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LOCALIZATION FOR BRANCHING BROWNIAN MOTIONS
IN RANDOM ENVIRONMENT

Y UICHI SHIOZAWA
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Abstract. We consider a model of branching Brownian motions in random environ-
ment associated with the Poisson random measure. We find a relation between the slow popu-
lation growth and the localization property in terms of the replica overlap. Applying this result,
we prove that, if the randomness of the environment is strong enough, this model possesses
the strong localization property, that is, particles gather together at small sets.

1. Introduction. We studied in [13] the population growth rate and the diffusivity of
the population density for branching Brownian motions in random environment associated
with the Poisson random measure. We proved there that our model possesses the phase transi-
tion in terms of the population growth rate. Our purpose in this paper is to show the existence
of the phase transition in terms of the diffusive behavior of the population density.

Smith and Wilkinson [14] introduced a model of branching processes in random en-
vironment as a generalization of the classical Galton-Watson process. This model is then
generalized to the continuous time model ([10]) and the model of branching random walks
in random environment ([2], [8] and [15]). In particular, Yoshida [15] proved that, if the ran-
domness of the environment is moderated by that of the random walk, the population growth
rate is the same as its expectation with positive probability and the population density satis-
fies the central limit theorem in terms of convergence in probability, that is, particles spread
over the whole space diffusively. These two results are then refined to hold almost surely by
Hu and Yoshida [8] and Nakashima [11], respectively. Yoshida [15] also showed that, if the
randomness of the environment is strong enough, the population growth rate is less than its
expectation almost surely. Furthermore, Hu and Yoshida [8] proved that this model possesses
the localization property, that is, particles gather together at small sets. The latter two proper-
ties contrast with those of the non-random environment model, and arise from the fluctuations
in the randomness of the environment.

Here we consider a model of branching Brownian motions in time-space random envi-
ronment associated with the Poisson random measure; the places occupied by Poisson points
are suitable for particles to live, and the branching rate of each particle is proportional to the
number of Poisson points which influence the particle. This model is introduced in [13] as
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a continuous counterpart of branching random walks in random environment, and is closely
related to Brownian directed polymers in random environment introduced by Comets and
Yoshida ([6]). We are now concerned with the diffusive behavior of the population density
for this model. To be precise, let P be the law of the branching Brownian motion in random
environment (see Section 2 below for the definition of our model). We denote by N;(A) the
number of particles on A C R? at time 7 and set N, := N, (Rd). We can then recognize N;(-)
as a configuration measure of particles at time r on R?. We associate a population density
P (dx) at time ¢ defined by

N;(d
pi(dx) = ]i, 2

t

We obtained in [13] the continuous counterparts of the results by Yoshida [15] which we
mentioned above. In this paper, we show the following localization property (Corollary 2.3):
if the randomness of the environment is strong enough, then there exists a non-random positive
constant ¢ > 0 such that

(1.1) limsupp; > ¢ P-as.

—00
Here U (x) is a closed ball centered at x € R¢ with unit volume and 5; := sup, cge 01 (U (x))
is the density at the most populated site. We should note that this kind of the localization
property is studied for many models, such as directed polymers in random environment ([3],
[4], [5] and [6]), branching random walks in random environment ([8]), linear stochastic
evolutions ([16]) and linear systems ([17]).

Our result is a continuous counterpart of that established by Hu and Yoshida [8], and we
take an approach similar to theirs. However, unlike the discrete time model, the splitting time
of each particle is randomly determined. To overcome this difficulty, we use Ito’s formula
for semimartingales and the asymptotic equivalence between the quadratic variation and the
predictable quadratic variation of a martingale. We now explain how to obtain the localization
property of our model. Let M; be the normalization of N; with respect to its expectation (see
(2.1) below for the definition of M), which is a martingale as we proved in [13]. We can then
calculate the predictable quadratic variation of M, explicitly (Proposition 3.3). Moreover, by
applying Ito’s formula to — log M, and by the asymptotic equivalence as we mentioned above
(see also (4.6) below), — log M, is comparable to the replica overlap defined by

R = f P (U () dx
Rd

which measures the degree to which pairs of particles meet together. In fact, we obtain the
following relation: if the randomness of the environment is strong enough, then there exists a
non-random positive constant ¢ such that

t
/ Ry ds > —clog M, for large ¢ .
0
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We finally get (1.1) by combining this relation with the inequality po; > R; for any t > 0 and
by the fact that the population growth rate is strictly less than its expectation almost surely as
we proved in [13] (see also Theorem 2.1 below).

2. Model and results.

2.1. Model. We begin by recalling the model of branching Brownian motions in ran-
dom environment introduced in [13]. Define Ry = [0, c0) and let n denote the Poisson
random measure on R, x R with unit intensity on a probability space (M, G, Q). Namely,
n is a non-negative integer valued random measure such that n(Ap), ..., n(A,) are mutually
independent for disjoint and bounded sets Ay, ..., A, € B(R4+ x Rd) and

k

Om(A) =k) = e_lAl% for A € B(R. x RY),
where B(R; x R?) is the family of all Borel measurable sets on R, x R? and | - | is the
Lebesgue measure on Rt Let {6:}s>0 be the time shift operator of the Poisson random
measure, that is, for n € M, 6,n = 6,n(ds, dx) = n({t} + ds, dx) identically for any s, r > 0.
The notation 6,7 is often abbreviated to 7,. We denote by {G; };>0 the family of the sub-o -field
of G defined by

G = a(n(A N (0, ] x Rd)), A € B(R; X Rd)) .

Let M = (22, F, {Ft}120, {Bt}120, { Px} cgd» {0t }1>0) be the Brownian motion on Rd,
where {6;};>0 is the time shift operator of paths, that is, for € 2, B;(6;0) = Bi45(w)
identically for any s, > 0. Note that we use the common notation {6;};>¢ as the time shift
operators of paths and of the Poisson random measure, respectively. Denote by V; the tube
around the graph {(s, Bs)}o<s<: defined by

Vi=Vi(w) ={(s,x) € Ry x RY: s e 0,1], x € U(Bs(w))} for w € $2,

where U (x) is a closed ball in R? centered at x € R? with unit volume.

Let 7 be a non-negative random variable on (£2, F, Py), independently of the Brownian
motion, of exponential distribution with the mean 1; Py(t > a) = e~ ? forany a > 0. Fix a
parameter o > 0 and set

S =S(w,n) =inf{t > 0; an(V;(w)) > 1(w)} for (w,n) € 2 x M.

Then we have
Po(SC,m) > 1) = Ex[e” "]

Here we note that, if a path @ € §2 is fixed, {n(V;(®))};>0 is a standard Poisson process on
the half line. In particular, the jump size of this process is equal to one Q-a.s. (for instance,
see [12, p. 472, Proposition 1.4]). Let {p, }ZO:O be a probability function, that is, p, > 0 for
any n > 0 and Zzio pn = 1. In what follows, we assume po + p; < 1 to avoid the case
where the numbers of particles do not increase for branching Brownian motions which are
introduced below. We define

o
m@ = anp,, for ¢ > 0.
n=0
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We also let I be an N U {0}-valued random variable on (£2, F, P,), independently of the
Brownian motion and 7, such that P, (I = n) = p,.
We now introduce the index sets. For each k in N, we define

K =10}, K!={(k)}, K}={(ky,....kn); ka,....,ky €N} forn=>2

and
oo
Ky = ]_[ K{,
n=0
where () is the empty sequence. In addition, it is useful to define
(0.¢]
K_gz K,?“ forn>0 and Kj = ]_[K_,?
n=0

Itk = (k,ky, ..., k) € K,? for some n > 1 and k,4+1 € N, then we define k - k41 =
(kykay ..oy kn, kngr) € K_,’C’ By the same way, we identify (k) € K,? with () - k.

Let {Btk}zzo and 7%, k € K, be independent copies of {B;};>0 and 7, respectively. De-
note by Vtk the tube V; associated with the Brownian motion { B}‘},Zo, and by Sk the random
variable S with 7 and V; replaced by ¥ and Vtk, respectively. In addition, we set /0 = 1 and
let I¥, k € K; \ K?, be independent copies of I, respectively.

Let us denote by KO, ..., F, ..., K, K the quantities K,?, e, K,?, oo K, K_k with
k = 1, respectively. We consider the family of random variables 7* and {B}‘} >0 indexed by
k € Kon the measurable space (£2 x M, F®QG) as follows; for each fixed (w, ) € 2 xM, let
T9(w, n) = 0 and Bt() (w,n) = BIO (w) identically for any # > 0. We then define inductively
fork -k € K,

T =T, )

TR, ) + S Ork @ Ok ) i k< T()
R if k> I%w) +1,
and
B =B} (. )
B];"k(wyn) (@. ) + B’kAk(a)) - B?'f(wyn) (@)
= for T¥(w, n) <t < T¥¥(w,n) if k < I*w)
A otherwise,

where A is a cemetery point. We use the notations B}‘ and T¥ to denote, respectively, the

position and the splitting time of the particle with index k of a branching Brownian motion.

More precisely, we can describe our branching Brownian motion as follows:

e At time 0, the Brownian particle with index 1 starts from B(()).

e The Brownian particle with index k € K\ K splits into n Brownian particles with proba-
bility p, at site B';k at time T,
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e These Brownian particles, indexed by k- 1,k - 2, ...,k - n, respectively, start from Bl;k
independently.
Here we note that particles indexed respectively by k - 1,k - 2,...,k - n at time TX can be

identified with n particles starting from B];k at time ¢ in environment 77k.

Let us introduce the notion of branching Brownian motions in random environment. We
define the probability measures { P} crd and {Py} _pe on (2 x M, F ® G), respectively,
by

P!=P, ®$5, and Px=/ QP
M

where §;) is the Dirac measure at n € M. We call (2 x M, F ® G, {{B;‘}tzo}keK, {T*)kek,
{PZ}XE gd) the branching Brownian motion in environment n with offspring distribution
(P}, and (2 x M, F ® G, {{B¥}i=0}kek. {T*}kek. {Px}  ge) the branching Brownian
motion in random environment with offspring distribution {p,}72 .

Let N;(A) be the number of particles on the set A € B(Rd) at time ¢, that is,

Ni(A) = Z I{Tk5r<Tk-k,B§"keA}'
k-keK

We denote by N, the total number of particles at time ¢, that is, N, = N,(Rd ). We also use
the notation

Ne(f) = D FB g, gk prcpay for £ € By(RY)
k-keK

where B, (R%) stands for the set of all bounded Borel measurable functions on R¢.
2.2. Results. In this subsection, we state the results in this paper. From now on, we
denote by P, P", P, etc. the quantities Py, Pl P, etc.forx =0, respectively. Let us define

2.1 M, = e N,

for
B :=log{m™ — e *m® —1)} and A =xr(B):=¢f —1.

Since M, is a positive P-martingale as we proved in [13], there exists a limit lim;_ M, =:
My, P-as. Let p;(dx) be the population density at time ¢ defined by
Ny (dx)
dx) = - .
pr(dx) N

t

As we mentioned in Introduction, we proved in [13] that, if the randomness of the environment
is dominated by that of the Brownian motion, the properties of the population growth rate and
the population density are similar to the non-random environment model. In contrast with
these properties, if the effect from the randomness of the environment is strong enough, then
the situation is different from the non-environmental case. In fact, our model possesses the
phase transition in terms of the population growth rate as follows:
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THEOREM 2.1 ([13]). Ford = lor2, P(Ms = 0) = 1 holds for any f > 0. On
the other hand, for d > 3, there exists a positive constant Bo(d) > 0 such that P(]\_loo =
0) = 1 holds for any B > Bo(d). Moreover, for any dimension d, there exists a non-negative
constant B1(d) > 0 such that, for each 8 > B1(d),

. log M,
lim sup
t—00 t

< —c(B) P-as.
holds with some non-random constant c(8) > 0. In particular, we have B1(1) = 1(2) =0
and B1(d) > 0 ford > 3.

Theorem 2.1 means that the exponential growth rate of the population size is strictly less
than its expectation almost surely. Here we are concerned with the diffusive behavior of the
population density in the situation of Theorem 2.1. To confirm this property, we define

R = f P (U()) dr.
Rd

We can then recognize R; as so-called the replica overlap by analogy with the spin glass
theory. We first prove the following relations between the slow population growth and the
localization property in terms of the replica overlap:

THEOREM 2.2. (i) Assume
2.2) po=0, mM >1 and m® < 0.
Then we have the relation
_ o0
{Ms, =0} C {/ R;dr = oo} P-as.
0
Furthermore, if P (Moo = 0) = 1 holds, then there exists a non-random positive constant

¢ > 0 such that

t
/ Ryds > —clogM; forany t > T
0

for some random positive constant T > 0.
(i) Assume

2.3) po =0 and there exists L > 2 suchthat p, =0 forany n > L+ 1.

Then we also have the relation
_ o
{My =0} = {/ R, dt = oo} P-a.s.
0

If P(My = 0) = 1, then there exist non-random positive constants c1, ¢y > 0 such that

t
—c1 log M, < / Rsds < —cplog M, forany t > T
0

for some random positive constant T > 0.
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Let p; be the density at the most populated site at time ¢ defined by
pr = sup p(U(x)).
xeR?

As we mentioned in [13], there exists a constant ¢ = c(d) € (0, 1) such that the inequality
c,6,2 < R; < p; holds for any ¢ > 0. Hence, combining Theorems 2.1 and 2.2 (i), we finally
find that the branching Brownian motion in random environment possesses the following
strong localization property.

COROLLARY 2.3 (Localization). Assume the condition (2.2). Then, for any f>p1(d),
we have

limsup p; > limsup R; > ¢/(B) P-as.
11— 11— 00

with some non-random positive constant c'(B) € (0, 1).

3. Moments. To prove Theorem 2.2, we first calculate the conditional second mo-
ment of N;. Here, we assume that m® is finite. Define

(@)

o

c=m® —mV  and nu=1—e*.
Then we have the following lemma.

LEMMA 3.1. Foranys,t >0and f, g € Bb(Rd), we have

ENNi s (INs@DIF ®Gl= Y I{Tks,dk-k}(EB;M[eﬂ”f(Vv)f(Bng(Bs)]
k-keK

+ CMEB}ok [ / eﬂ"’(v”*)EBu [@ﬂmﬂ(VS*”)f(Bs—u)]EBu [eﬂﬂt+zt(vs—u)g(Bs_u)] dn; (V“)i|>
(0,s]

+ ) l{rkgkm}EBtk-k[e5"f<V‘>f<Bs)]EB;;.,;[eﬂ”'<V*>g<Bs)] Q-as.
kkkieK |TR<i<TkE
k-k#k-k

PROOF. We prove this lemma only for f = 1 and ¢ = 1 because the proof for the
general case is done by a modification of the notation. Since we have

Nt+s = Z 1{Tk<t<Tk'k}< Z I{Tk‘k/§t+s<Tk'k,‘k,})’

k-keK K -k'eKy

it follows that

2
Niys = Z l{Tk<t<Tk"‘}< Z 1{T"""5z+s<T"'k"k'})

k-keK Kk K ek, | 74K <5 <Rk F

+ Z 1{T‘f§t<Tk‘k} Z Lipiw <y g g iy Z Lpik s rhidry -

Kk kkeR |TR<r<Tk | ey kieK;
k-k#k-k
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Hence the Markov property yields
E [Nt2+s|]:f ® Gl = Z I{Tk§t<Tk'k}E;];k-k [Nf]
k-keK [

+ Z 1 Tk<p<Tkk E]n;k-k [NV]E;ZI.(% []\_/;] .
K-k k-keK {Tkgr<T'1-/?} ' !
k-k#Kk-k

We thus complete the proof by applying [13, Lemmas 3.1 and 3.3] to this equality. a

For two independent Brownian motions ({B,l},zo, {le}xeRd) and ({B?},Zo, {sz}xeRd)
on Rd, we let Py, = le ® Py2 and abbreviate P, y to Py. By combining Lemma 3.1 with
[13, Lemma 3.4], we obtain the following lemma.

LEMMA 3.2. Foranys,t >Q0and f, g € Bb(Rd), we have

E;[Nis(INis (DI F ® G ] = Z l{Tk<t<Tk-k}(eMEB}{-k[f(Bs)g(Bs)] + cpe?
k-keK

xEBk-kl:/s e MEp, |:exp (kz /S—” |U(By nU(B?)| dU)f(leu)g(Bzu)} d”i|)
! 0 0

N
+ D Vg € E g B,;,;|:exp (AZ / \U(Bh mU(33)|du) f(Bj)g(Bf)]
Kk kkeK {Tﬁ§t<TM} C 0
k-k#k-k

In particular, we have

E. [N, |IF: ® G

B ) s )\2 2(s—u)
— Nt<e)».& _i_clueZ)\_&/ e}‘”El:exp (7/ |U(0)0U(BU)|dU)i| dl/l)
0 0

N
+ > 1{T15<I<T1f,k}e%SEB}{_kﬁB};_,;[exp()»2/0 |U(B,i)ﬂU(B,f)|du>:|.

kkkkeR |TR<i<Tk*
k-k#k-k

Let (M ): be a predictable quadratic variation of the martingale M,, that is, (M ) is a
unique predictable and locally integrable increasing process such that M,z — (M), is alocally
square integrable martingale (see [7, p. 199, 7.28 Lemma]). Let us define

M,(dx) = e *N,(dx) .

PROPOSITION 3.3. In above notation, we get the following equality.

(3.1
oo t t
(M), = {Z(n — 1)2pn}M/ e M, ds+A2/ (/dMs(U(x))zdx - e—“Ms)ds,
It 0 0 R

t>0.



LOCALIZATION FOR BRANCHING BROWNIAN MOTIONS 491

Before we prove this proposition, we should note the equality

2 —AS g . —2As . .
(3.2) /RdMS(U(x)) dx —e ™M, = e S/Rd > 1{Tk§s<Tk,k}1{TkSS<Tk_k}dx.

kkkiek Bifeum ! Upkicy ()
K-kAkk

In particular, this implies that the second term of the right hand side of (3.1) is closely related
to the correlation among particles because the magnitude of the correlation is proportional to
the degree to which pairs of particles meet together as we mentioned in [13].

PROOF OF PROPOSITION 3.3. We prove this proposition only for p» = 1 because the
proof for the general case is done by a modification of the notation. Then we have u = A. To
establish this proposition, it is enough to show the equality

(3.3)
t+s
E, [M}H — f {M“Mu + )\2<fd M, (U(x))>dx — e}‘”Mu> } du
0 R

t
= M? - / {xe“m + A2</d M, (U(x))>dx — e“Mu>}du.
0 R

From Lemma 3.2, we get

E[M? |F ® G

_ s )\2 2(s—u)
=e¢ 2MN, <e—“ + 2)\/ e_)‘“EI:exp (7 / |U(0) N U(By)| dv>i| du)
0 0

N
e Y l{Tl_{SKT;_{.k}EB;(,k’BE;[exp (AZ/O \U(B,) N U(Bf)|du>:|.

kkkkeK \Th<i<TkE
k-k#£k-k

03]

(3.4)

On the other hand, (3.2) yields the equality

t+s
E[/ {Ae’\”Mu + xz(/d M, (U(x))*>dx — e}‘”Mu) } du
t R

Fr ® Qt} =D+ JD

for
t+s _
@ = E|:/ re MMy, du | F ® gt:|
t
and
2 [T
=2 [ e /Rd E|: Z I{T"kgku<Tk"‘}I{Tﬁ_§u<TR'£} ‘ft ® gt:|dXdu-
kkkkeK ' By eU) BRE U (x)
k-k#£k-k

Since M, is a martingale, a direct calculation implies

_ t+s _
D) =M, / re Mdu=(1—e e MM, .
t
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Let us define

Uey =U@)NU(y) for x,yeR?.
Then, by the same way as that in the proof of Lemmas 3.1 and 3.2, we have

(ID) = 2xe M (IID) + e 2M (1V)

for
) u
() := > Lpkey qichy / EW[ / e
k-keK 0 0
u—v
xEBvl:exp<A2/ |Upg:1 Bz|dw)A2|UBl 2 |:|dv:|du
0 w? w u—uv?’ u—v
and
N 2 u 2
(IV) := Z 1{Tk§t<Tk,k}/ EB}(_k’B};_,;[epr f |UBUI,Bg|dv>A |UBL5’BL%|:|du.
Kk kick \rk<qrii) 70 0
k-k#k-k

By Fubini’s theorem, we have

N
=" 1{Tk<t<Tk.k}EBk.k[ / e
< A

k-keK

N u—v
xEBU|:/ exp (ﬁ/ |U g1 Bz|dw))\2|UBl 8 |dui| dv:|
v 0 we - w u—v*-u—v
N S—v
= Z I{Tk§[<Tk'k}EB}('k[/(; e_AU<EBU[eXp ()\,2/(; |UB]L,B%)|dw)} — 1) dv}

k-keK

_ s 22 [2s—v) | B
:Nt/ eAvE[exp <—/ IUo,Bu,Idw)} dv— —(1— e—/\A)Nt
0 2 Jo :

and

N
(IV) = Z l{Tk§t<Tk']f} <EB§"",B£‘"Z [ exp <)\,2\/0 |UBIE,B%| dv)i| — 1)

kkkkeR Tk<i<Tkk
k-k#£k-k
2 [° o2 x
— Z I{Tk<t<Tk'k}EB}{'k,B£{'];I:exp <)\, / |UBIE’B%|dU)i| — (Nl‘ — N[)
kkkieR \Tk<r<TkE 0

k-k#k-k
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Hence we obtain

_ _ N )\2 2(s—v)
M+ JA) =—M?> + e 2N, (e—“ + ZA/ e—“E[exp <7 / |Uo., | dw)} dv)
0 0

s
_|_e72)‘t Z I{Tk<t<Tk‘k} EBk-k Bi# |:exp <)‘2 / |UBJy35| dv>:| ’
= - t Dr 0

kkkieK \Tr<i<T*t
k-k£k-k
Combining this with (3.4), we have (3.3) and the proof is completed. a

The next lemma gives us a lower bound of the exponential growth rate of N;.
LEMMA 3.4. Assume
(3.5) po=0 and 1< mY < oo

Then we have the following inequality.
1 - 1
liminf — log N; > —log (EI:_—:D P-as.
t—o0 Np

PROOF. We prove this lemma in a similar way to that in [8, Lemma 3.1.3]. Since we
obtain

Niy1 Lkckek LTk <Th) ( 2k weke I{Tk‘k/§t+l<Tk‘k/'k/})

3

Nt Zk-kef( l{Tk§t<Tk'k}
Jensen’s inequality implies

_ _1 .
Nit1 1

( N ) == Z I{Tk§t<Tk'k} Z I{Tk-k’5t+1<Tk-k’»k’} .
N Ni k-keK

k'-k'eKy

By the Markov property and by the space uniformity of Poisson random measures, we get

-1
1 1
(5 ) o] 3]-of4]

K -k'eKy
7.00]

for Tk <t < T¥*. Thus we have

v -1
1 1 N,
N1 N, N,

-1
1
fﬁ Z I{Tk5t<Tk'k}E[< Z I{Tk'k’5z+1<Tk-k"k’}>

! kkeK K -k'eKg

7w
ZTE_—
Nt Nl

for any ¢ > 0. Inductively, we get

1 17"
E| — SEN— forany n € N.

n 1

0]
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Since E[1/N1] < 1 holds, Borel-Cantelli’s lemma implies

1 - 1
liminf —log N, > —log (E[N_:D P-as.

n—oo n 1

We complete the proof by letting n go infinity in the inequality

1 _ 1 _
—log N; > L-—logN,, forany ¢t € [n,n+1).
t n+1 n

As a consequence of Lemma 3.4, if the condition (3.5) holds, we have

1
3.6) / —df <0 P-as.
0

Ni

4. Proofs of Theorem 2.2 and Corollary 2.3. We are now in a position to prove
Theorem 2.2 and Corollary 2.3. In this section, we use the following notations: for functions
f and g defined on a set A C RY, we write f =< g on a set A if there exist two positive
constants ¢y, ¢2 > 0 such that c; g(x) < f(x) < c2g9(x) holds for any x € A. For functions f
and g defined on R, we write f ~ g ast — oo if lim;— f(¢)/g(t) = 1 holds.

PROOF OF THEOREM 2.2. We first note that M; is a purely discontinuous martingale
because M, is of finite variation on each finite time interval (see [9, p. 41, 4.14 Lemma (b)]).
Therefore, if [M ]; denotes the quadratic variation of M,, then we have

(Ml =M;+ Y (AM,)?

O<_s§t
AM;#0

for AM, = M, — M,_, t > 0. Furthermore, by Ito’s formula ([9, p. 57, Theorem 4.57])
applied to — log M;, we get

4.1 log M; = /t L am > (10 My — log M AMS)
' s 0 Ms_ ' O<s<t = . MS_ .
AM,#0

On the other hand, since Proposition 3.3 yields
t 1 _ t 00 t 1
_—dM‘z)\z/ R‘ds—{)uz— n—1)>2 }/ —ds,
/0 7z 40 R W2y =Dy | 5

o 1 _ o
— d(M); < oo<:>/ R;dt < 00
o M} 0
from (3.6). Moreover, if fooo R; dr = oo holds, then we have

WeE s€c

t 13
1 Y 2
4.2) /0 B d(M)g ~ A /0 Ryds as t — oo.
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(i)  Since there exists a constant C > 0 such that 0 < x — log(1 + x) < Cx? for any
x > 0, we obtain

- - AM, AM, AM,
— E log My —log M, — — = E = —log| 1+ —
< &My — o8 My M ) {M g( M )}

0<_S§t S= 0<_S§t S= S=
AM;#0 AM#0
AM;
cc Y @i
O<s<t MS*
AM#0
1

t
= ——d[M forany ¢t > 0,
/0 Mzi [ ]S y

that is,
t

t
_ - 1 -
“4.3) —log M, < —/ dM; —i—C/ 7d[M]S forany r > 0.
0 0o M;_

s§—

Assume fooo R, dt < oo, that is, fooo(l/l\_ltz) d(M), < oo. Since we know

© 1 B © 1 B
{/0 Wd(M),<oo}c{/o Wd[M],<oo} P-as.

from [7, p. 222, 8.30 Corollary] and

© 1 | -
{/ d(M), < oo} C { lim / —— dM; exists and is ﬁnite} P-as.
0 Mt =00 Jo M,_

from [7, p. 222, 8.32 Theorem], — log My is finite by (4.3), that is, My is strictly positive.
(ii) Assume fooo R; dt = oo, that is, (4.2) holds. Then we get
lim

t 1 _
A M‘i < W d(M)_&) =0 P-as.

by [7, p. 247,9.38 Corollary ] and by the equality

1 B
[ = [ -a).
OMS— t

On the other hand, since (2.3) 1mphes

4.4) 0< AN; <(L—-1)N,— forall t >0 P-as.,
we have
“4.5) —log M, < — / ——d[M], for any t > 0

by (4.1) and the relation x — log(1 + x) = x2 on [0, L — 1]. Furthermore, we obtain

t 1 _ tl _
4.6 ——d[M]; ~ —d(M); as t — o0
4.6) foM‘g_[LfoMzuA

N
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by [7, p. 291, 10.7] because (4.4) yields the inequality

() =] =o[(57) 7] =
E = T <oo|=E = T <oo|<(L—-1) <o
MTf NT*

for any stopping time 7. Hence we get

—log M, _ /f 1 dM/(/t 1 d(A;I)>—|—/t 1 d[M]/(/t 1 d<M>)
JoRsas —Jo w0 o w20 o w2 TR o a2
— 1

as t — 09,

by (4.2) and (4.5), which completes the proof. O

PROOF OF COROLLARY 2.3. Theorems 2.1 and 2.2 imply P(f0°° R; dt = o0) = 1 for
any B > B1(d). Therefore, in a similar way to that in Theorem 2.2 (ii), we have

o1t ) log M, ,
lim inf — Rsds > —cq limsup ; >c1-c(B)=:c(B) P-as.,
0

>0 f t—00

whence the inequality limsup,_, ., R; > ¢/(B) follows. From the inequality p; > R, for any

t > 0, we complete the proof. O
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