172

[E{ Z iy +aidi) ks }e’“ + E{ l_[(l + akkks)}ae“‘:|

= 14+ ahs i

1 —1
— E{Ti= (1 + achis) fe 2\/E{]‘[Z:1(1 + aghis) fe®s — 1

n n
ai\]
E 1+ aghgs) Yes _dr
{/!:[1( + a ks)}e <Zl+ams+a>

=1

) +a
2\/E{m=1 (1 + aghis) fes — 1 ; /a; + hu
_ - = Al
_—Im(f)<§m +(X>,
we obtain
n )\’ I ~ d i )
(20) Z i Imf)_ + aarg(f) = —aIm(f).

o l/aj + Aju

From (18), (19) and (20), we get

% = —aIm(f(s)).

Accordingly,

du
I =2Re(f(s,u,p1,...,00,0)),
d¢j )\,jIm(f(S,u,¢1,---,¢n,9))

- , j=1,...,n,
ds 1/aj + Aju(s) / "
do
a :_aIm(f(Sau7¢17-'-a¢n59))°

Therefore we can apply Lemma 2.1 to the data f, u, ¢;, & above. This finishes the proof of
Theorem 1.2. g
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PROOF OF THEOREM 1.3. We define f : R \ {0} — C \ {0} by

Is|
VE(TTZ 0+ aesd)}ess” — 1

and f : (R\ {0}) x R"*2 — C \ {0} by f(s, y1, ..., Yug2) = f(s). We also define u :
R\ {0} — C\ {0} by

fs)=s+i

u(s) =2/$ Re(f(1))dt = s*
0
andd : R\ {0} - Rby

(€2} 0(s) =Y ¢j(s) +arg(f(s)).
j=1
Then we get 7 (s) = \/1/a; + u(s) and
@2) dg; _ Im(/)
ds 1/aj +u
forany j =1, ..., n. Itis clear that
Seilg\f{o}(l/aj +u(s)) = Seilgl\f{o}(l/aj +5)=1/a; >0, j=1,..., n.
Since
d Im(f)
L arg(f) = (—)
25 Re(/)

d_
( 1m(f)2> d(lm(f))
Re(f)? ds \Re(f)

1 -1
E{TTio (1 + agsd) Jeos® — 1)

|s| )
<s\/E (T, (1 + ags?)}eos — 1

E{]_[Zzl(l +aks2)}e‘“2 -1 |s| d ( 1 )
BT asD}en™ s 8 BT (0 aus?) e -1

E{Ti_ (1 +axs?) }e™ —1 s —1

E{[T;—, (1 +akS2)}eoz52 s 2[E{]Tiz (1 —i—aksz)}e‘“2 — 1]3/2

ATl (1 + arsH2ais | 40 4 )
k=1 as 2 aos
'|:E{1§:1 1T a2 }e +E{]£[l(l+aks )}Zase :|
_ 1 |s] -1

E{[Tici (1 + ags?) fee? B 2\/E{HZ=1(1 + ags?)}ers® — 1
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n n
2 a
2sE 1+ ags? }e‘“ < —_— +a>
{]!:[1( &) Z 1+ a;s?

=1

= —|s| <Z¥+a>
\/l?{rlz=1(1 +agsH)}ers® — 1\ 121 l/aj+u

- 1
= (Lo ).

=1

we obtain

~ Im(f) 4 :
(23) ; Ta, tu + aarg(f) = —aIm(f).

From (21), (22) and (23), we have d6/ds = —« Im(f(s)). Thus

d
d—f = 2Re(f (5, s P1r- ... Pn. 0))
d¢] Im(f(sau7¢17°"ﬂ¢n59))

- = ) = 15 ceen by
ds 1/aj + u(s) J "
do
-V = _aIm(f(S’ ua¢17 a¢n59))
ds
So we can apply Lemma 2.1 to the data Ay = --- = A, = 1 and f, u, ¢;, 6 above. That L is
embedded follows from the same argument as the proof of [3, Theorem C]. This completes
the proof of Theorem 1.3. g

3. Proofs for translating solitons. This section is analogous to Section 2. In order
to prove Theorems 1.4 and 1.5, we use the following Lemma 3.1 that is generalized from
[3, Corollary H]. The following Lemma 3.1 sets up the ordinary differential equations for
immersed Lagrangian translating soliton diffeomorphic to R".

LEMMA 3.1. Fixn > 2. Let I be an open interval in R and D a domain in R x C.
Letao € R, A1, ..., Ay—1,C € R\ {O}and ay, ...,a,—1 > 0 be constants,and f : I x D —
C \ {0} a smooth function. Let u,¢1,...,¢p—1,0 : I — Rand g : I — C be smooth
functions such that {(s, u(s), ¢1(8), ..., dn—1(s),0(s), B(s)); s € I} C I x D. Suppose that

du
a :2Re(f(saua¢15"'7¢n—1795ﬂ))5
% _ AIm(f(s,u,é1,...,¢-1,6,8))
ds 1/aj + Aju(s)

do

g = _aIm(f(sv u, ¢15 DR ¢n—17 85 IB)) 9
dp
ds

, j=1...,n—1,
(24)

= f(s,u,P1,....,0n-1,6,8).
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hold in 1. We also suppose that

inf(1/a; +hju(s) > 0. j=1...n—1.
se

and
n—1

(25) 0(s) = Z¢j(s) +arg(f (s, u(s), d1(s), ..., dn—1(5), 0(s), B(5)))
j=1

hold in 1. Then the submanifold L in C" given by
1 n—1
L= {(xm $e O, i ()1, 2 T + ﬂ(S)>;
j=l1

xl,...,xn_leR,seI}

is an immersed Lagrangian submanifold diffeomorphic to R" with Lagrangian angle 6(s) at

n—1
<x1r1 )PS9 1O 1723 "t + ﬂ(s)) €L,
j=1

and the mean curvature vector H satisfies H = TL, where T = ©,...,0,a). Whena =0
it is special Lagrangian.

REMARK 3.1.1. In the situation of Lemma 3.1, if we setoe = — > ;_, ajAx and
fGyL 0 Yt =1,
u(s) =0,

¢j(s) =ajrjs, 1=<j=<n-—1,
T ! T
0(s) = —as + 5= (I;Clk)»k)s-i- R

B(s) =is,

then it is easy to check that this setting satisfies the assumptions of Lemma 3.1, and the
construction is Hamiltonian stationary in addition to being translating solition. If f is a real
valued function, then the submanifold L is an open subset of the special Lagrangian n-plane

(26)

[, yp1e® 1, )y, € R, 1 < j <n},
where§ e R, 1 <l <n—1.

PROOF OF LEMMA 3.1. Write

wj(s) = \/1/aj +rju(s)e®® 1<j<n—1.
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We compute

_ (ije(f(s,u,dn,---,¢n—1,9,ﬁ)) +iAjIm(f(s,u,¢1,---,¢n_1,9,ﬁ))>ei¢_,.(s)
A S u i 1.6, B)

wj
Accordingly,
doj _ )‘jf(S,u,¢1,;-,¢n—1,9,ﬁ)’ i=1n—1.
ds wj
27) do
a = —C(Im(f(s,u,d)], -'-7¢n—1795 IB))a
d
a5 = f(s,u,¢1,...,Pu-1,0,8).
ds
By (25) and (27), we can prove this theorem similarly to the proof of [3, Theorem G]. This
finishes the proof, the detailed verification being left to the reader. U

Now we can show Theorems 1.4 and 1.5.
PROOF OF THEOREM 1.4. Define f : I — C \ {0} by

l

L
fl) =5+
2 2\/E{Hz;§(1 + aies) heos — 1

and f: I x R"T' x C — C\ {0} by f(s,¥1,..., Yut1,2) = £ (s). We also define

u(s) = 2/S Re(F(t)di = s,
0

n—1

0(s) = (s)+arg(f(s)),
j=1
and
d

s n i /S t
2 2D JE(ITZ a4 axhen et — 1
Then we get 7 (s) = \/1/a; + Aju(s) and

dg;j _ rjIm(f)
ds 1/aj + Aju

B(s) = /0 fydr =

forany j = 1,...,n — 1. By our assumption we have

inf (1/a; + Aju(s)) =inf (1/a;j +Ajs) >0, j=1,...,n—1.
sel sel
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We can check d6/ds = —aIm( f) similarly to the proof of Theorem 1.2. Thus we obtain
du
% = 2Re(f(sv u, ¢15 DR ¢n—17 85 IB)) 9
% — )\']Im(f(sa M,¢], ---7¢n—179, ﬂ))
ds L/aj + Aju(s)

. j=1,...n—1,

do

o =—aIm(f(s,u,d1,...,¢6n-1,6,8)),
s

d

d_'B :f(s,u,¢1,...,¢n_1,9,,3)-
s

Therefore we can apply Lemma 3.1 to the data f, u, ¢;, 6, B above. This finishes the proof of
Theorem 1.4. U

PROOF OF THEOREM 1.5. We define f : R \ {0} — C \ {0} by

Is|
\/E {ITiZ 1(1 —i-aksz)}e‘“2 -1
and f: (R\ {0}) x R™! x C — C\ {0} by f(5,V1...., Yur1,2) = f(s). We also define

u(s) = 2/5 Re(f(t))dt = 52,
0

(s)-s—i—z

n—1

0(s) = (s) +arg(f(s)),

j=1

s S2 K
_ ar=5 i |
B(s) /Of(t)t 5 10\/E{
Then we have r;(s) = \/1/a; + u(s) and

and
|t|dt

PN g fet® — 1

d¢; _ Im(f)
ds 1/aj +u
forany j = 1,...,n — 1. Itis clear that

inf (1/a: = inf (1/a;+sH=1/a; >0, j=1,....n—1.
11?\{0}( Jaj +u(s)) selz?\{m( Jaj+s%) =1/a; > J n

NS

We can check d6/ds = —aIm( f) similarly to the proof of Theorem 1.3. Thus we obtain

du
g = 2Re(f(s,1/{, ¢15 "'7¢n78))7
d¢] Im(f(sauﬂ¢17°"a¢n59))

K: 1/a]+u(s) s j:l,...,n—l,
do
d—=—aIm(f(s,u,m,...,¢n,9)),
S
d
_’B_f(s Wt bnt1, 0, B).
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So we can apply Lemma 3.1 to the data Ay = --- = X,—1 = 1 and f, u, ¢;,0, B above.

That L is embedded follows from the same argument as the proof of [3, Theorem C]. This

completes the proof of Theorem 1.5. g
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