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Abstract. We give a new description of the data needed to specify a morphism from
a scheme to a toric Deligne-Mumford stack. The description is given in terms of a collection
of line bundles and sections which satisfy certain conditions. As applications, we character-
ize any toric Deligne-Mumford stack as a product of roots of line bundles over the rigidified
stack, describe the torus action, describe morphisms between toric Deligne-Mumford stacks
with complete coarse moduli spaces in terms of homogeneous polynomials, and compare two
different definitions of toric stacks.

1. Introduction. A map from a scheme Y to the projective space P¢ is determined
by a line bundle L on Y together with d + 1 sections which do not vanish simultaneously.
More generally, when X is a smooth toric variety a map ¥ — X is determined by a collec-
tion of line bundles and sections on Y which satisfy certain compatibility and nondegeneracy
conditions [6]. An analogous result holds in the case of a simplicial toric variety X: there is
a natural orbifold structure X on X such that a map ¥ — X is determined by a collection
of line bundles and sections on Y precisely as in the case of X smooth [7]. More recently,
toric Deligne-Mumford stacks have been defined [4]. They are smooth separated Deligne-
Mumford stacks whose coarse moduli spaces are simplicial toric varieties and such that the
automorphism group of the generic point is not necessarily trivial.

The goal of the present paper is to generalize the results in [6] and [7] in order to de-
scribe morphisms, ¥ — X where X is a toric Deligne-Mumford stack in the sense of [4]
(Theorem 2.6). As an application of this result we deduce some geometric properties of
toric Deligne-Mumford stacks. We show that, given X, the rigidification with respect to the
generic automorphism group X' — A} is isomorphic to the fibered product of roots of cer-
tain line bundles over Xjjg (Proposition 3.1). This result is used to obtain a classification of
toric Deligne-Mumford stacks in terms of the combinatorial data A (Theorem 3.3). In Section
4 we describe the torus action. In Section 5 we show how homogeneous polynomials can be
used to describe all maps ) — X between the toric Deligne-Mumford stacks ) and X whose
coarse moduli spaces are complete varieties (Theorem 5.1). Finally, we compare two different
definitions of toric stacks: the one of [4] and that of [11].

The construction presented in [4] is inspired by the quotient construction for toric vari-
eties. On the other hand, a toric variety X is a separated, normal variety containing a torus as
dense open subvariety such that the multiplication of the torus extends to an action on X. This
point of view inspired the work [8], where the definition of “smooth toric Deligne-Mumford
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stack” is given. Toric Deligne-Mumford stacks are smooth stacks and they are “smooth” in
the sense of [8]. Throughout the paper and in the appendix we will make some remarks on
the relations between the two constructions.

NOTATION. We denote by A the following set of data:
(i) afree abelian group N of rank d,

(ii) a simplicial fan A in Ng in the sense of [9], where Ng := N ®z 0O,

(iii)) anelementa, € p N N forany p € A(1), where A(1) is the set of 1-dimensional
cones of A,

(iv) asequence of R positive non zero integers ri, ..., I'r,

(v) and aninteger b;, € Z,foranyi € {I,..., R} and p € A(1).
We denote by M the dual lattice of N, M := Homgz (N, Z), and by Apax the set of maximal
cones in A with respect to the inclusion. We will use ®, to denote ®,eA(1), ®; to denote
®X |, and similarly for }° pand .

We work over the field of complex numbers C. The site given by the category of C-
schemes with the étale topology is denoted by (Sch). We write DM-stack instead of Deligne-
Mumford stack. For any scheme Y, we denote by C the trivial line bundle over it.

2. A-collections. A-collections were introduced in [6] as the data needed to specify
a morphism from a scheme to a smooth toric variety (see Example 2.3 below). The general-
ization to the case of a simplicial fan A has been studied in [7]: when R = O the content of
Theorem 2.6 below coincides with that of Theorem 16 in [7]. In this Section we investigate the
case of morphisms to a toric DM-stack (in the sense of [4]). We define A-collections and mor-
phisms between them as collections of line bundles and sections over a given scheme which
satisfy certain compatibility and nondegeneracy conditions. The main result is Theorem 2.6
where we prove that the category of A-collections C4 is a separated smooth DM-stack and, if
the 1-dimensional cones of A span N, is isomorphic to the toric DM-stack X'x, where X is
a stacky fan determined by A.

DEFINITION 2.1. LetY be ascheme. A A-collection onY is the data of
(i) aline bundle L, on Y and a section u,, € HO(Y, L,) forany p € A(1),

(ii) isomorphisms ¢, : ®pL§(m’a" )

— Cforany m e M,

(iii) a line bundle M; on Y and an isomorphism d; : ®pL§bi" ® M;X’r" — C for any
iefl,...,R},
such that the following conditions are satisfied:

(1) cm ® cpy = oy forany m,m’ € M,

(2) foranyy €Y, there exists a cone 0 € Apax such thatu,(y) #Oforall p € o.

A A-collection on Y is written (L, up, cn, M, d;)/Y.

DEFINITION 2.2. Let (L), u),, ¢, M}, d))/Y"and (Ly, up, cm, Mi, d;)/ Y be two A-

collections. A morphism from (L’ , u;), Cs M, d))/ Y to (Lp,up, e, Mi, d;)/Y is given by

a morphism f : ¥’ — Y of schemes, morphisms y, : L, — L, and §; : M] — M; of
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line bundles for any p € A(1) and any i € {1, ..., R}, such that the following conditions are
satisfied:
(i) the y,’s induce isomorphisms L, — f*L, and the same holds for the §;’s;
(i) ypoul,=uyo fforall p e A(l);
(iii) for any m € M the following diagram commutes

’
1Q(m,ap)  Cm

®pL, c
®py§9<’"»“ﬂ>l lfxidc
®,L3"w o, ¢
(iv) foranyi € {1,..., R} the following diagram commutes
®pL;)®h,-p ® Ml_/®ri i) C
&y " ®5i®’il leidc

. ) 4
®,L5" @ M® L, .
A morphism from (L’,u;),c;n,Mi’,di’)/Y’ to (Lo, up,cm, M;,d;)/Y is denoted by
(f’ Vpasi)-

Let us consider some examples.

EXAMPLE 2.3. Let A be a fan and N be a lattice which determine a smooth toric va-
riety X. Set the a,s the minimal lattice points of the rays, R = 0. In this case A is determined
by A and N, so we talk about A-collections. On X there is a canonical A-collection defined
as follows. For any p € A(1), let D, be the corresponding effective Weil divisor stable under
the torus action. Since X is smooth, it corresponds to an effective Cartier divisor, hence it
gives a line bundle L, with a section u, € H’(X, L,). For any m € M, the character x" is
a rational function on X such that div(x™) = >_ plm,ap)Dp, hence we get an isomorphism

m.,ap)

Cym : (X),)Lf?< —-C.

Then, (L,, up, cym) is a A-collection on X (Lemma 1.1 in [6]). This A-collection is called
universal because of the following result. Let
Ca : (Sch) — (Sets)

be the contravariant functor that associates to any scheme Y the set of equivalence classes
of A-collections on Y. Then X is the fine moduli space for C, and (L, uy, cym) is the
universal family [6].

EXAMPLE 2.4. Let N := Z, A := {{0}, p :== Q5¢}, ap ;= a,and R := 0. A A-
collection is given by a line bundle L on Y, a section u € H O(Y, L), and an isomorphism
¢ : L® — C. Then the category of A-collections is equivalent to the stack [Alc /kal, where
WUq 1s the group of a-th roots of the unity acting by multiplication on A é

The next example is the analog of Example 3.5 in [4].
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EXAMPLE 2.5. LetN :=Z, A = {{0},p := ng» T = QZO}, a, = —=3,a; :=2,

r=2,b,:=0andb; :=1.
A A-collection over Y is given by

(i) line bundles L, and L, over Y with sections u,, € HO(y, Ly)andu; € HO(Y, L;)
which do not vanish simultaneously,

(i) an isomorphism ¢ : (LY)®? ® L&* — C,

(iii) a line bundle M over Y and an isomorphism d : L, @ M®> — C.

Let P (3, 2) be the weighted projective line [C? — {0}/C*], where C* acts with weights
2,3. Let O(1) be the line bundle on P(3,2) associated to the character id¢+ as in [5]. We
define a functor from the category of A-collections to ,/O(1)/P (3, 2) (in Section 3 we will
review the definition of roots of line bundles).

For any A-collection (L,,L:,up,u;, M,d)/Y, we define a morphism Y —
J/O()/P(3,2) as follows: the morphism ¥ — P(3,2) is determined by the line bundle
L := Ly ®L; and the sections u,, € HO(Y, L®?) and u, € HO(Y, L®3), where we have used
¢ to identify L®? with L, and L®3 with L; the square root of O(1) is (M ® (Ly ® Ly),d).
The correspondence between arrows is defined in an analogous way. Then the resulting func-
tor is an equivalence of categories.

The main result of the present paper (Theorem 2.6) states that, in general, there is a
correspondence between combinatorial data A and toric DM-stacks. Let C4 be the category
whose objects are A-collections and morphisms are morphisms between A-collections. The
functor

p:Ca — (Sch)

which sends the A-collection (L, u,, ¢y, M;, d;)/Y to Y and the morphism (f, y,, §;) to f
makes C4 a category fibered in groupoids (a CFG) over the site (Sch).

THEOREM 2.6. The category fibered in groupoids p : Co — (Sch) is a separated
smooth Deligne-Mumford stack whose coarse moduli space is the toric variety associated to
the fan A and the lattice N.

Moreover, if the 1-dimensional cones of A span N g, set

Ti=(Nok,Z/ri, A ((ap, brp, ..., BrD)}p) s

where E denotes the class of by, in Z/ri. Then Cp is isomorphic to the toric Deligne-
Mumford stack Xx associated to the stacky fan X as defined in [4].

We notice that one can define A-collections over a stack formally in the same way as for
schemes. Moreover, on C4 there is a tautological A-collection:

(’Spa upa Cma mla Dl)/CA N
As a result the theory of descent gives the following

COROLLARY 2.7. LetY be a DM-stack. Then the category of morphisms ) — C4 is
equivalent to the category of A-collections over ).
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Before to proceed with the proof of the theorem, let me remark that the stacks C4 defined
in this paper are exactly the “smooth toric DM stacks” introduced in [8] (see the appendix,
Theorem 7.2).

We collect below some general results we need in order to prove the above Theorem.

NOTATION 2.8. Following the notations used in [3], for any quasi-affine group scheme
G, we denote by
pG : BG — (Sch)
the structure morphism of the stack BG, and by
g : SpecC — BG
the covering. We denote by
bg : preBG — BG
the stackification morphism from the pre-stack pre BG to BG. For any morphism¢ : G — H
of group schemes, we denote by
preBy : pre BG — preBH
the induced morphism of pre-stacks.
We quote a remark from [3].

REMARK 2.9. Let¢ : G — H be a morphism of quasi-affine group schemes. Let
P — Y be a principal G-bundle. Consider the right G-actionon P x H:
(1) @ h)-g=-g.plg™)-h).
The theory of descent guarantees that there exists a quotient scheme for the previous action,
(P x H)/G, together with a morphism (P x H)/G — Y inducing a principal H-bundle
structure. The scheme (P x H)/G will be denoted either as P x, H orby P x H. Notice
that P x, H is not unique and due to this ambiguity the correspondence P +— P x, H
defines a functor B¢ : BG — BH up to unique canonical 2-isomorphism. In the following
this ambiguity will be understood.

An analogous notation will be used to denote the quotients P x ¢ X in the case where X
is a quasi-affine scheme with a right G-action.

We now recall two well known results in order to be self-contained as much as possible.
For complex algebraic varieties the reference is [16]. For a more general context we refer to
[10, Ch. III, Proposition 3.2.1.]

LEMMA 2.10. Let
1565 S ko1

be a short exact sequence of quasi-affine group schemes. Then
2) (B, pG) : BG — BH py Xz, SpecC

is an isomorphism of stacks.
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LEMMA 2.11. Let G be a quasi-affine group scheme and let X be a quasi-affine
scheme with a right G-action. For any principal G-bundle w : P — Y, there is a bijec-
tion

3) {sections of P xg X — Y} <> {G-equivariant morphismst : P — X}

which is functorial with respect to base change.

PROOF (of Theorem 2.6). We proceed as follows: we first prove that if {p € A(1)}
spans N g then C, is isomorphic to X's as CFG, where X’y is the stack defined in the statement
of the Theorem, now the result follows from the fact that X’y is a separated smooth DM-stack
[4]; we proceed afterwards to prove the statement in general.

Identify the lattice N with 79 and enumerate the 1-dimensional cones of A as Pls -y Pn-
Then the a, € N correspond to (aix, ..., aqx) € 7 k € {1,...,n}. Let us define the
matrices

all .« .. aln 0 .« .. 0
adi Adn 0 0
B == 3 - k]
b1y bin Q r 0
bri -+ bgn 0 - rg

where B € Mat((d + R) xn, Z), Q € Mat((d + R) x R, Z). We consider the exact sequence

0 — (z4+Ryr LEL 274Ky s coker((BOI) — 0,

where [BQ] € Mat((d + R) x (n + R), Z), and we apply the functor Homz(_, C*), we get
an exact sequence of affine group schemes:

(4) 1> G5 " x )R L (€9 x (R > 1
where
(5) 1//()"1"-'7)\'71’ Mla"'a,u/R)
= QA p e e bR bR by

The matrix Q defines a morphism Z® — Z"+R which is a projective resolution of
N &; Z/r;, and B defines a lifting Z" — Z4HR of the morphism Z" — N @; Z/ri, e; —
(ap, m, R Wm), where ¢; is the i-th element of the standard basis of Z". Following [4]
we associate to this data a toric DM-stack Xx :=[Z/G].

We now define a functor of CFGs over (Sch)

(6) F:Xs— Cy.
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Consider an object of X'z (Y),

Set
Li == Bo(P) X crynx )k C,
the associate line bundle with respect to the action
C x ((CH" x (CH®) - C
-y ooy Ay 1y ooy WR) > 20 Ak,
where ¢ is defined in (4), and k € {1, ..., n}. In the same way, forany i € {1, ..., R}, set
M; := Bo(P) X c*yxc*)k C,
be the line bundle associated to the action
C x (CH" x (CH®) > €
Z Ay ooy Ay Ly ooy MR) > 2+ i

We now define the sections of Ly, ..., L,. Recall that G acts on C" by means of the
(C*)"-component of ¢. Then the composition of ¢ : P — Z with the inclusion Z — C”"
gives an equivariant morphism 7 : P — C". By Lemma 2.11 we get a section u of the vector
bundle

(N PxgC'=Li & - ®Ly,

then uy is the k-th component of u with respect to the decomposition (7). Condition (2) of
Definition 2.1 follows from the fact that #(P) C Z and from the definition of Z as in [4].

We next define the isomorphisms ¢, required in the definition of A-collection. By ap-
plying the functor (B¢, pg) defined in Lemma 2.10, we get

3) (By, p6)(P) = (Bo(P), o, Y x ((CH)Y x (C*)R))
where « : By (Bo(P)) — Y x ((C*)? x (C*)®) is an isomorphism of principal ((C*)? x
(C*)®)-bundles. Consider now the diagonal action of ((C*)? x (C*)®) on C¢*+ R with weights
1. Then from (5) it follows that the associated vector bundle

BY (Bo(P)) X oyt (cryr CTR
is canonically isomorphic to
©) DL (@ L ™) @ (MO &l L),
The isomorphism « in (8) gives an isomorphism between (9) and the trivial vector bundle,
then we get isomorphisms Cetsvvns ety dyi,...,dg, where e}, ..., e} is the dual basis of the

standard basis ey, ..., eg of Z¢. The c,,’s are now uniquely determined by condition (1) of
Definition 2.1.
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We have defined F on objects. The definition on morphisms and the verification of
the fact that it is a functor is straightforward. Moreover, F is an equivalence of categories.
This follows from Lemmas 2.10 and 2.11, and from the equivalence between the category
of principal C*-bundles and the one of line bundles. The result now follows since Xx is a
separated smooth DM-stack whose coarse moduli space is the toric variety associated to the
fan A and the lattice N (Proposition 3.2 and Proposition 3.7 of [4]).

We next consider the case where {p € A(1)} does not span Ng. We follow the ideas
used in the proof of Theorem 1.1 in [6]. Set

N’ :=Span({p € A(D}) NN .
The fan A can be regarded as a fan in N/, then set
A" ={N', A {ap}, r1,...,rr, {bip}}.

From the first part of the proof we have that C 4/ is a separated smooth DM-stack.
N/N’ is torsion free, so we can find a subgroup N” of N such that N = N’ @ N”. The
projection N — N’ determines an inclusion ¢ : M’ — M such that M = «(M') & N'*.
Letnow (L, up, ¢, M;, d;)/Y bea A-collection. Forany m € N’l, we have (m, a,) =
0 for all p. Thus ¢, can be identified with an element in H 0(Y , (9*{,). Under this identification,
the application N’ L > H Oy, O%), m +> ¢y, is a group homomorphism, thus induces a
morphism of schemes ¥ — Spec(C[N’ J‘]). In this way we get a morphism

(10) Ca — Spec(C[N'*)).
On the other hand there is a morphism
(11) Ca— Cy

which associates (L, up, ¢, Mi, di)/Y to (Ly, up, {cm |m € t(M"}, M;,d;)/Y. Then the
morphism C4 — Cy4 % Spec(C[N’L]) whose components are (10) and (11) is an isomor-
phism. The result now follows since C 4 x Spec(C[N’ J‘]) is a smooth separated DM-stack
and its coarse moduli space is the toric variety associated to A and N. O

3. Classification of toric DM-stacks. In this Section we show that the stack C4 can
be viewed as a gerbe banded by a finite abelian group. Then we study the problem of whether
two combinatorial data A and A" define isomorphic banded gerbes. We give an answer in
combinatorial terms.

Let A be a combinatorial data as in the Introduction, set

Ajig :={N, A, aylp € A(1)}.

Consider the line bundles Uy, ..., T on C Asig defined as follows: for any Ajg-collection
(Lp,up,cm)/Y, set

Bi(¥) = ®,L5""  ie{l,... R};

for any morphism (f, y,) : (L’,u;),c;”)/Y’ — (Lp,up,cm)/Y, set

®b;
Ui (f,vp) = ®pVp 7.



ON TORIC DELIGNE-MUMFORD STACKS 449

Let us denote by W the gerbe of r;-th roots of ;, fori € {1,..., R}. Just to fix
notation we recall its definition here and refer to [10, Ch. IV (2.5.8.1)] and [2] for the general
definition and for more details. For a scheme Y over C Agig» AN object of YTi(Y)is a pair
(M, d), where M is a line bundle on Y and d : M®"i @ U;(Y) — C is an isomorphism. If
(M’,d") is an object over Y/ — CA,,> then a morphism (M',d") — (M, d) over (f.,y,) is
given by a morphism of line bundles § : M’ — M such that the following diagram is cartesian

M s m

Lo

Y”—f>Y

andd 0 8% ®, y2"" = d'.
Consider now the morphism of stacks

(12) R :Ca— Ca

rig
which associates to the A-collection (L, up, ¢, M;, d;)/Y the Ayig-collection (L, up, cin)/
Y, and to (f, yp, &;) the arrow (f, ¥,). Then we have the following.1

PROPOSITION 3.1. The morphism (12) is a gerbe banded by xleuri isomorphic to
(13) VU, XCay, X0 XCa ¥k .

PROOF. Itis straightforward to verify that R is a gerbe. Letnow (L, up, cin, M;, d;)/Y
be a A-collection. The set of its automorphisms over the identity of (L, u,, ¢;y)/Y is

rig

{(81,...,8r) € H(Y, 05)% |87 =1 forany i e {1,...,R}},

then the canonical inclusions p,, C C*, fori € {1, ..., R}, give the i, X - -+ X (,,-banding.
Isomorphism classes of gerbes banded by w,, % -+ x u,, are in 1-to-1 correspondence
with the second cohomology group H 2(CArig, X,-Rzlliri) [10]. There is an isomorphism

(14) H?(Cayr X1 tr) = X[ H? (Cagy 1)

whose inverse associates the classes of the gerbes Gy, . .., Gg to the class of the fibered prod-
uct G XCazy *" " XCap, Gr. The explicit description of (14) (as given for example in [10] IV
Proposition 2.3.18) shows that the image of the class of R is the class of (13). This complete
the proof. O

REMARK 3.2. We can also see R as the rigidification of C4 with respect to the con-
stant sheaf x iR=1 tr; [1] (this accounts for the subscript rig in the label Ay;g).

THEOREM 3.3. For any toric DM-stack X, there exists a combinatorial data A =
{N, A, ap,ri, biy} which satisfies the condition

(15) rilral - |rg

I¥or a different proof of Proposition 3.1, see [13] and [8].
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such that X = C4 (here ri | ri+1 denotes that r; divides riy1).
Furthermore, if A" = {N, A, ap, rl.’ , blf p} is another combinatorial data which satisfies
(15), then Co = C 4/ as banded gerbes if and only if

R=R, r= rl-/ forall i,
and the class

[Z(b,»p - b,@,)e;';} ez /M
P

is divisible by r;, for any i € {1,..., R}. Here M is embedded in (Z*V)* by the dual of the
morphism Z21) — N, ey = ap.

PROOF. Given X, the existence of A satisfying (15) follows from Theorem 2.6, Propo-
sition 3.1, and the classification of finite abelian groups. The condition (15) determines the
isomorphism class of the generic automorphism group of C4. Hence C4 = C,/ implies that
R = R" and r; = r] for all i. The same argument in the proof of Proposition 3.1 shows that
Ca = Cy as x;uy,-gerbes if and only if /B; = /] as w,,-gerbe forany i € {1,..., R}.
This is equivalent to the fact that U; ® U’ “lisa ri-th power of some element in Pic(C Ag)-
Now the result follows from the fact that Pic(C Arig) has the following presentation [5], [7]:

0—> M — (Z*V)* - Pic(Ca,,) — 0,

where the morphism M — (ZA(D)* is the dual of Z2() — N, e, > ap. O

REMARK 3.4. Notice that the first part of Theorem 3.3 holds in the more general sit-
uation where X is a “smooth toric DM stack” in the sense of [8] (see the Appendix).

4. The torus action. Any toric variety X contains an algebraic torus 7" as open dense
subvariety such that the action of 7 on itself by multiplication extends to an action on X. In
this Section we show that an analogous property holds for a toric DM-stack once replacing
T with a Picard stack T. Picard stacks (originally called champs de Picard) were defined in
Exposé XVIII [17]; we refer to this paper for the definition and further properties. We will
denote by T the torus Spec(C[M]), then any morphism ¢g : ¥ — T is identified with the
corresponding group homomorphism M — HO(Y, OF)sm = g = g*(x™).

Let us consider

T:= JCxr---xrC,

and introduce the map
(16) m:7T X (Sch) T > T
defined on objects by

m((g, Ni,e))/Y, (¢’ N}, e))/Y):=(g-¢ . Ni® N/, e; ®¢})/Y ,
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and on arrows by m(g;, 8; ) =& ® sl’.. The associativity is expressed in terms of a natural
transformation

o:mo(mxidy) = mo (idy x m),
and the commutativity with a natural transformation
T:m=>moC(C,

where C is the functor that exchanges the factors. Here we choose the standard natural trans-
formations o and t. Then (7, m, o, 7) is a Picard stack. Let us denote with e the neutral
element of 7, which is unique up to unique isomorphism.

The action of a group on a stack has been defined in [15]. The extension to the case of a
group stack is straightforward, the only difference here is that the action must be compatible
with the associativity of 7° which is expressed in terms of 0. We follow the approach of [15],
for a different one we refer to [8].

The Picard stack 7 acts on C4. The action is given by the functor

a:Ca xXschy T — Ca
which is defined on objects as
a((Lp,up, cms Mi, di), (gm, Ni, €)Y := (Lp,up, Cm * g, Mi @ Ni, d; @ €;)] Y,
and on arrows as

a((f, ¥p,8i), &) = ([, ¥p.0i Q&) ,

and natural transformations « : ao (ide, xm) = ao(a xidy)and B :id¢, = ao(id¢, x e)
such that the following diagrams are 2-commutative (we put in each square (resp. triangle)
the appropriate natural transformation):

ide xid7 xm
CxTxTxT CxTxT
ide xmxid . idexm
axidr
. . idexm
axidy xid7 CxTxT CxT
axidr J
ide xm
CxTxT CxT a

CxT 2 C
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¢ idc xe
ide xexe
idgxm

CxT xT——CxT

id¢ xe
axidz a

a

CxT C

where C denotes C4. There is a standard choice for & and B which satisfy these conditions,
we adopt this one.

PROPOSITION 4.1. There is a morphism
T — Cy

whose image is open and dense with respect to the small étale site. The restriction of a to T
with respect to the above morphism is isomorphic to m.

PROOF. Let Y — 7 be a morphism given by g : ¥ — T, N; and ¢; : N;g’r" —
C,fori € {l,...,R}. Set L, := C and u, := 1 forall p, ¢y := gu, m € M. Then
(Lp,up,cm, Nj,e;) is a A-collection. This defines the morphism on objects, on arrows it
sends (f, €;) to (f,1d, &;).

The morphism is open with respect to the small étale site. Indeed, let 7w : U — C4 be an
étale cover. It corresponds to a A-family (L, u,, ¢;u, M;,d;)/U. Set U :={xe Uluy(x) #
0 for all p}. The restriction of (L,, u,, ¢y, M;, d;)/U to U’ gives a morphism U’ — 7 such
that the following diagram is 2-Cartesian

U — U

Lo

T—)CA.

The compatibility between a and m follows directly from the definition. This completes
the proof. O

We proceed by observing that using the definition of [4] it is possible to give another
description of the torus action. Indeed let ¢ : G — (C*)" be the composition of ¢ in (4) with
the projection to (C*)". Recall that Xs = [Z/G], where the G-action is induced by ¢. Let us
consider the Picard stack G := [(C*)"/G] (see 1.4.11 of Exposé XVIILin [17]). Let GP™ and
Xgre be the pre-stacks associated to the groupoids ((C*)" x G = (C*)") and (Z x G = Z)
respectively. GP™ acts on X'%* in the obvious way and the stackification of this action gives
an action of G on X's;. We denote by ay this action.

We want to compare the torus actions previously defined on Xz, and on C4. Note that
the restriction of (6) to G gives an isomorphism

(17) Fg:G—T.
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Moreover there is a natural transformation
(18) v:iao(F x Fig) = Foay

defined as follows. Consider the diagram

AP x GP® —— Cpu xT

(19) axprel la

AP s Cy

where each row is the composition of (F x F|g) (F resp.) with the corresponding stackification
morphism. There is a canonical natural transformation vP™ which makes (19) 2-commutative.
Then we define v in (18) to be the unique natural transformation induced by vP™. Finally we
have the following.

PROPOSITION 4.2. The isomorphism (6) together with v is Fg-equivariant.

PrROOF. Following [15], we have to prove that the diagrams below are 2-commutative
with respect to the natural transformations previously defined:

idy xm

XxGxG X xG

FxFxF Y
a
ide xm

axidg CxTxT CxT

axidy l
X
& \
. c

CxT

X xg

a

g X

ﬁ/&

X

CxT —2—¢
idy

/ ide

X ide xe
\
C
With abuse of notation, we have denoted with the same m the two multiplications of the Picard

stacks and with the same a the two actions, C denotes C4. Notice that it is enough to prove
the 2-commutativity of the above diagrams with X and G being replaced by AP and GP™®

idy xe
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respectively. A direct computation shows that with these replacements the above diagrams
are indeed 1-commutative, hence the result follows. O

5. Morphisms between toric stacks. In this Section we give a description of mor-
phisms between toric DM-stacks parallel to the one given in Theorem 3.2 of [6] in the context
of toric varieties. We need some introductory notations. Let ) := C 4/ be the toric DM-stack
defined by A" := {N', A/, a,} (notice that here we set R" = 0). We assume that the coarse
moduli space Y of ) is a complete variety. Let X := C4 be a toric DM-stack such that the
1-dimensional rays generate Ng. Let us fix the presentations ) = [Z'/G'Tand X = [Z/G]
as in [4].

The Picard group of Y is isomorphic to the group of characters of G’ [5], [7]. The
isomorphism associates to the character x the isomorphism class [L(x)] € Pic(}) of the
trivial line bundle on Z’ with the G'-linearization given by x. We use this isomorphism to
identify the two groups.

Considered ), we recall that there are distinguished elements [£,] € Pic(}))), for any
pe A). Letd : G — (€A D be the (C*)4'(D-component of ¢’ in (4), the components
(@), of ¢’ are characters of G, then the [£,]’s are the corresponding isomorphism classes of
line bundles.

The homogeneous coordinate ring of ) is defined in [7], it is the polynomial ring §Y =
C[z,] in the variables z,,, where p € A’(1). It is endowed with a Pic())-grading: the mono-

mial ]_[p zif has degree ]_[p[ﬁp]lﬂ € Pic()). For any x € Pic(}), let us denote by S;’ the
subset of §Y consisting of homogeneous polynomials of degree x. There is an isomorphism
of complex vector spaces [7]

H'OY. LOO) =87
which we use to identify them. With these notations we can now state the following

THEOREM 5.1. Let P, € $Y be homogeneous polynomials indexed by p € A(1), and
let x; € Pic(Y) fori € {1, ..., R} such that

(@) If P, € S)i), then Zp Xp ® a, = 0inPic()) ®z N, and l_[p Xgi" . X,'ri =1lin
Pic(Y) for anyi,

(b) (P,(2)) € Z wheneverz € Z'.
Let f(z) = (Py(2)) € C2D). Then there is a morphism [ : Y — X such that the diagram

Z”—f>Z

Lo

vy -Lox
is 2-commutative, where the vertical arrows are the quotient maps. Furthermore:
(i) Let x; € Pic()) fixed fori € {1,..., R}. Then two sets of polynomials {P,}
and {P;j} determine 2-isomorphic morphisms if and only if there exists g € G such that
P;j = @,(9) Py for any p € A(1), where @, is the p-th component of ¢ defined in (4).
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(i) All morphisms f : Y — X arise in this way up to 2-isomorphisms.

PROOF. Let us choose a representative L(x) of the class x € Pic()) for any x. Note
that there are canonical isomorphisms L(x1) ® L(x2) = L(x1 - x2)-

Let (P, | p € A(}and {x; |i € {1,..., R}} satisfying (a) and (b). Then [, X})’”’“ﬂ) =
1, for any m € M. As a consequence there are canonical isomorphisms

et ®p L) > €. meM,

and
d @, L(xp) %% @ L(x)®" — C, ie{l,...,R}.
It follows that (L(x,), Py, ¢, L(xi), d;*")/Y is a A-collection, therefore it corresponds to
amorphism f : )Y — X. The commutativity of the diagram follows easily.
Let now {P,} and {P/’)} be two sets of polynomials defining 2-isomorphic morphisms.

Then there are isomorphisms

Vp i L(xp) = L(xp) and & : L(xi) = L(Xi),
such that

yo(P) =P, @y " =id, @,y @82 =id
forany p, m and i. The y,’s and §;’s are multiplications by non-zero complex numbers which
we denote by the same symbols. The previous conditions means that ((y,),, (8;);) € ker(y),
where v/ is defined in (4). So there exists g € G such that ¢ (g) = ((¥)p, (8:)i)-

To conclude the proof, let f : Y — X be a morphism, and let (L,, u,, cm, M;, d;)/Y
be the corresponding A-collection (Corollary 2.7). Then there is a morphism

(Lo tps my Miy di) = (L(Xp)s Pps Gms L(xi), di)
for some x,, x; € Pic(Y). Clearly the P,’s, x,’s and x;’s satisfy conditions (a) and (b).
Let us now consider the automorphisms (cfna“)_1 o ¢ and (dican)_l od; of (X)pE()(p)@(””‘/’>
and ®p£(xp)b"ﬂ ® L(xi)"" respectively. They correspond to an element (((c,ﬁf‘“)’1 ° Cn)m >
(@™~ o dy);) € (€M x (C*HR. Let now ((¥p)p, (8:)i) € (C*)" x (C*)R such that
Y ((Vp)ps 8)i) = (€@~ 0 &), (d*™ 1 0 d;);). Then (5) implies that
(Vp» 8) 2 (LXp)s P Ems L), di) = (L(xp), Pps e, L(xi), df™

is a morphism of A-collections. From Corollary 2.7 it follows that the morphism associated
t0 (L(xp), Pp, c5™, L(x;), dF*™) is 2-isomorphic to f. O

m

6. Relations with logarithmic geometry. In [11] toric stacks have been defined in a
different way than in [4], in this Section we briefly compare the two approaches. We work
over the field of complex numbers C, keeping in mind that the construction of [11] works
over a general field. Over a general field toric stacks in the sense of [11] are Artin stacks of
finite type with finite diagonal.

Let A = {N, A, a,} be a combinatorial data as in the Introduction, note that here we
assume R = 0. In [11], for any scheme Y, the author considers triples (m : S — Oy, « :
M — Oy,n:8 — M), where
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(1) S is an étale sheaf of submonoids of the constant sheaf M on Y such that for any
point y € Y the Zariski stalk S, is isomorphic to the étale stalk Sy,
(2) 7 :S — Oy is a morphism of monoids, where Oy is a monoid with respect to the
multiplication,
(3) foranys € S, m(s) is invertible if and only if s is invertible,
(4) for any point y € Y, there exists some o € A such that S5 =¥ N M,
(5) o : M — Oy is a fine logarithmic structure on Y in the sense of [14],
(6) n:S — M is a homomorphism of sheaves of monoids such that 7 = « o 1, and
for each generic point y, i : (S§/0%); — (M/O})5 is isomorphic to the A-free
resolution at y.
The notions of minimal free resolution and of A-free resolution are the most important notions
in the definition of [11], we refer to [11] for more details.
One can define morphisms between two such triples. Let £4 be the resulting category.
The functor

(20) L4 — (Sch)

which forget thedataw : S - Oy, o : M — Oy andn : S — M is a CFG. Then, Theorem
2.7 in [11] states that (20) is a smooth DM-stack of finite type and separated, with coarse
moduli space the toric variety associated to N and A.

Let X be the stacky fan in the sense of [4] associated to A, and let X'z be the toric
stack as defined in [4]. The Proposition below follows from our Theorem 2.6 together with
Theorem 1.4 in [12].

PROPOSITION 6.1. Under the previous hypothesis, there is an isomorphism of stacks

LA Xs.

7. Appendix. This appendix is aimed to give a correspondence between the stacks
C4 defined in this paper and the “smooth toric DM stacks” defined in [8]. Let us recall from
[8] the following

DEFINITION 7.1. A “smooth toric DM stack™ is a smooth separated DM-stack X" to-
gether with an open immersion of a Deligne-Mumford torus 7 — X* with dense image such
that the action of 7 on itself extends to an action on X.

We have the following result that can be seen as a generalization of the functor of a
smooth toric variety [6].

THEOREM 7.2. For any combinatorial data A, C 4 is a “smooth toric DM stack”. Con-
versely, for any “smooth toric DM stack” X there exists a combinatorial data A and an iso-
morphism X = C4.

PROOF. (4 is a smooth and separated DM-stack (Theorem 2.6), moreover there is an
open immersion of a Picard stack 7 — C4 with dense image and such that the multiplication
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of 7 extends to an action on C4 (Proposition 4.1). As our 7 is in fact a Deligne-Mumford
torus, the first part of the theorem follows.

We divide the proof of the second part in three steps.

Step 1. Let X be the coarse moduli space of X. Since X is a simplicial toric variety,
it is determined by a free abelian group N and a fan A C Ng. Moreover, X has quotient
singularities by finite groups, hence it is the coarse moduli space of a “canonical” smooth DM-
stack which we denote with X" (we refer to [8], Def. 4.4, for the definition of “canonical”
stack). Let now Cyy, A,» o) be the stack associated to the combinatorial data {N, A, n,}, where
n, is the generator of the semigroup p N N for any p € A(1). We have that Ciy A n,} = X"
Indeed, C{N,A,,,p} = Xy x (C*)k, where X'y is a toric DM-stack associated to {N, A, n,}
and k is a natural number (Theorem 2.6); moreover Xs x (C*)F is a “canonical” stack over
X (this can be seen using an orbifold atlas for X’s; as given for example by Prop. 4.3 in [4]).
The universal property of “canonical” stacks implies that X““* = Cy A n,)-

Step 2. Let now i, be the rigidification of A" by the generic stabilizer. Then, &g is a
toric orbifold obtained from X" by roots of effective Cartier divisors ([8], Thm. 5.2). More
precisely, let p1, ..., p, be the 1-dimensional cones of A, and let D,,, ..., D,, C X" be
the corresponding torus invariant divisors. There are natural numbers o, ..., @, such that

~ o o
Xiig = YDy JX X xean - x e YDy X,

where +/D/X denotes the a-th root of the effective Cartier divisor D in the smooth algebraic
stack X'. Seta, := a, -n, € N, forany p € A(1). Then, under the identification of X"
with C(y, An o) WE obtain an isomorphism

Xiig = C(N.Aa,) -

Step 3. X is a gerbe over Xjj, isomorphic to

:l/ L1/ Xig XX =77 X Xig r\R/ Lr/Xig »

for some line bundles L, ..., Lg over Ay and for some natural numbers rq, ..., rg ([8],
Cor. 6.27). The Picard group of Aji, is generated by the classes of line bundles Oy, (D))

2
associated to the torus invariant divisors D, C A for p € A(1). Hence, for any i €

{1,..., R}, there are integers b;,, p € A(1), with £; = (’)(Zp biyD,). It follows that
X =Cxp
with A ={N, A, a,, bip,r1, ..., IR} d
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