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UNIQUENESS OF SASAKI-EINSTEIN METRICS

YASUFUMI NITTA AND KEN’ICHI SEKIYA
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Abstract. In this paper, we shall prove the uniqueness of Sasaki-Einstein metrics on
compact Sasaki manifolds modulo the action of the identity component of the automorphism
group for the transverse holomorphic structure. This generalizes the result of Cho, Futaki and
Ono [5] for compact toric Sasaki manifolds.

1. Introduction. The aim of this paper is to show the uniqueness of Sasaki-Einstein
metrics up to the action of the identity component of the automorphism group for the trans-
verse holomorphic structure. A Sasaki manifold is a Riemannian manifold (S, g) whose cone
metric § = dr*> + r?g on C(S) = S x R, is Kihlerian. Sasakian geometry sits naturally in
two aspects of Kéhler geometry, since for one thing, (S, ¢) is the base of the cone manifold
(C(S), g) which is Kihlerian, and for another thing any Sasaki manifold is contact, and the
one dimensional foliation associated to the characteristic Reeb vector field admits a trans-
verse Kahler structure. A Sasaki-Einstein manifold then admits a one dimensional Reeb foli-
ation with a transverse Kihler-Einstein metric, which is studied from viewpoints of geometry
and mathematical physics. Boyer, Galicki, Kollar and Thomas obtained Sasaki-Einstein met-
rics on a family of the links of hypersurfaces of Brieskorn-Pham type, which include exotic
spheres [3, 4]. Gauntlett, Martelli, Sparks and Waldram discovered that there exist irregu-
lar toric Sasaki-Einstein manifolds which are not obtained as total spaces of line orbibundles
on Kihler-Einstein orbifolds [8, 9]. These toric examples are much explored by Futaki, Ono
and Wang [7], who showed that, for any compact toric Sasaki manifold with positive basic
first Chern class and trivial first Chern class of the contact bundle, one can find a deformed
Sasakian structure on which a Sasaki-Einstein metric exists. Furthermore, Cho, Futaki and
Ono proved in [5] the uniqueness of Sasaki-Einstein metrics on compact toric Sasaki mani-
folds up to the action of the identity component of the automorphism group for the transverse
holomorphic structure by showing that the argument of Guan [10] is valid also for the space
of Kihler potentials for the transverse Kihler structure. In the present paper, we shall prove
such uniqueness without toric assumption:

THEOREM A. Let (S, g) be a compact Sasaki manifold with a Sasakian structure
S = {g,&,n, P}. Assume that the set & of all Sasaki-Einstein metrics compatible with g
is non-empty. Then the identity component of the automorphism group for the transverse
holomorphic structure acts transitively on &.
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Our proof of Theorem A is based on a generalization of the argument of Bando and
Mabuchi in [1] to Sasakian geometry. The key point is to show an a priori C%-estimate for
solutions of the transverse Monge-Ampere equations (cf. (3.1) and (3.2)) and an intriguing
point is an estimate of the infimum for the solutions (cf. Proposition 3.6). The difficulty which
we encounter is that the transverse Monge-Ampere equations only give lower bounds for the
transverse Ricci curvature, which do not lead lower bounds for the Ricci curvature by positive
constants. Therefore we cannot apply Myers’ theorem directly to obtain an estimate of the
diameter of (S, g). To overcome the difficulty, we introduce a family of Sasakian structures
gy, Whose contact forms are u~'n,. Under a suitable choice of y, it follows that the Ricci
curvature of g, , is bounded from below by a positive constant. Thus we can control their
diameters by Myers’ theorem. The estimate of their volumes together with their diameters
gives rise to the desired estimate of the solutions by using the estimate of the Green functions
(see Proposition 3.6 for more details). Our method of the estimate is simple and effective in
transverse Kéhler metrics, which is slightly different from the ordinary argument in K&hler
geometry as basic Kéhler classes of the family g, , are changing.

Acknowledgments. 'We would like to express our gratitude to Professors Ryushi Goto and Toshiki

Mabuchi for valuable comments and encouragements. Many thanks are due also to the referee for his
careful reading of the paper and for his numerous suggestions.

2. Brief review of Sasakian geometry.

2.1. Sasaki manifolds. We recall the basic theory of Sasaki manifolds. For the de-
tails, see [2] or [7]. Throughout this paper, we assume that all manifolds are connected. Let
(S, g) be a Riemannian manifold and (C(S), g) = (S x R, dr? + rzg) be its cone manifold,
where R4 = {x € R; x > 0} and r is the standard coordinate on R .

DEFINITION 2.1. (S, g) is called a Sasaki manifold if the cone manifold (C(S), g) is
a Kihler manifold.

A Sasaki manifold S is often identified with the submanifold {r = 1} C (C(S), g) and
hence the dimension of S must be odd. Let dim S = 2n + 1. Then, of course, dim¢ C(S) =
n + 1. Let J be a complex structure of the cone C(S) such that the triple (C(S), J, g) is a
Kihler manifold, and define £ := J(rd/dr). Then the restriction & := & lr=1y of £ to the
submanifold {r = 1} gives a vector field on S. The vector field £ is called the Reeb vector
field. The 1-dimensional foliation F; generated by & is called the Reeb foliation. Define a
differential 1-form 5 on S by 1 := g(&, -). Then, one can see that

@)) § is a Killing vector field and satisfies Lg J =0,

(2) Veg =0,

(3) n@)=1,udn=0.

In particular, £ is a Killing vector field on S. The 1-form n gives a 2n-dimensional subbundle
D of the tangent bundle 7'S by

D =kern.
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The subbundle D is a contact structure of S and there is an orthogonal decomposition
TS=D® R¢,

where R¢ is the 1-dimensional trivial bundle generated by &.
Next we define a section @ of the endomorphism bundle End(7'S) of the tangent bundle
TS by @ = VE&. Then it satisfies

Pr=—id+n®¢&

and g(@X, @Y) = g(X,Y) — n(X)n(Y). Furthermore, we have ®|p = J|p and @®|g: = 0,
and this shows that @ gives a complex structure of D. We call the quadruple S = {g, &, n, @}
a Sasakian structure of S. From these description, the restriction gp := g|pxp of the metric
g to D is a Hermitian metric on D and the associated 2-form of the Hermitian metric is equal
to (1/2)dn|pxp, that s,

dn(X,Y) =2¢g(®X,Y)

foreach X, Y € D. Since 7 is a contact form, ((1/2)dn)" An is a non-vanishing (2n+1)-form.
The covariant differentiation of @ can be written as, in the language of curvature,

(Vx®)(Y) = R(X,§)Y = g(§.Y)X — g(X, Y)§
forany X, Y e T'S. The Ricci curvature along the Reeb foliation is given by
2.1 Ric(X, &) = 2nn(X)

foreach X € T'S.

2.2. Transverse holomorphic structures and transverse Kéhler structures. As we
saw in the last subsection, & — /—1J€ is a holomorphic vector field on C(S). Hence there is
an action of the holomorphic flow generated by &€ — v/—1J& on C(S). The local orbits of this
action define a transverse holomorphic structure on the Reeb foliation F¢ in the following
sense. There is an open covering {Uy}qea of S and submersions 7, : U, — V, C C" from
U, onto an open subset V,, in C" such that

Ty O yrﬂ_l 1 (Uy NUB) = 1o (Uy N Up)

is biholomorphic whenever U, NUp # 0. Let (Zl, 2., 7") be the local holomorphic coor-
dinates on V. We pull back these to U, and still write them as (zl, 2., z™"). Let x be the
coordinate along the leaves with & = 9/dx. Then (x, 22, z"") forms a local coordinate
system on U,. We call the coordinate system given above a foliation chart. On each open
set Vo C C”" we can give a Kihler structure as follows. First note that there is a canonical
isomorphism ((77¢)+)p| D, : Dy — Ty, p)Ve forany p € U,. Since & generates isometries
of (S, g), the restriction gp of the Sasaki metric g to D gives a well-defined Hermitian metric
gL on V,. This Hermitian structure is in fact Kahlerian because the pull-back of the funda-
mental 2-form a)g of go{ to Uy, is the same as the restriction of (1/2)dn to U,. Hence we
see that 7, o nﬁ_ L. mg(Uy NUpg) — 7 (Uy N Up) gives an isometry of Kihler manifolds.
The collection of Kihler metrics { gaT taea on {Vy}aea is called a transverse Kahler metric.
Since they are isometric over the overlaps we simply denote by g7 . The collection of Kihler
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forms {a)g}aeA is called a transverse Kahler form. We also write vT RT RicT,sT for its
Levi-Civita connection, the curvature, the Ricci tensor and the scalar curvature, respectively.
By identifying D), with T, () Ve, we have formulas for curvature

(2.2) RX,Y,Z,W)=RI(X,Y,Z, W)+ g(®(X), Z)g(®(Y), W)
—g(@(X), W)g(@(Y), Z) +29(D(X), Y)g9(P(Z), W),
(2.3) Ric (X, Y) = Ric(X, Y) +2¢(X, Y)

for any local sections X, Y, Z, W of D.
2.3. Basic forms. In this subsection, we assume that the Sasaki manifold (S, g) is
compact.

DEFINITION 2.2. A differential k-form o on S is said to be basic if
tee =0 and Lega =0.
Let A/fg be the sheaf of germs of basic k-forms and .{21’; the set of all basic k-forms.
Consider a complex basic form « which can be written as
o= Zail,,_,,ip,jl,_,_,jqdzi‘ Ao AdZP AdZVA - AdTh

for a foliation chart (x, 2., z"). We call such « a basic (p, g)-form. It is easy to see that
the definition of basic (p, g)-forms is independent of choice of foliation charts. Let Ag’q be
the sheaf of germs of basic (p, g)-forms and £2 g’q the set of all basic (p, g)-forms. Then for
each k, A’E, ® C (resp. Qg ® C) can be decomposed as

k , k :
ApeC= P Ay’ <resp..QB®C= &b .ng).
pt+q=k p+q=k

Since the exterior derivative d preserves basic forms, we have the basic exterior derivative
dg =d| Ay — ARF! Then dp can be decomposed into dp = 9 + dp by well-defined
operators
0B : Ag’q — Ag+l’q and 9p : Ag’q — Ag’qH .
Then it is clear that
dz =0, 82=0 and 0%2=0.
Letdp, 05 and 2_); be the formal adjoint operators of dg, dp and 3, respectively, and define
Ap = d;dB —i—dBd;, Op := 3283—{—8332, Op := 5;534-535;

As in the cases of compact Kihler manifolds, both Op and Op are real operators and sat-
isfy 2Ap = Op = Op (see [6]). Moreover, as shown later Ap coincides with Riemannian
Laplacian A on the space of basic functions. Now we can consider the basic de Rham com-
plex (2%, dp) and the basic Dolbeault complex (25", dp). Their cohomology groups are
called the basic cohomology groups. Similarly, we can consider the basic harmonic forms.
El-Kacimi-Alaoui showed in [6] that there is an isomorphism between the basic cohomology
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groups and the space of basic harmonic forms. Moreover, it was proved in [6] a Sasakian ge-
ometry analogue of the dd-lemma still holds. We denote by CF(S) the set of all real-valued
smooth basic functions on S.

PROPOSITION 2.3 ([6]). Let« be a real dp-exact basic form of type (1, 1) on a com-
pact Sasaki manifold (S, g). Then there exists a basic function ¢ € C3°(S) such that

o =+/—19p0g¢,

which is unique up to an additive constant.

For arbitrary basic function ¢ € CF(S), define
e =1+ 2dpg,
where d§ = (v/—1/2)(3p — 9p). Then we have

1 1 1 _
24 Edﬂw = Edn +dpdze = Edﬂ ++/—10pdpe.

Thus, for small ¢, ((1/2)dny)" A ne is nowhere vanishing and the 1-form 7, gives a new
Sasakian structure S, = {gy, &, g, Py}, Where

1 )
Py =P —EQQdgp) o P, g¢=§dn¢o(1d®¢w)+n¢®nw

(see [2]). By construction, S, defines the same transverse holomorphic structure with that of
S. Note that the contact bundle may be changed under the deformation. As we saw in the last
subsection, the transverse Kihler form {a)g }aea satisfies

Tywy = %d'llua :
Thus they are glued together and give a dp-closed basic (1, 1)-form (1/2)dn on S. We also
call o = (1/2)dn the transverse Kahler form. Under such a deformation, the transverse
Kéhler form is deformed in the same basic (1, 1)-class [(1/2)dn]p by (2.4). We call this class
the basic Kahler class. Similarly, we see that the Ricci forms of the transverse Kéhler metric

{,05}0{614’
pl = —v/~Topdglogdet(g]),

are glued together and give a dg-closed basic (1, 1)-form p” on S. p7 is called the transverse
Ricci form. Of course, the transverse Ricci form p” depends on Sasaki metrics g. Never-
theless, its basic de Rham cohomology class is invariant under deformations of the Sasakian
structure by basic functions. The basic de Rham cohomology class [p! /27 ]p is called the
basic first Chern class and denoted by clB (S).

2.4. Basic first Chern classes and the transverse Monge-Ampere equations. Let
(S, g) be a (2n 4 1)-dimensional compact Sasaki manifold.

DEFINITION 2.4. A Sasaki-Einstein manifold is a Sasaki manifold (S, g) with Ric =
2ng.
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The Einstein condition of a Sasaki manifold is translated into Einstein conditions of the
Riemannian cone (C(S), g) and the transverse Kéhler structure. In fact, it is known that the
following conditions are equivalent (see [2]):

(1) g is a Sasaki-Einstein metric.

(2) The cone metric g on C(S) is a Ricci-flat Kihler metric.

(3) The transverse Kihler metric g7 satisfies Ric! = (2n +2)¢7.

We say that the basic first Chern class clB(S) is positive if clB(S) is represented by a
transverse Kihler form, and we express this condition by cf (S) > 0. If there exists a Sasaki-
Einstein metric ¢, then the transverse Kihler metric g7 satisfies Ric’ = (2n + 2)¢”. Hence
the basic Kahler class satisfies 2 (S) = (2n + 2)[w |5 and, in particular, the basic first
Chern class is positive. It is known that there is a further necessary condition for the existence
of positive or negative transverse Kéhler-Einstein metric.

PROPOSITION 2.5 (Futaki-Ono-Wang [7]). The basic first Chern class is represented
by tdn for some constant T if and only if c1 (D) = 0.

We now consider a condition for the existence of Sasaki-Einstein metrics and set up
the transverse Monge-Ampere equation. Let (S, g) be a compact Sasaki manifold with
2rncf(S) = 2n + 2)[0” g (in particular ¢f(S) > 0 and ¢;(D) = 0). Then there is a
unique basic function i € Cl‘;o(S) such that

_ 1 n
ol — @2n+2)w’ =/—1053gh, /(eh—1)<§dn> An=0.
S

Assume that we can get a Sasaki-Einstein metric g, for some basic function ¢. Then the
associated transverse Kihler form a)g = (1/2)dn + ~/—10pdpe satisfies

pg =2n+ 2)a)£.
This leads the transverse Kéhler-Einstein (or equivalently Sasaki-Finstein) equation
T B
det(gl_f + Wl'j)

25
@) det(glg)

=exp(—(2n+2)¢ + h)

with (gg + ¢;7) positive definite, where ¢, 7 := 0% /9z'0%/ fori, j € {1,2,...,n}.

In [5] and [7], the existence and the uniqueness of Sasaki-Einstein metrics on compact
toric Sasaki manifolds are studied. In [7], it was proved that for any compact toric Sasaki man-
ifold (S, g) with cf (S) > 0and c1(D) = 0, one can get a Sasaki-Einstein metric by deform-
ing the Sasakian structure varying the Reeb vector field (cf. [7, Theorem 1.2]). Uniqueness of
such Einstein metrics up to a connected group action was proved in [5]. Given a Sasaki mani-
fold (S, g), we say that another Sasaki metric ¢’ on S is compatible with g if g and ¢’ have the
same Reeb vector field and the transverse holomorphic structure. Note that g and g’ have the
same basic Kihler class. Indeed, for corresponding Sasakian structure S’ = {¢’, &', n’, @'},
¢ := n — 1’ is basic because & = &’. This shows that dn — dn’ = d¢ and in particular
[dnlg = [dn']B.
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DEFINITION 2.6. The automorphism group of a transverse holomorphic structure of
(S, g) is the set of all biholomorphic automorphisms of C(S) which commute with the holo-
morphic flow generated by & — /—1JE.

We denote by Aut(C(S), £) the group of automorphisms of the transverse holomor-
phic structure and by G its identity component Aut(C(S), 5 )o. It is known that the action
of Aut(C(S), 5 ) on C(S) descends to an action on S preserving the Reeb vector field and the
transverse holomorphic structure of the Reeb foliation. In particular, G acts on the space of all
Sasaki metrics on S which is compatible with g. The Lie algebra of Aut(C(S), £)is explained
as follows.

DEFINITION 2.7 (Futaki-Ono-Wang, [7]). A complex vector field X on § is called a
Hamiltonian holomorphic vector field if

(1) foreach o € A, (y)«X is a holomorphic vector field on V,

(2) the complex valued function uy := +/—1n(X) satisfies

V-1

5314)(:— Lxdn.

By definition, every Hamiltonian holomorphic vector field is supposed to commute with
&. We denote by b the set of all Hamiltonian holomorphic vector fields. One can check easily
that b is in fact a Lie algebra. Then it was proved in [5] that the Lie algebra of Aut(C(S), é ) is
isomorphic to b (for detailed descriptions, see also [7]). Under the notations and conventions,
it was proved in [5] that, for toric cases, G acts transitively on the space of all Sasaki-Einstein
metrics compatible with g.

2.5. Basic Laplacians for Sasaki manifolds. In Subsection 2.3, we introduced the
notion of a basic Laplacian, which is defined on the space of basic forms. Here we shall show
that the basic Laplacian Ap and the Riemannian Laplacian A coincide on the space C3°(S)
of basic functions. Let T C Isom(S, g) be the compact torus defined as the closure of the
one-parameter subgroup generated by £ in Isom(S, ¢), and let d6 be the normalized Haar
measure on 7. For any smooth function ¢ € C*°(S), define

B(p) ::/9*90079.
T

Then B defines a linear operator on C*°(S). Itis clear that B(¢) € C5°(S) forany ¢ € C*°(S)
and that B(¢) = ¢ ifandonly if ¢ € CI%O(S). Furthermore, one can show that B is symmetric
with respect to the L2-inner product on C®°(S) by Fubini theorem and the symmetry of 7.
Hence we obtain a orthogonal decomposition

Cx(S) = CF(S) ® CF(S)*,

where C%° ($)* is the orthogonal complement of CF(S) with respect to L2-inner product.
Under the description, B coincides with the orthogonal projection from C*°(S) onto C3(S).
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We denote by d* the formal adjoint operator of d. For each ¢ € CZ°(S) and o € £2 }9 (),
we have

(dpy,a) = (dg,a) = (p,d"a) = (¢, Bd*a),

where (-, -) is the L2-inner product on the space of smooth differential forms. This shows that
dy = B o d* and hence

(2.6) Ay =dpdpy = Bd*dg = BAg.

Furthermore, for each ¢ € C3°(S) and 0 € T, 6" Ap = AO*p = Ag since 6 acts on (S, g) as
an isometry. Therefore we obtain

2.7) BAg = / 0* Apd® =/ Apdf = Ag.
T T

By combining the equalities (2.6) and (2.7), we have the following proposition.
PROPOSITION 2.8. For each ¢ € C3(S) we have App = Ag.

Using a foliation chart, we obtain an explicit formula for the basic complex Laplacian
Op = (1/2) Ap by a similar calculation in Kihler geometry.

PROPOSITION 2.9. Let U be an open neighborhood of S and (x,z', ..., 7") a folia-
tion chart on U. Then

Opp =—(9")/g;;0nU
forany ¢ € C(S).

3. A proof of Theorem A.

3.1. Generalized Aubin’s equations. In this section, we shall give a proof of Theo-
rem A. Our proof of Theorem A is based on a generalization of the argument of Bando and
Mabuchi [1] to Sasakian geometry. The celebrated result on a basic version of Hodge theory
due to El-Kacimi-Alaoui [6] (including the basic 93-lemma) allows us to imitate Kihler ge-
ometry on Sasaki manifolds. Hence we can translate the language of analysis for the complex
Monge-Ampere equation on Kahler manifolds into that for the transverse Monge-Ampere
equation (2.5) for smooth basic functions on Sasaki manifolds. In particular, by replacing the
geometry of Kihler manifolds with the transverse Kéhler geometry of Sasaki manifolds, the
most of the arguments and techniques in [1] can be generalized directly to our settings (except
for Proposition 3.6, as described later) as follows.

Throughout this section, we denote by (S, g) a (2n 4 1)-dimensional compact Sasaki
manifold with Sasakian structure S = {g, &, n, @}. By assumption, it follows that 25 cf S =
(2n 4+ 2)[wT 1. Define .7( g) to be the set of all Sasaki metric on § which is compatible with
g, and set 77 := {p € CF(S) ; (gl,Tj + goijr) is positive definite}. Then g, € -#(g) for any
p e .
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Let V be the volume of S with respect to ((1/2)dn)" A n, and define the functionals L,),
M,, I, and J,, on JZ by

1 [t 1 "
L ((P) == / dt / (;é <_d77 /) A Ny »
n v/, p T\ 4N ®

1 [t 1 "
My () ::_V/ dt/Sgéz(sT(wz)—n(2n+2))<§dmot> AT s
1 " 1 "
I (@) :=V/S¢J<<§dn) AN — <§dw> Amo),
1 b 1\ 1 "
Jn (@) ::V/ dt/S¢z<<§dn) AT — <§dnw,) /\nw,>,

where {¢; ; t € [a, b]} is an arbitrary piecewise smooth path in .7 such that ¢, = 0 and
©p = @. These are the “Sasakian geometry version” of the functionals defined on the space of
Kihler potentials in [1] and have the similar properties to those. The precise definitions and
basic properties can be seen in [11, Appendix A].

Since [,OT]B = (2n + 2)[w”1p, there exists a unique basic function & € C?(S) which
satisfies p7 — (2n +2)w’ = /=10gdgh and [ (" — 1)((1/2)dn)" A n = 0. Consider one-
parameter families of equations, which are Sasakian geometry analogues of (generalized)
Aubin’s equations,

det(g; + (¥);5)

3.1 = —t(2 2 h) 0.1
G- det(gl?}) exp(—t(2n +2)¥, +h); 1 €][0,1],
det(g> + (1))
(3.2) ——————=exp(—t2n +2)¢; — Ly(pr) +h); 1 €[0,1],
det(gl_f)

where solutions v, and ¢, are both required to belong to .7#. Note that, for both equations,
these are just the transverse Kéhler-Einstein equations at t = 1. As a remark in [1], there is
no difference between (3.1) and (3.2) in finding solutions for ¢ # 0.

REMARK 3.1. Choose an arbitrary ¢ € [0, 1]. Let ¥, (resp. ¢;) be a solution of (3.1)
(resp. (3.2)) and g; be the Sasaki metric corresponding to the Sasakian structure 7y, (resp. 1, ).
Then g, satisfies p! = t(2n+2)w! +(1—1)2n+2)w’, and in particular p —t 2n+2)o! >
0. Furthermore, if # # 1, then p] — t(2n + 2)o! is strictly positive.

We first discuss the existence and uniqueness of the solutions of the equation (3.2) for
t € [0, 1). For the equation (3.1), a result of El-Kacimi-Alaoui [6] guarantees the existence
of a solution at # = 0. Then the existence and uniqueness of a solution of the equation (3.2)
follows immediately, which corresponds to [1, Corollary (4.3.2)].

THEOREM 3.2 (El Kacimi-Alaoui [6]). Ift = O, then the equation (3.1) has a solu-
tion which is unique up to an additive constant.
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COROLLARY 3.3. The equation (3.2) has a unique solution ¢g at t = 0. The solution
@o satisfies Ly(@o) = 0.

The local extension property of solutions of (3.2) for ¢ € [0, 1) can be represented as
follows (cf. [1, Proposition (4.4.1)]).

PROPOSITION 3.4. Let 0 < t < 1. Suppose that the equation (3.2) has a solution
¢r att = 1. Then for some ¢ > 0, ¢ uniquely extends to a smooth one parameter family
{or; t €0, 11N [t — ¢, T + €]} of solutions of (3.2).

REMARK 3.5. A Hamiltonian holomorphic vector field X is said to be normalized if
the Hamiltonian function u x satisfies

1 n
h
/uxe <—dn) An=0.
s 2

For any X € b, there exists a constant ¢ such that X + c£ is a normalized Hamiltonian
holomorphic vector field. We denote by f the set of all normalized Hamiltonian holomorphic
vector fields. If hp = {0} and T = 1, the result of Futaki, Ono and Wang (cf. [7]) tells us that
ker(Oy, — (2n+2)) = ho = {0} and the first positive eigenvalue of O, is greater than 2n + 2,
where O, is the basic complex Laplacian with respect to g;. This shows that Proposition 3.4
still holds when ho = {0} and 7 = 1.

Next we discuss a bound for solutions of (3.2). Choose o € (0, 1) arbitrary. Then,
by El Kacimi-Alaoui’s generalization of Yau’s estimate [12] for transverse Monge-Ampere
equations, the C?-estimate for solutions of (3.2) implies the C>*-estimate for them.

First of all, we give a bound of the oscillation oscsg := supg ¢ — infg ¢ for ¢ € I
in terms of the functional I;, (cf. [1, Proposition (3.6)]). There is a difficulty to translate the
techniques in [1] to our cases. Their proof of [1, Proposition (3.6)] is based on the estimate
of a lower bound of the Green function, which follows from a lower bound of the Ricci
curvature. The (generalized) Aubin’s equation (cf. [1, (4.1.1)]) gives a lower bound of the
Ricci curvature by a positive constant. By applying Myers’ theorem, we can obtain a lower
bound of the Green function by a universal constant. However, in our cases, the equation (3.2)
only gives a lower bound of the transverse Ricci curvature (cf. Remark 3.1), which does not
lead a lower bound of the Ricci curvature by a positive constant. Hence we cannot obtain a
lower bound of the Green function directly.

Later in Subsection 3.3, we shall overcome such difficulty and show the following propo-
sition.

PROPOSITION 3.6. Let G be the Green function of the initial metric g and K a real
constant which satisfies inf G > —K. Let ¢ € J be a basic function which satisfies pg >
t(2n + 2)0)5 for some t € (0, 1]. Then there exists a positive constant C > 0 which is
independent of t and satisfies

KV C
oscse < Iy(¢) +2n PR + 7
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Proposition 3.6 tells us that a bound of I;, for solutions of (3.2) implies a priori CO-
estimate for solutions of (3.2) (see [1, Step 1 of the proof of Theorem (5.3)]).

PROPOSITION 3.7. Ifthere exists a positive constant A > 0 which satisfies

Iy(gr) <A

for each solution ¢; of (3.2) at t, then there exists a positive constant B > 0 depending only
on A, n and the initial metric g which satisfies

sup [¢/| < B.
S

By combining [11, Lemma 4.9, Proposition A.3] and Proposition 3.7, we can general-
ize the argument of Bando and Mabuchi to Sasakian geometry to obtain the uniqueness of
solutions of the equation (3.2) for ¢ € [0, 1).

THEOREM 3.8. Let © € (0,1). Then any solution ¢, of (3.2) att = t uniquely
extends to a smooth family {¢; ; t € [0, t]} of solutions of (3.2). In particular the equation
(3.2) admits at most one solution att = t.

As a straightforward consequence of Theorem 3.8 and Remark 3.5, we have the follow-
ing corollary.

COROLLARY 3.9. Let (S, g) be a compact Sasaki manifold with hyo = {0}. Then there
exists at most one Sasaki-Einstein metric on S which is compatible with g.

3.2. Solutions at 7 = 1. In order to complete the proof of Theorem A, we next refer
to the solutions of the equation (3.1) at t = 1. By assumption, & # @ and hence the equation
(3.1) has a solution at + = 1. Consider the G-action on &. Let O be an arbitrary G-orbit in
&. For each gsg € &, we can uniquely associate a function v = ¥ (gsg) € 4 such that
gsE = gy and y satisfies the equation (3.1) at = 1. Hence we can regard O as a subset of
the set of all solutions of the equation (3.1) at ¢+ = 1. By the identification, we endow O with
the topology induced from the C>%-norm on CZ(S) for fixed a € (0, 1). Then the G-action
on O is clearly continuous. Hence the topology on O coincides with the natural topology of
the homogeneous space O = G/K g, where K g is the isotropic subgroup of G at gsg. Let
Ogg be the basic complex Laplacian with respect to gsg. For each ¢ € ker(Osg — (2n + 2)),
we have the associated normalized Hamiltonian holomorphic vector field

Xy =9t + Vl%% - (V%pa%)S
for any foliation chart (x, 2., Z") (see [7, Theorem 5.1]). Let f, ; be the corresponding
one-parameter group exp(t X 5). Here we denote by X 5 the real part of X,. We put gsg(?) :=
f;ytgs}g and ¥ () := ¥ (gsg(?)). Then we can check easily that ¥/ (0) = ¢+C forsome C € R.
On the other hand, since V¥ (¢) satisfies the equation (3.1) at + = 1, we have Oggy(0) =
(2n+2)v(0) by differentiating the equality (3.1). This shows that C = 0 and hence U (0) = ¢.
Conversely, for each smooth curve g(t) € O with g(0) = g¢sg, take the corresponding smooth
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functions ¥ (¢) € .. Then we have Osg v/ (0) = (21 + 2)y7(0) by differentiating the equality
(3.1). Thus we obtain

TQSEO = ker(Osg — 2n + 2)) .

Under the notations and conventions we described above, we can completely generalize
the arguments in [1] to Sasakian geometry. At first, the lemmas presented in [1, Section 6]
can be translated to Sasakian geometry as follows (cf. [1, Lemmas (6.2), (6.3) and (6.4)]).

LEMMA 3.10. Define t :== (I, — Jy)lo (= 0) : O — R, and let gsg € O. Put
Y = ¥ (gsg) and nsg := ny. Then the following are equivalent.
(1) gsE is a critical point of t,

2 /Swllf(%dWSE)n Ansg = 0 for any ¢ € ker(Osg — (2n + 2)).

LEMMA 3.11. The function t is proper. In particular, its minimum is always attained
at some point of the orbit O.

LEMMA 3.12. Let gsg € O be a critical point of 1. Then the Hessian (Hess t) gq. 0f L
at gsg is given by

2n+2 1 1 "
(Hess t) g (¢, ") = v /S <1 - EDSEW> 90/90”<§d77w> ANy

foreach ¢, ¢" € ker(Osg — (2n + 2)) = Ty O, where f := ¥ (gsg).

By Lemma 3.12 and using bifurcation technique (see [1, Section 7]), we can prove the lo-
cal extension property of solutions of (3.1) at# = 1 for critical points of ¢ with non-degenerate
Hessian (cf. [1, Theorem (7.3)]). Here we use a Sasakian geometry version of [1, Lemma
(7.2)], which can be generalized immediately.

PROPOSITION 3.13. For each critical point gsg € O of v with non-degenerate Hes-
sian, Y1 := Y (gsg) can be extended to a smooth family {y; ; t € [1 — ¢, 1]} of solutions of
(3.1) for some ¢ > 0.

REMARK 3.14. Fix a G-orbit O in & arbitrary and consider the function ¢ : O — R.
By Lemma 3.11, ¢ always has a minimizer gsg € O, which is a critical point of ¢ with positive
semi-definite Hessian. Then, we can realize a critical point ggE € O with positive definite
Hessian by a small change g‘s of the initial metric g, as described in [1, (8.1)]. We denote
by Wf the smooth basic function defined by ggE = g:;, 2 Then Wf satisfies the equation (3.1)

at t = 1 with respect to the initial metric ¢°. By Proposition 3.13, Wf can be extended to a
smooth family {wf ; t € [1 — g, 1]} of solutions of (3.1) with respect to the initial metric q°.

In view of Remark 3.14, Theorem 3.8 and Proposition 3.13 now enable us to generalize
the argument in [1] to complete our proof of Theorem A.

3.3. A proof of Proposition 3.6. Finally in this subsection, we give a proof of Propo-
sition 3.6. As we described before, a difficulty for our proof of Proposition 3.6 is that the
positivity of the transverse Ricci curvature does not lead that of the Ricci curvature in general.
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This obstructs us to apply Myers’ theorem for an estimate of the diameter of (S, g). To over-
come the difficulty, we consider the following deformation of the Sasakian structure, which is
called the D-homothetic deformation. Choose a basic function ¢ € 57 which satisfies

(3.3) py = 12n+ 2w

for some ¢ > 0. Then, for any positive constant u > 0, define

(3.4) Mo = 1 g,

3.5) & :=upé& and

(3.6) o =1 Gy + Mo O g -

It is known that Sy, = {gy,u, Eu, N, u» Py} gives a Sasakian structure on S (see [2] for

example). The transverse metric gg’ .. 1s then given by gg’ w= w! gg , and the contact form
Ny, satisfies

1 " _ oy
3.7 <§dr](p,ﬂ) ANgu = [ (”‘H)(Ednw) Alg.

Let Ricy, , be the Ricci tensor of g, ;. To obtain the bound for the oscillation, we need
the following estimate on the volume and the diameter of (S, gy, ). We denote by V,, , the
volume of S with respect to ((1/2)dny, ;)" A ng,, and by Dy, ,, the diameter of (S, gy, .)-

PROPOSITION 3.15. Let (S, g) be a (2n + 1)-dimensional compact Sasaki manifold
and ¢ €  a basic function satisfying (3.3) for some t > 0. Put p = t~'. Then we have the
estimates of the volume and the diameter of (S, gy, .)

(3.8) Vou=1"v,
(3.9) Dy, <m.

PROOF. Since u = ¢t~!, we have

1 n
th:/ <§d’l<p,u) ANy,
S
1 n
:M_(n+1)/<§an) /\7](/)
S
1 n
=t”+1/ —dn) A
< \2 n n

— tn+1 V.
Furthermore, for each X, Y € kern,, , we have
Ricy, (X, Y) =Ric] (X, Y) — 2g, . (X, Y)

and

Hgpu(X,Y) = go(X,Y).
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Since the transverse Ricci curvature is invariant under the multiplication by positive constant
of a transverse metric, Ricgﬁ = Ricg onkerny, , (=kerny). Then it follows that

Ric (X, Y) =Ric (X, Y)
>1(2n+2)g} (X.Y)
=t(2n + 2)ug£M(X, Y)
=2n+2)gy,u(X,Y).
Therefore,
Ricy 1 (X,Y) = 2n 4+ 2)gp u(X,Y) — 204, (X, Y)
=2nge,u(X,Y).
On the other hand, by (2.1) we have
Ricy, (X, &) =211y 1, (X)
=2ngp,u(X, &)
for any X € T'S. Hence we obtain
(3.10) Ricy,, > 2ngy -
Finally, we have D, ,, < 7 by Myers’ theorem. O

By Proposition 3.15, we can now give a proof of Proposition 3.6 as follows. First we
observe that, by the identity (1/2)dn, = (1/2)dn + +/—13p3dp¢, we have

Op <n and Oyp > —n,

where O and O, are the basic complex Laplacians with respect to g and g, respectively. Since
the basic Laplacian coincides with the restriction of the Riemannian Laplacian to C3(S) (cf.
Proposition 2.8), we have

n

1 n
p(p) = V/ ( dn) /\n+—/(G(p q)+K)(A<p)(q)< dn) A7

——/ ( dn) /\n+—/(G(p q)+K)(2D<p)(q)< dn) A1

74
d A 2nK —
V ( 77) N+ en n!

for any p € S. This leads the estimate for ¢

1 oy KV
3.11) supp < — | ¢l =dn) An+2n—.
Ky \% S 2 n!

To obtain an estimate for the infimum of ¢, let A, ,, be the Laplacian and G, the Green
function with respect to the Sasaki metric gy , defined by (3.6). Put u := +~1. Then, since



UNIQUENESS OF SASAKI-EINSTEIN METRICS 467

Ricy ; > 2ngy > 0, there is a constant y > 0 depending only on n such that
2 7_[2
(3.12) Gopu=>—Vv

Vou — "V

by (3.9) (see also [1, Theorem (3.2)]). We denote by O, ,, the basic complex Laplacian with
respect to the transverse Kihler form (1/2)dn,, . Then it follows that Ay, @ = 20, ,¢.
Since (1/2)dng,, = wN((1/2)dn + ~/—13535¢), we have
(3.13) Op.u = 10 (™) = —nt™
Now the equality (3.8) gives us that

1

n

1 1 " 1 1
¢(p) = m'[q¢<§dnw,u> A, + E/SGw,u(P,q)Aw,u¢<§d’lw,u) Ao,

1 1 "
=y S‘/’ gd”w A Ng,u

n
+% /S (Gw,u(P,q) + V%)(Aw,ufﬂ)(%dﬂw,u) A Mg, pu-
The first term is then given by
1 1 8 1 1 8
iy /Sﬂf’(gd%,u) Apu =, /S“"(Ed"“’) A .
For the second term, we have

1 72 1 "
] /S (Ggo w(p.g)+y ,,HV)(Aw,mp)(Edn@,u) Ao,

2 n
b4 1
¢ <G¢ w(p,q)+vy prEm V)(ZD@MP)(EdW,M) A Mg,

n
2n  w? mtly
TV Ay T
72
=TT
by the inequalities (3.12) and (3.13). Thus we obtain
1 1 " n?
3.14 > — —d A .
(3.14) ¢z S<p<2 n¢> o = 2NV T

This gives the desired inequality

oscsp =supg — infe
s S

KV C
(3.15) <1 (¢) + 2 (7 + 7) ,

where C = yr2/n!.
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