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Abstract. We introduce a new method which enables us to calculate the coefficients
of the poles of local zeta functions very precisely and prove some explicit formulas. Some
vanishing theorems for the candidate poles of local zeta functions will be also given. Moreover
we apply our method to oscillating integrals and obtain an explicit formula for the coefficients
of their asymptotic expansions.

1. Introduction. The theory of local zeta functions is an important subject in many
fields of mathematics, such as generalized functions, number theory, prehomogeneous vector
spaces (see [12] etc.) and singularity theory. The aim of this paper is to study the coefficients
of their poles. Let f be a real-valued real analytic function defined on an open neighborhood
U of 0 € R" such that f(0) =0and ¢ € CgO(U ) areal-valued test function on U. Then the
integral

(LD) 200 = [ 17@Ppwds

converges locally uniformly on {A € C ; 9iA > 0} and defines a holomorphic function there.
Moreover Z ¢ (¢)(A) can be extended to a meromorphic function on the whole complex plane
C (see [1] and [22] etc.). This meromorphic function Z () of A is called the local zeta
function (or the complex power) associated to f and ¢. In 1954 in an invited talk at ICM
Amsterdam, I. M. Gelfand raised a famous problem of describing the coefficients of the poles
of Z(p) as distributions on R" (see [6] etc.). About 20 years later, Varchenko [22] proved
that there exists a subset P of Q¢ in which the poles of Z s (¢) are contained (see [1] etc.
for the details). After this very fundamental paper [22] many authors studied the poles of
local zeta functions. For example, an important progress was made by Denef-Sargos [4] in
reducing the set P of candidate poles. However, to the best of our knowledge, there seems to
be no paper which calculated the coefficients of these poles explicitly in a general setting. In
particular, by the preceding results we cannot see how these coefficients depend on the test
function g at all.

In this paper, we introduce a new method which enables us to calculate the coefficients
of the poles of local zeta functions as precisely as we want. The key idea is the use of a
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meromorphic continuation of the distribution

(1.2) XTI i e DY (R™)
(i, lo,....1, € Rogand my,my, ..., m, € Ry = R>p) with respect to the complex param-

eter A, which is different from the one traditionally used in the study of local zeta functions
(see [1] etc.). See Section 2 for the detail. This meromorphic continuation enables us to get
the information on the poles of local zeta functions much more precisely than before. As is
clear from the proofs of our results, by our method we can calculate the coefficients of the
poles of Z ¢ (¢) very precisely once we construct an embedded resolution of the hypersurface
{x e U; f(x) = 0}. It would be possible to calculate them as precisely as we want by nu-
merical computations. However, since the general formula (which is evident from our proofs)
is more involved, we restrict ourselves here to a generic case where the formulas can be stated
neatly. From now on, we assume that the hypersurface {x € U ; f(x) = 0} has an isolated
singular pointat 0 € U C R". Let

(1.3) @) =) aux® (a € R)
aeZl
be the Taylor expansion of f at) € R".
DEFINITION 1.1. (i) Let It.(f) C R’ := RZ, be the convex hull of Ua:am#o(a +

R") in R’ . We call I, (f) the Newton polyhedron of f.
(i) For each compact face y < I'y (f) of Iy (f) we set

(1.4) fr(x) = Z aex® € R[x1,x2, ..., %n].
aeyNZy
We call f), (x) the y-partof f.

Note that by the condition f(0) = 0 we have 0 ¢ Iy (f). From now on, we assume also
that f satisfies the following condition.

DEFINITION 1.2. We say that f is non-degenerate if for any compact face y < I'y (f)
of I (f) we have

(1.5) <2ﬂ(x),%(x),..., Oy (x)) #(0,0,...,0)
X1 dx2 0x,

at any point x of {x € R" ; x1x2---x, #0, f, (x) = 0} C (R\ {OD".

Recall that generic (i.e., almost all) functions f having a fixed Newton polyhedron are
non-degenerate. For the sake of simplicity, let us assume also that f is convenient: for any
I <i<nwehave IL(f)N{e = (x1,...,0) € R'J’r; aj =0for j #iando; > 0} # 0.
Then by the results of Varchenko [22] (see also [1] and [11]) we can describe the candidate
poles of Z ¢ (¢) in terms of Iy (f) as follows.
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DEFINITION 1.3 (see [1], [5] and [11] etc.).

(i) A family ¥ = {o} of rational convex polyhedral cones o in R" is called a fan if
it satisfies the conditions: (a) If a cone o is an element of X', all its faces are also so. (b) If
o, 7 € X, then o N 7 is a common face of o and 7.

(i) For a rational convex polyhedral cone o in R" the set {al(0), d%(0), ..., d")}
of the (non-zero) primitive vectors a’ (o) € do N (Z" \ {0}) on its edges (i.e., 1-dimensional
faces) is called the 1-skeleton of o .

(iii)) Afan X = {o}in R" is called simplicial (resp. smooth) if for any cone o € X its
1-skeleton forms a part of a basis of the vector space R” (resp. the lattice Z").

For a face y < Iy (f) of I'L(f),leto(y) C R’ be the convex polyhedral cone gener-
ated by the inner conormal vectors of the (n — 1)-dimensional faces y’ < I't(f) such that
y < Yy’ over R;. We can easily see that dimo (y) = n — dimy. It is well known that the
family {0 (y)}, <, () of cones is a fan in R”" satisfying the condition R’} = Uy<1“+(f) o(y)
(see [1], [5] and [11] etc.).

DEFINITION 1.4 (see [1], [5] and [11] etc.). We set Xy = {o(¥)},<r.(r) and call it
the dual fan of Iy (f).

Let X be a smooth subdivision of Xy. Note that ¥ = {0} is a family of rational simplicial
polyhedral cones in R’} such that R", = J, .5 0. Foracone o in X let {a'(0),a%*@0), ...,
a%m? (5)} C do N (Z" \ {0}) be the 1-skeleton of o. Recall that by the smoothness of X
there exist exactly dim o edges on o and the (non-zero) primitive vectors al(9),a*0), ...,
a%™? () form a part of a basis of the lattice Z". For each n-dimensional cone o € X we

fix the ordering of its 1-skeleton {al(a), a),..., a" (o)} so that the determinant of the
invertible matrix
(1.6) A(o) = {ai(U)j},’fj:l € GLy(Z)
is 1. Foraconeo € Y and 1 <i < dimo we set
(1.7) l(@'(6)) = min {(d'(0),a) € Z,
aelL (f)
and
n
(1.8) la'(0)| =) a'(0)j € Z=p.
j=1

For0 <k < nlet ¥® c X be the subset of ¥ consisting of k-dimensional cones.

DEFINITION 1.5 (see [1] and [22] etc.). Let P C Q ¢ be the union of the following
subsets of Q —¢:

(1.9) (—1,-2,-3,...},

(1.10)

{ lal(@)]  lal(o)] +1

— — )] 1
1a'(0)’ @) ,} (0 € X/ suchthatl(a (0)) > 0).
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By the fundamental result of [22], the poles of Z(p) are contained in P. We call an
element of P a candidate pole of Z y(¢). Let us order the candidate poles of Z 7 (¢) as
(1.11) P={-M>—-A>-23>---} (4 € 0-0).
DEFINITION 1.6. (i) Leto € X. For 1 < i < dimo such that [(d/(0)) > 0 (<
a'(o) € R" ) we set
la'(0)| |a'(0)|+1
l(@i(0))" I(ai(0))
(ii) For the j-th candidate pole —A; € P of Z¢(¢) and 0 < k < n we define a subset
20 of 2® by
j

(1.12) K"(a):{ } C Q0-9.

(1.13) Z’](.k)z{aeﬂ(k); l(a'(6)) >0 and Aj € K'(6) forany 1<i <k=dimo}.
(iii) Foro e Zj(.k) and 1 <i < k we define a non-negative integer v(c); € Z4 by

(1.14) = O (;I(Zl'i:;)v)(o)i

For the sake of simplicity, in this introduction we assume that —A; € P is not an integer.
Then it is well known that the order of the pole of Z s (¢) at A = —A is less than or equal to

(1.15) k= max{Ofkfn; z® 7&(2)] cZ,.
Let
ajk; () aj2(p) aji(p)
1.16 AL ALSCENTTN J> J> +ee (a; eR
(110 (L + 1))k A+2)% " A+ 1)) @wle) € By
be the Laurent expansion of Zs(¢) at A = —A;. Then we obtain the following vanishing

theorem which generalizes Jacobs [10, Theorem 4.23].

THEOREM 1.7. Let1 < k < kj. Assume that for any o € Z’](-k) there exists 1 < i <

k = dimo such that v(0); is odd. Then we have aj () = --- = ajk; () =0.
In order to state our another vanishing theorem, let
%0
(1.17) P = Y cox® <ca - %!() c R)
aeZ’}

be the (formal) Taylor expansion of the test function ¢ at 0 € U C R".

THEOREM 1.8. For 1 < k < k; assume that {a € Z", ; co # 0} N Ajr = 0,
where Aj ;. is a certain compact subset of R’} (to be defined in Definition 3.4). Then we have
ajk() =---=ajr(p)=0.

Moreover the coefficients a; , (@) of the deepest poles A = —A; € P can be explicitly
described by the following formula. For o € E;"), l <i<nanda € Z’}r we define an
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integer u(o, @); by

(1.18) o, @) = v(o); - {a'(0),a) € Z.
We also define a function f,; on a neighborhood of 0 € R; satisfying f(0) # 0 by
n . .
(1.19) fo) =Y ag [y
wezl i=l

by using the Taylor expansion f(x) = Zaezn+ agx® of f.

THEOREM 1.9. Assume thatkj = n. Then aj (@) is given by

n

1+(_1)U(0)z o . aggp(o)
(120 ajal)= 2 { 2 (Huai(a))-u(a,a)i!)a;(’)'f"' AI(O)} ol

wein | pex® Ni=!
where we set
gH(o.a)1+Fu(o,)n
1.21 aﬂ(asa) —
( . ) y - 8yﬂ(g,a)l 8y,u(a,(x)n
! Oyt

and (3" /3y!)(-) = 0 if u < 0.

Our results on the poles of the local zeta function Z ¢ (¢) also have some applications to
the oscillating integral /¢ (¢)(¢) (¢ € R) defined by

(1.22) 11 (p)(t) = / TP (x)dx .
Rn

By the fundamental results of Varchenko [22] (see also [1] for the detail), as t — +oo the
oscillating integral I (¢)(¢) has an asymptotic expansion of the form

oo kj
(1.23) I (@) (®) ~ > cjul)t ™ (logt) !,

j=1k=1
where c; (@) are some complex numbers. Despite the important contributions by many
mathematicians (see for example [1], [3], [8] and [20] etc.), only little is known about the
coefficients c; x(¢) of this asymptotic expansion. Here we can prove the following general
vanishing theorem.

THEOREM 1.10. In the situation as above, let 1 < k < k; and assume that {a €
Z 5 ca #0}NAjx =W Thenwe have cji(p) = -+ = cji;(p) =0.

Moreover by Theorem 1.9 we obtain also an explicit formula for the coefficients c; , (¢)
of t=*i (log #)"~! in the asymptotic expansion of Ir(p). See Section 5 for the detail. Note that
recently by the second author the method of toric modifications used in this paper was applied
also to various problems of mathematics in [13], [14], [15] and [21] etc. Finally let us mention
that the method introduced in this paper would have some applications also in the study of
p-adic local zeta functions (see [9] etc.). It would be a very interesting subject to study the
twisted monodromy conjecture (see [16] for a review on this conjecture) by this method.
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2. Meromorphic continuations of distributions. In this section, as a preparation
we prove some basic results on the meromorphic continuations of the distributions
xiﬁ‘mlxéﬁ‘mz o -xi”j_‘er” (li € R=og, m; € Ry = R>) with respect to the complex pa-
rameter A. In Sections 3 and 4 these results will be used effectively to study the poles of local
zeta functions. First, let us recall the classical result in the 1-dimensional case (see Gelfand-
Shilov [6] etc.). Let [ € R~ be a positive real number and m € R. Then for ¢ € C5°(R)
the integral

+00

2.1 Fr(p)(h) = /

+00
xf+m<p(x)dx :/ Mo (x)dx

—00 0

converges locally uniformly on {A € C ; RAX > —(m + 1)/[} and defines a holomorphic
function there. In other words, if RA > —(m + 1)/I the map ¢ +— Fi(p)(A) € R defines
a distribution xﬂf”" € D'(R) on R. Let us fix a test function ¢ € C3°(R). Following the
methods in Gelfand-Shilov [8] we shall extend F_ (¢) to a meromorphic function on the whole
complex plane C as follows. First take a sufficiently large integer N > 0. Then forany A € C
such that RA > —(m + 1)/1 we have

+o0
R0 = [ mpods
0
Yo u r=1) X!
=/O x [w(x)—rgw (0)(r_1)!}dx

+00 N =g
DAm d (] 0)
SRR LT

2.2 _ 1 l}»-‘rmd ! w(N)(t) —t N_ldl+ oo IA+m d
22) = |t | S e
N r—1)
=D (0)
[P DT ey

r=1
1

—+0o0
= /0 gn (D™ (Ddr + /1 M o (1) dt

N
1
—l 7‘—18(1’—1)7 ,
+§(r—1)!><l{k+(m+r)/l}<( ) v)
where § € D' (R) is Dirac’s delta function and we set

1 1
2.3 ) P — ftm iy —nN-1q
23) ) = [ =
for 0 < ¢t < 1. The function gy (X, t) satisfies the following nice properties.

LEMMA 2.1. (i) Forany0 <t <1, gv(X,t) is an entire function of A.
@) IfRA > —(@m + N + 1)/1 then the function gy (A, t) of t is integrable on (0, 1].
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By this lemma we see that the integral

1
(2.4) / gn (, ™ (1)dt
0

converges locally uniformly on {* € C ; RX > —(m + N + 1)/1} and defines a holomorphic
function there. Since the integral / oo t’””’(p(t)dt is an entire function of A, the function
F4 (p) is extended to a meromorphic function on {A € C ; 1 > —(m + N + 1)/1} with
simple poles at A = —(m +r)/l (r = 1,2,..., N). Moreover the residue of F(¢) at
A = —(m +r)/l is given by

+ 1
@5) Res(F+(¢); - ’") = o= (YT e,

Similarly set
+oo lA 0 ;

2.6) Fo(@)() = / Dt () dx = / A+ (x)dx
—0o0 —0o0

Then F_(¢)(A) can be also extended to a meromorphic function on the whole complex plane
C with simple polesat A = —(m +r)/l (r = 1,2,...) and we have

m+r 1

2.7 Res( F_(p); — = 807D ).
@7 ( (@) = ) o e
This basic result in the 1-dimensional case can be generalized to higher-dimensional cases as
follows. Let ¢ € CgO(R”) be a test function on R". For positive real numbers Iy, l>, ..., [, €
R-oandmi, my,...,m, € R4 we set
(2.8) G((p)()\-) — / xil-")\_"‘rm]xéz-’)—\"rmz . ln)\“rmn(p(x)dx

R"

and

(2.9)

D mi+1 mp+1 my + 1
L = —min , .
I b Iy

Then this integral converges locally uniformly on {A € C ; :iA > L} and defines a holomor-
phic function there. By using the tensor product ® of distributions we can rewrite G (¢)(A)
as

LA

(2.10) G(p)(\) = <x1++M1 ® x lz)\+mz ® - ®xl nhtny

N

Let N > 0 be a sufficiently large integer. Then for A € C such that RA > L we have the
following equalities in the space D’ (R) of 1-dimensional distributions.

foermi =GiN()
2.11) N (=11

+ Z r—=D!'xLi{x+ (m; +1r)/1;}

r=1

s Dy (=1,2,...,n),
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where G; x(A) € D'(R) is a 1-dimensional distribution of the form
1 400

(2.12)  (Gin(h), ¢) = / gin O 0™ ()dt + / (* g )de - (¢ € CGE(R)).

0 1
Here g; x (A, t) is an integrable function of ¢ € (0, 1] for A € C such that RA > —(m; + N +
1)/1;. Putting these new expressions of the 1-dimensional distributions xll’i M into (2.10) we
see that G(¢)(A) is extended to a meromorphic function on {A € C ; RA > Ly}, where we
set

2.13 , yeees
( ) I 1) Iy

Since the integer N >> 0 can be taken as large as possible, G(¢)(A) is meromorphically
continued to the whole complex plane C. Moreover the poles of this meromorphic function
G (¢)(A) are contained in a discrete subset P of C defined by

mi+1 m+2 m+3
(2.14) P= U{— R ,...}CR<0CC.

.{m1+N+1m2+N+1 mn+N+1}
Ly = —min .

1<i<n
An element of P is called a candidate pole of G(¢). Let us rewrite this set P as
(2.15) P={-X>-A>-A3>---} (Aj € Rop).
For each candidate pole —A; € P of G(¢) we define a subset S; of {1,2,...,n} by

(2.16) Sj={1gign; HreZ>osuchthatmil+r=Aj}

i
and set k; = £5;. Then we can easily see that the order of the pole of G(¢) at A = —A; is
less than or equal to k. For a candidate pole —A; € P of G(¢) let

(2.17) &4_...4_ 4j.2 4 4.1 +- (@aix€R
' (A4 1j)8 A +21)% e+ 2y) g
be the Laurent expansion of G(¢) at A = —X;. Foreachi € §; C {1,2,...,n} we define a
non-negative integer v; € Z = Z>q by the formula
(2.18) w = 4.
i

PROPOSITION 2.2. Let1 < k < kj. Then the coefficient aj i of 1/(A + )»j)k in the
Laurent expansion of G(¢)(X) at A = —Aj is written as

1 e85k
(2.19) ajk = E { ,OS()»)} ,
’ — ) #1S—k
SCSj:t85>k (35—t L 92 A==Aj

where for each subset S C S; of S; such that 4§ > k the function ps(A) is holomorphic at
A = —Aj and written as follows:
For the sake of simplicity, assume that S = {1, 2, ..., p} for some p > k. Then we have

» n
l_[ 1 | |
S ll' . Ui! {xeR" ; x1=--=x,=0} . ! l

i=1 i=p+1
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av1+~~~+vp
(220) {ﬁtp(x)} dx[)-l—l ...dxn’
ox, ---0xp Xy==xp=0
where gi(A,-) (i = p+ 1,...,n) are 1-dimensional integrable functions with holomorphic
parameter ) at .. = —Aj.

When k; = #1S; = n we have the following very simple expression of a; .

PROPOSITION 2.3. Ifk; =HS; = n, we have

n 1 a”1+"'+vn
2.21 ai, = 0).
(2.21) S <Ezi-ui!)axf'-.-ax;”‘p( )
Similarly let us set
(2.22) H(p)(A) = /R ey [FERH g | 2A 2 A g () d

Then H (¢) can be also extended to a meromorphic function on C whose poles are contained
in the set P C R_o. Moreover the order of the pole of H(¢) at A = —A; € P is less than or
equal to k;. For a candidate pole —A; € P of H(y), let

bk + bji
A+ aphi A+21))2 (A+21))
be the Laurent expansion of H (¢) at A = —A;.

bj,Z

(2.23) +t +.-- (bjx€R)

PROPOSITION 2.4. Let1 < k < kj. Then the coefficient b ; of 1/(\ + )»j)k in the
Laurent expansion of H(@)(X) at A = —Aj is written as

3 1 98—k
(2.24) bix= ' { ‘Es()»)} ,
’ _ gS—k
ScS;S>k #S =t Lar A==14;
where, for each subset S C S; of S such that S > k, the function ts()) is holomorphic at
A = —Aj and written as follows:
For the sake of simplicity, assume that S = {1, 2, ..., p} for some p > k. Then we have
P ; n
I+ (—=1)V
Ts() = (]‘[ﬁ x/ [T g
il i Vi {xeR";x|=--=x,=0} i=p+1
av1+~~~+vp
(2.25) {ﬁ‘/’(x)} dxpy1---dx,,
Ox,' -+ 0xp Xy ==y =0
where g/(%,-) (i = p +1,...,n) are 1-dimensional integrable functions as in Proposition
2.2.
As a special case of this proposition, we obtain the following.
COROLLARY 2.5. Letl < k < kj. Assume that for any S C S; with §S = k there
exists i € S such that v; is odd. Then we have b = --- = bj,kj =0.

If k; = #S; = n, we can also obtain the following explicit expression of b ,,.



168 T. OKADA AND K. TAKEUCHI

PROPOSITION 2.6. Ifk; =S; = n, we have
n .
_ 1+ (_1)1}, al)1+‘“+l}n
(2.26) bin = <111 i - v! 8x1v‘ S B ).

REMARK 2.7. Combining our idea above with [2, Petit lemme on p.136] (instead of
the meromorphic continuations of Gelfand-Shilov [6] etc.) we can prove some results similar
to the ones in this section. We thank the referee for pointing out this alternative approach.

3. Vanishing theorems for the poles of local zeta functions. Let f be a real-valued
real analytic function defined on an open neighborhood U of 0 € R" such that f(0) = 0.
Then for any real-valued test function ¢ € C5°(U), the integral

(3.1) 200 = [ 17@peds

converges locally uniformly on {A € C ; 9iA > 0} and defines a holomorphic function there.
Moreover it is well known that Z ¢ (¢)(A) can be extended to a meromorphic function defined
on the whole complex plane C (see [1], [11] and [22] etc.). In this section, assuming that the
real hypersurface {x € U ; f(x) = 0} has an isolated singular pointat 0 € U C R", we
prove some general vanishing theorems on the poles of the local zeta function Z ¢ (¢)(X). As
in Section 1 we assume also that f is convenient and non-degenerate. Let X' be a smooth
subdivision of the dual fan Xy of Iy (f). Then by the general theory of toric varieties as in
Fulton [5], to the smooth fan X' in R" such that R", = (J, .5 o we can naturally associate an
n-dimensional real analytic manifold X » and a proper morphism

(3.2) 7:Xxy — R"

of real analytic manifolds. Here we simply recall that for any o € X' there exists a subset
Oy ~ (R\ {0})"~9m? of X 5 such that X5 = | lycs Oo. For each n-dimensional cone o in
X the open subset R" (o) :=|_|,_, O of X5 is isomorphic to R" and Oypy C R" (o) (resp.
O, C R"(0)) corresponds to the standard open dense real torus (R \ {0})" (resp. the origin
0) in R". It follows immediately from this construction that if ¢ # 7 are n-dimensional cones
in X' the origins of R"(c) >~ R" and R"(t) >~ R" are disjoint in X 5. By the convenience of
f we can construct the smooth fan X without subdividing the cones of X contained in 9 R’}
so that v induces an isomorphism

(3.3) Xs\7'(0) — R"\ {0}.

Moreover by the non-degeneracy of f, the pull-back f o : Xy —> R of f to X 5 defines
a hypersurface { f o ¥ = 0} in X 5 having only normal crossing singularities in 7 =1 (U) (see
[1], [11], [18] and [22] etc.). Indeed, on each affine open subset R"(c) >~ R" of Xy the
morphism 7 : Xy —> R" and the function f o 7 can be very explicitly written as follows.
First, note that by the smoothness of X' any cone o € X is simplicial and hence there exist
exactly dimo edges on it. For a cone o € X let {a!(0), a’(o),...,a%"M? ()} be the 1-
skeleton of o. For each n-dimensional cone o € ¥ we fix the ordering of its 1-skeleton
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{a'(0),a%(0),...,a" (o)} so that the determinant of the invertible matrix
(3.4) A(o) = {ai(a)j}:"l,jzl €GL,(Z)
is 1. Foraconeo € Y and 1 <i < dimo we set
(3.5) l(@ (o)) = min (d'(0),a) € Z4

acly (f)
and
(3.6) ja'(0)| =) _d'(@)j € Z=o.

j=1

Now let o be an n-dimensional cone in X and R" (o) =~ Rﬁ the affine open subset of X »
associated to o. Then the restriction 7 (o) : R"(0) — R" of 1 : Xy —> R"to R"(0) ~
Rﬁ and its Jacobian J (i (o)) : R"(0) —> R are explicitly given by

n i n . n )
(3.7) w(o)(y) = <1_[yla (0)17 Hyla (0)2’ L Hqu (0)n> 7
i=l1 i=l1 i=1
! -1 2 —1 n _
(3-8) J@)(y) =yt @@ yla @t

Hence we can easily see that on R" (o) ~~ R; we have

n .
(3.9) (fom@NG) = fo() x [ ] 5“ .

i=1
where f, is a real analytic function defined on 77 () ™! (U) C R" (o). By the non-degeneracy
of f the (smooth) hypersurface {f; = 0} intersects all coordinate subspaces of R" (o)
transversally (see [1], [11], [18] and [22] etc.). In particular, we have f,(0) # 0. For
0<k<nlet ¥® c X be the subset of X consisting of k-dimensional cones.

DEFINITION 3.1 (see [1], [11] and [22] etc.). Let P C Qo be the union of the fol-
lowing subsets of Q -o:

(3.10) (—1,-2,-3,...},

(3.11)

la' @) la'(@)] +1
{_l(al(a»’  la'(o)

By the fundamental result of [22], the poles of the local zeta function Z s(¢) are con-
tained in the set P. An element of P is called a candidate pole of Z;(p). We order the
candidate poles of Z (¢) as

(3.12) P={-M>—-A>-23>---} (4 € 0-0).

} (0 € ¥ such that/(a'(c)) > 0).

Hereafter we fix a candidate pole —A; € P of Zy(¢). Recall the definitions of K o), EJ(.k)

and v(0); € Z4 in Section 1. Then, after [1] and [22] the following results are well known to
the specialists.
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THEOREM 3.2. (i) Assume that L; ¢ Z. Then the order of the pole of Z s (¢) at
A = —Aj is less than or equal to

(3.13) k; = max{nggn; W ;é@} ez, .

(ii) Assume that Aj € Z. Then the order of the pole of Z s (¢) at A = —A;j is less than
or equal to

(3.14) kj=ttmax]osk=n: 2P £} ez,
Now let
ajk; (@) aj2(p) aj1(p)
3.15 AL ALSSENTTN J> J> +e (a; eR
be the Laurent expansion of Z ¢(¢) at A = —A ;. Then we obtain the following result which

generalizes Jacobs [10, Theorem 4.23].
THEOREM 3.3. (i) Assume that A; is not an odd integer and let 1 < k < k. Assume

moreover that for any o € E;k) there exists 1 <i < k = dimo such that v(o); is odd. Then

we have aji(¢) = -+ =aj; () =0.
(ii) Assume that A; is an odd integer and let 2 < k < k;. Assume moreover that for

any o € Z‘j(-k_l) there exists 1 <i <k — 1 = dimo such that v(o); is odd. Then we have
ajk(p) =---=aji;(9) =0.

PROOF. (i) Since suppy is compactand & : Xy —> R is proper, there exists finite
C°-functions ¢, (I < g < N) on Xx such that Zf]vzl ¢q = 1 on supp(p o ). We may
assume that for any 1 < g < N there exists an n-dimensional cone o, € X () guch that
suppp, CC R" (aq). Then we have

Zi(p)(h) = Z / )(Hly (@ Calal )= 1)|f ()@ 0 7(04) (Neg (y)dy .

We divide the proof of the assertion (i) into the following two cases (I) and (II).
(I) First assume that A ; is not an integer. Then by (the proof of) Proposition 2.2, a 1 (¢)
can be written as

N

(3.16) ajr@) =Y Y > o),
9=1rzkoex(?)

where for 1 <g < Nand0 < p <n we set

(3.17) zj(f;) ={oex”: 0 <0,

Moreover for p suchthatk < p <nando € Z‘;Z) the number J, (o) is expressed as follows.

p—k

d
(3.18) Jg(o) = o=t~ dir Pg.o (M) a=—1; -
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Let us explain the function p, s (A) which is holomorphic at A = —A;. For the sake of
simplicity, we assume that {al(aq), a2(oq), ...,aP(oy)} is the 1-skeleton of o < oy.
(@) (The case where suppp, N{y € R"(0g) ; fo,(y) =y1=y2=---=y, =0}=1)
We set
)4 .
1+ (=1)v©d)i
p,OJ=< . / i (A, yi)
" 1} 1@t (o)) - v(a)i!) Jiyy=myp=0) H+1 A
(3.19) = P

aV(Uq)1+"'+V(Uq)p 5
X V(Uq)l U(Uq)p {lfﬂ’q | ((p o 77(0’4))%1 }yl=“,=yp:0 dy[7+1 e d)’n )
ayl . ayp

where g,11(X,-), ..., gn(A, -) are 1-dimensional integrable functions with holomorphic pa-
rameter L at A = —A; € P.
(b) (The case where suppp; N {y € R"(oy) ; fgq(y) =y1=y=--=y, =

0}y #@) Forl <i < nset H = {y € R'(0y) ; yi = 0}. Then we may assume that
{1<i<n;suppp; NH; #0} ={1,2,...,r}forsomer € Zsuchthatp <r <n—1.In
this case, by a real analytic local coordinate change @ : (y1,..., y») —> (21, ..., 2n) Such
that z; = y; (1 <i < r) which sends the hypersurface { f,, = 0} to {z, = 0}, the function
Pg,0 (A) is expressed as

L 14 (=) -
p“()‘)_<Ez(ai(aq))-u(oq)i!>/{zl:...=z,,=0}< 1 g"(k’z"))g”()“’z”)
ASIERRRER L))

i=p+1
921y, 2n) Ll=~~~=1p=0

de—H N 'dZn )

8V(Uq)l+“‘+v(0'q)p

{m, D(pom(ag) o Hggod™h

X
8211)(061)1 o 822(%)/;

where
n . .
(3.20) F(h,2) = ( I1 |y1-|’<“’<“q>>k+'a’<%>'—l> od~!
i=r+1
is a real analytic function of z on a neighborhood of @ (suppg,) and g,+1(%, ), ..., g-(, )

and g, (A, -) are 1-dimensional integrable functions with holomorphic parameter A at A =
—Aj € P. To ensure the existence of such g, (1, -) we used the condition that A ; is not an
integer.

Now by our assumption, for any o € E;f; (p > k) there exists 1 < i < p such that
v(oy); is odd. Therefore we obtain a; (¢) = O in this case. In the same way, we can prove
also thatajk+1(¢) = -+ =aji; () = 0.

(II)  Next assume that A; is an (even) integer and set m := A;. Then by (the proof of)
Proposition 2.2, a; x(¢) can be written as

(3.21) Z{Z PRACIEE Jq(a)}

p>k oex?) p>k— Loz
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where J,; (o) is as in (I) and for p suchthatk — 1 < p <nando € E;f; the number fq (o)
is expressed as follows.

- 1 dp-i—l—k
(3.22) Jq(U) = (p+1—k)! X d)ptl1-k Tq*g()‘)b‘:_)‘j :
Let us explain the function 7, 5(A) which is holomorphic at A = —A;. For simplicity, we
assume that {al(oq), az(aq), ...,aP(oy)} is the 1-skeleton of 0 < o,. If suppp, N {y €
R"(0g) 5 fo,(y) = y1 = -+ =y, = 0} = ¥ weset y,(1) = 0. If suppp, N {y €
R"(0y) ;5 fo,(y) = y1 = --- = yp = 0} # 0, assuming as in (I)(b) that {I < i <

n; supppg NH; # 0} ={1,2,...,r}forsomer € Z such that p <r <n — 1 and using the
local coordinate change @ used in (I)(b), the function 7, (A) is expressed as

14 1 + (_1)V(O'q)i 1 —+ (—1)m_1
Tg.0(h) = <E l(ai(oy)) - U(O'q)i!> ) (m —1)!

gl (
{z1 :“‘:Z[):Zn:()}

where K (A, zp+1, ..., Zn—1) is the function

.
l_[ gi (A, Zi))K(?», Lptls v or n—1)dZpy1 - - dZn—1,
i=p+1

BV(Uq)1+~~~+v(0q)p+m—l

F(h2)(@om(og) o® Nggo@™h
azlf(a")l .. 812(04)1’8121—1 {

‘a()’lw--,}’n)
0(z1s ..., 2n)

}z1=~~~=zp=zn=0

obtained by taking F'(,z) and gp4+1(A, ), ..., g-(A,-) as in (I)(b). Then, as in (I), by our

assumption we obatin J,(0) = 0 for any o € E;Z) (p = k). Moreover, since by our as-

sumption in (i) the integer m = A; must be even, we obtain jq (o) = O0forany o € E;Z)
(p = k — 1). Therefore we get a; x(¢) = 0 in this case, too. In the same way, we can prove
also that aj k41(¢) = --- = aj;(p) = 0. This completes the proof of (i). The remaining
assertion (ii) can be shown similarly. o

By this theorem we see that many candidate poles of Z y(¢) are fake, i.e., not the actual
poles. We can also find a nice condition on the test function ¢ € C{°(R") under which
we have the vanishing ajx(¢) = -+ = ajk;(¢) = 0. For this purpose, we introduce the
following subset A j ;. of R".

DEFINITION 3.4. Letl <k <k;j.
(i) Foro € Z’j(.k) we define a compact convex subset A‘j{ i of R by

(3.23) A‘;k ={ax e R ; (@ (o), a) <v(o); for any 1 <i <k}.
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(ii) We define a compact subset A ; of R by
(3.24) A= a%.
aeEJ(.k)

Note that Aj ; is not necessarily a convex subset of R" . It follows also from the defini-
tion that we have Aj D A forl <k < K <k j- In order to state our another vanishing
theorem, let

(3.25) px) = Z cax® <ca = —8)‘?2‘(0) € R>
aeZ :

be the (formal) Taylor expansion of the test function ¢ at 0 € U C R".

THEOREM 3.5. (i) Let1 < k < kj. Assume that )\; is not an odd integer and

o €Zl; ca #0} N Aj g = 0. Then we have aj k() = -+ = aj;(p) = 0.
(i) Let2 < k < kj. Assume that )j is an odd integer and {a € Z' ; cy # 0} N
Ajk—1 =10. Then we have aj i(¢) = --- = aj,;(¢) = 0.

PROOF. We use the notations in the proof of Theorem 3.3.
(1) Since the proof for the case where A; is an (even) integer is similar, we prove the
assertion only in the case where A; is not an integer. In this case, we have

N 1 ar*
(3.26) aji(p) = Z Z Z mmpq,a(l)h:—)\j )

q=1p>k 5P
UEEj.q

where the function p4 s (1) is holomorphic at A = —A; (for its expression, see the proof of
Theorem 3.3). For a € Z'} let ¥, € C3°(U) be a test function on U such that ¥/, = x* in a

neighborhoodof 0 e U C R". For1 <g < Nando € Z’j(.f;) (p = k), assume for simplicity

that {al(aq), a2(oq), ...,aP(oy)} is the 1-skeleton of o < o,;. Then in an open neighborhood
of {y e R"(04); y1 =---=yp =0} C R"(0,) C X5 we have

1 n
(3.27) (a0 m(@) () = 3" ey

Moreover, by the definition of Ajy, if @ ¢ Aj then we have @ ¢ A; , and there exists
1 <i < p such that (ai (0g), a) > v(0y);. This implies the vanishing of the function

8v(aq)1+~~~+v(0q)p { . }
[ fo, 1" (Yo 0 7(04))¢Pq
ayi)(aq)l o 3y;(0q)h q

(3.28) Vim0 = 0.

By applying this vanishing result to the expressions of pg + (1) in (3.19) and (3.20), we obtain
ajk(Ye) = 0fora ¢ Aj . Moreover by using the Taylor expansion of ¢, under our assump-
tion {& € Z% ; ¢4 # 0} N A x = ¥ we can easily prove that a; x(¢) = 0. In the same way,
we can prove also that aj x+1(¢) = - -+ = ajk; (¢) = 0. This completes the proof of (i). The
assertion (ii) can be shown similarly. ]
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Now let us consider the following two local zeta functions.
(3.29) Z5 (@) = /R fE@e@)dx.

Note that we have Zy(p) = Z}r (p) + Z]T (¢). Then the poles of these Icoal zeta functions
Z }E (@) are also contained in P and their Laurent expansions at a candidate pole A = —A; € P
have the following form:

+ + +
aj,kj(w) et aj’z((P) aj’l((P)
()L+Aj)k./ A+2)%  (A+2))

(see for example [1], [11] etc.). By the proof of Theorem 3.5 we obtain a vanishing theorem
also for the coefficients ajfk (¢) of the poles of ij (¢).

(3.30) (aj (@) € R)

THEOREM 3.6. (i) Let1 < k < k;. Assume that X\; is not an integer and {a €

Z' ; cg Z0}N Ajy =0. Then we have aj.fk(go) =...= ajfkj (p) =0.
(i) Let2 <k <kj. Assume that \; is an integerand {a € 2" ; cq #0}NAj i1 = 0.
Then we have ajjfk ()=---= Cljjfkj (p) =0.

REMARK 3.7. By replacing X' by ¥y we can also define compact subsets A’jy ¢ of
R, . For these subsets A’j’ © We obtain the analogues of Theorems 3.5 and 3.6 by using the
arguments in Denef-Sargos [4]. However we cannot similarly obtain the analogues of Theo-
rems 3.3 and 4.2 etc., which are more directly related to the dual fan Xy of I} (f), by some
technical reason.

4. Explicit formulas for the poles of local zeta functions. In this section we give
some explicit formulas for the coefficients a; , (¢), a 2 (9) of the deepest poles A = —A; € P

of the local zeta functions Z ¢ (¢), z* 7 (o) 1ntr0duced in Section 3. We inherit the situation and
the notations in Section 3. Let —A; € P be a candidate pole of Z s (¢).

DEFINITION 4.1. Foro € Z‘j(.") and « € Z" we define an integer (o, o0); by
“.1) u(o,@); = v(0)i — (@' (0),a) € Z.

THEOREM 4.2. Assume that A; is not an odd integer and kj = n. Then the coefficient
aj n (@) of the deepest possible pole . = —A; € P of Zy () is given by

" 14+ (=1)v©i 3% (0
@2t = Z { Z (Hl(a (o)() M)(o a);! ) e AJ(O)} (p.( )’

a€Aj, oe (n)

where we set

W) _ gu(@,a)1++pu(o,a)n
4.3) 8

w(o,a)n

(o, Dl)] . ayn

ayy
and (8“/8)};‘)(-) =0ifu <0.
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PROOF. Since A; is not an odd integer, by the proof of Theorem 3.3 we have

n

1+ (=1)"©@)i
44 apr= Y (HL> 1ol (p o @),

- \ 1@ @) - v()!
EEJ.

Now let
290
@5) o=y 2O

!
aeZ” @
4

be the (formal) Taylor expansion of ¢ at 0 € R". Since a;,(x%) = 0 fora ¢ A;, by
Theorem 3.5 and for any o € EJ(.") and o € Aj; we have

1 n
(4.6) (@ om(@))(y) = y* Pyl @))

in a neighborhood of 0 € R" (o), we obtain

ajn(@)
n .
Z { Z <HL1)U(J)’> V(U)(|f |— al(o), Ot)--'yr(l“n(a)v“)) O}
@€hjn \ ge 50 l(ai (o)) - v(o);! L
. e
al
Then the result follows from the Leibniz rule. This completes the proof. O

In order to state similar results for aj.fn (¢) we define two integers c4(0) (o € E;")) as

follows. First set {+1}" := {e = (1, ¢€2,...,&,); & = £1}. Foro € ZJJ(.") we define subsets
QO+ (o) of {£1}" by

@7 Qx(0) = {s = Gren o) s £f0) x [[6“) > o} :

i=1
Let us explain the meaning of O+ (o) C {£1}"*. Foreache = (e1, ..., &,) € {£1}" we define
an open subset V; of R" (o) > RY by
4.8) Ve ={(y1,y2,..., ) € R*(0); gy; >O0forany | <i <n}.
Then there exists a sufficiently small open neighborhood W of 0 € R"(o) such that
£(f on(o))lwny, > O forany ¢ € Q+(c). Namely Q4 (o) is naturally identified with

the set {Ve}ec o, (o) Of open quadrants in R" (o) =~ Rﬁ such that £(f o (0))|wny, > 0 fora
small neighborhood W of 0 € R" (o).

DEFINITION 4.3. Foro € Z‘j(.") we set

(4.9) cxlo)= Y. <]_[sl.”(")f>ez
i=l1

c€Q+(0)
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Note that for any o € EJ(.") we have

n
(4.10) cy(0)+c—(o) = 1_[{1 + (_1)11(0),'} .
i=1
THEOREM 4.4. Assume that A is not an integer and k; = n. Then the coefficient
aj-fn () of the deepest possible pole A = —A; € P of ij () is given by

+
ajﬁn((P)

z 1 i 3%0(0)
_ (o,0) Aj X
= Y { > ci(o)<]"[l(a,.(a))_M(U’a)i)a;* | fo| (0>}—a! ,

0€hjn " Gex® i=1

where for u < 0 we set (Bﬂ/ayl”)(') =0.

5. Asymptotic expansions of oscillating integrals. In this section, combining our
previous arguments with the basic results in [1] and [22], we obtain some results on the as-
ymptotic expansions of oscillating integrals. As before, let f be a real-valued real analytic
function defined on an open neighborhood U of 0 € R" such that f(0) = 0 and ¢ € C°(U)
a real-valued test function defined on U. Then the oscillating integral /7 (¢)(¢) (f € R) asso-
ciated to f and ¢ is defined by

(5.1) I (p)(1) = / ¢ (x)dx .
Rn

Here we set i = /—1 for short. From now on, we assume the situation in Sections 3 and
4 and use the notations there. Then by the fundamental results of Varchenko [22] (see also
[1] and [11] for the detail), as ¢t — oo the oscillating integral /¢ (¢)(¢) has an asymptotic
expansion of the form

oo kj
(5.2) I (@) (®) ~ > cjul)t ™ (logt) ",

j=1k=1
where c; 1 (¢) are some complex numbers. Despite the important contributions by many math-
ematicians (see for example [1], [3], [8] and [20] etc.), only little is known about the coef-
ficients cj x(¢) of the asymptotic expansion. First of all, we shall give a general vanishing
theorem for these coefficients c¢; x(¢). Let us fix a candidate pole —1; € P of the local zeta
function Z () and let

(5.3) Px) = ) cax® <ca _ %@ R)

o!
n
an+

be the (formal) Taylor expansion of the test function ¢ at 0 € U C R".

THEOREM 5.1. (i) Let1 < k < kj. Assume that X\; is not an integer and {a €
Z ;5 co Z0}NAj g =0. Then we have cj(p) = -+ = cjk; (@) =0.
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(ii) Let2 <k < kj. Assume that X is an integer and {o. € Z"_; co # O}JNA;j —1 = 0.
Then we have cj i (¢) = -+ = cjk;(¢) = 0.

PROOF. By the results of [1] and [22], ¢;;(¢) are linear combinations of ajfm () (m >
1). Then the assertion follows immediately from Theorem 3.6. O

Next we give an explicit formula for the coefficients c; ,(¢) of 1> (logt)”_1 in the
. . . +
asymptotic expansion (5.2). For this purpose, we define two real numbers b j’n(go) € R by

+
bjﬁn((P)

z 1 ] %9(0)
(o,0) Aj X
> { > Cﬂ:(“)(l_[l(ai(a)).M(U’a)i!>35 | fo| (0>}—a! ,

0€ljn " Gexl® i=1

where for u < 0 we set (8“/8y1-“)(-) = 0. Recall thatif A ; is not an integer we have ajfn (p) =
by (@)

THEOREM 5.2. The coefficient cj (@) of t™%i (log )"~ in the asymptotic expansion
(5.2) of I (@) is given by
I"(Aj)
(n—1)!
PROOF. We use the notations in the proof of Theorem 3.3. By the well-known argu-

ments in [11] and [22] etc. we do not have to consider the contributions from { faq = 0}
(g =1,2,..., N). Then the result follows from (the proof of) Theorems 4.2 and 4.4. o

(5.4) cjn(p) = [em D2 bt () + T2 b7 ()]
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