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Abstract. We give a new description of the data needed to specify a morphism from
a scheme to a toric Deligne-Mumford stack. The description is given in terms of a collection
of line bundles and sections which satisfy certain conditions. As applications, we character-
ize any toric Deligne-Mumford stack as a product of roots of line bundles over the rigidified
stack, describe the torus action, describe morphisms between toric Deligne-Mumford stacks
with complete coarse moduli spaces in terms of homogeneous polynomials, and compare two
different definitions of toric stacks.

1. Introduction. A map from a scheme Y to the projective space P d is determined
by a line bundle L on Y together with d + 1 sections which do not vanish simultaneously.
More generally, when X is a smooth toric variety a map Y → X is determined by a collec-
tion of line bundles and sections on Y which satisfy certain compatibility and nondegeneracy
conditions [6]. An analogous result holds in the case of a simplicial toric variety X: there is
a natural orbifold structure X on X such that a map Y → X is determined by a collection
of line bundles and sections on Y precisely as in the case of X smooth [7]. More recently,
toric Deligne-Mumford stacks have been defined [4]. They are smooth separated Deligne-
Mumford stacks whose coarse moduli spaces are simplicial toric varieties and such that the
automorphism group of the generic point is not necessarily trivial.

The goal of the present paper is to generalize the results in [6] and [7] in order to de-
scribe morphisms, Y → X where X is a toric Deligne-Mumford stack in the sense of [4]
(Theorem 2.6). As an application of this result we deduce some geometric properties of
toric Deligne-Mumford stacks. We show that, given X , the rigidification with respect to the
generic automorphism group X → Xrig is isomorphic to the fibered product of roots of cer-
tain line bundles over Xrig (Proposition 3.1). This result is used to obtain a classification of
toric Deligne-Mumford stacks in terms of the combinatorial data ∆ (Theorem 3.3). In Section
4 we describe the torus action. In Section 5 we show how homogeneous polynomials can be
used to describe all maps Y → X between the toric Deligne-Mumford stacks Y and X whose
coarse moduli spaces are complete varieties (Theorem 5.1). Finally, we compare two different
definitions of toric stacks: the one of [4] and that of [11].

The construction presented in [4] is inspired by the quotient construction for toric vari-
eties. On the other hand, a toric variety X is a separated, normal variety containing a torus as
dense open subvariety such that the multiplication of the torus extends to an action onX. This
point of view inspired the work [8], where the definition of “smooth toric Deligne-Mumford
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stack” is given. Toric Deligne-Mumford stacks are smooth stacks and they are “smooth” in
the sense of [8]. Throughout the paper and in the appendix we will make some remarks on
the relations between the two constructions.

NOTATION. We denote by ∆ the following set of data:
(i) a free abelian group N of rank d ,

(ii) a simplicial fan ∆ in NQ in the sense of [9], where NQ := N ⊗Z Q,
(iii) an element aρ ∈ ρ ∩ N for any ρ ∈ ∆(1), where ∆(1) is the set of 1-dimensional

cones of ∆,
(iv) a sequence of R positive non zero integers r1, . . . , rR ,
(v) and an integer biρ ∈ Z, for any i ∈ {1, . . . , R} and ρ ∈ ∆(1).

We denote by M the dual lattice of N , M := HomZ(N,Z), and by ∆max the set of maximal
cones in ∆ with respect to the inclusion. We will use ⊗ρ to denote ⊗ρ∈∆(1), ⊗i to denote
⊗R
i=1, and similarly for

∑
ρ and

∑
i .

We work over the field of complex numbers C. The site given by the category of C-
schemes with the étale topology is denoted by (Sch). We write DM-stack instead of Deligne-
Mumford stack. For any scheme Y , we denote by C the trivial line bundle over it.

2. ∆-collections. ∆-collections were introduced in [6] as the data needed to specify
a morphism from a scheme to a smooth toric variety (see Example 2.3 below). The general-
ization to the case of a simplicial fan ∆ has been studied in [7]: when R = 0 the content of
Theorem 2.6 below coincides with that of Theorem 16 in [7]. In this Section we investigate the
case of morphisms to a toric DM-stack (in the sense of [4]). We define ∆-collections and mor-
phisms between them as collections of line bundles and sections over a given scheme which
satisfy certain compatibility and nondegeneracy conditions. The main result is Theorem 2.6
where we prove that the category of ∆-collections C∆ is a separated smooth DM-stack and, if
the 1-dimensional cones of ∆ span NQ, is isomorphic to the toric DM-stack XΣ , where Σ is
a stacky fan determined by ∆.

DEFINITION 2.1. Let Y be a scheme. A ∆-collection on Y is the data of
(i) a line bundle Lρ on Y and a section uρ ∈ H 0(Y,Lρ) for any ρ ∈ ∆(1),

(ii) isomorphisms cm : ⊗ρL
⊗〈m,aρ 〉
ρ → C for any m ∈ M ,

(iii) a line bundle Mi on Y and an isomorphism di : ⊗ρL
⊗biρ
ρ ⊗ M

⊗ri
i → C for any

i ∈ {1, . . . , R},
such that the following conditions are satisfied:

(1) cm ⊗ cm′ = cm+m′ for any m,m′ ∈ M ,
(2) for any y ∈ Y , there exists a cone σ ∈ ∆max such that uρ(y) �= 0 for all ρ �∈ σ .
A ∆-collection on Y is written (Lρ, uρ, cm,Mi, di)/Y .

DEFINITION 2.2. Let (L′
ρ, u

′
ρ, c

′
m,M

′
i , d

′
i )/Y

′ and (Lρ, uρ, cm,Mi, di)/Y be two ∆-
collections. A morphism from (L′

ρ, u
′
ρ, c

′
m,M

′
i , d

′
i )/Y

′ to (Lρ, uρ, cm,Mi, di)/Y is given by
a morphism f : Y ′ → Y of schemes, morphisms γρ : L′

ρ → Lρ and δi : M ′
i → Mi of
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line bundles for any ρ ∈ ∆(1) and any i ∈ {1, . . . , R}, such that the following conditions are
satisfied:

(i) the γρ’s induce isomorphisms L′
ρ → f ∗Lρ and the same holds for the δi’s;

(ii) γρ ◦ u′
ρ = uρ ◦ f for all ρ ∈ ∆(1);

(iii) for any m ∈ M the following diagram commutes

⊗ρL
′⊗〈m,aρ 〉
ρ

c′m−−→ C

⊗ργ
⊗〈m,aρ 〉
ρ

� �f×idC

⊗ρL
⊗〈m,aρ〉
ρ

cm−−→ C

(iv) for any i ∈ {1, . . . , R} the following diagram commutes

⊗ρL
′⊗biρ
ρ ⊗M

′⊗ri
i

d ′
i−−→ C

⊗ργ
⊗biρ
ρ ⊗δ⊗rii

� �f×idC

⊗ρL
⊗biρ
ρ ⊗M

⊗ri
i

di−−→ C .

A morphism from (L′
ρ, u

′
ρ, c

′
m,M

′
i , d

′
i )/Y

′ to (Lρ, uρ, cm,Mi, di)/Y is denoted by
(f, γρ, δi).

Let us consider some examples.

EXAMPLE 2.3. Let ∆ be a fan and N be a lattice which determine a smooth toric va-
rietyX. Set the aρs the minimal lattice points of the rays, R = 0. In this case ∆ is determined
by ∆ and N , so we talk about ∆-collections. On X there is a canonical ∆-collection defined
as follows. For any ρ ∈ ∆(1), letDρ be the corresponding effective Weil divisor stable under
the torus action. Since X is smooth, it corresponds to an effective Cartier divisor, hence it
gives a line bundle Lρ with a section uρ ∈ H 0(X,Lρ). For any m ∈ M , the character χm is
a rational function on X such that div(χm) = ∑

ρ〈m, aρ〉Dρ , hence we get an isomorphism

cχm : ⊗ρL
⊗〈m,aρ 〉
ρ → C .

Then, (Lρ, uρ, cχm) is a ∆-collection on X (Lemma 1.1 in [6]). This ∆-collection is called
universal because of the following result. Let

C∆ : (Sch) → (Sets)

be the contravariant functor that associates to any scheme Y the set of equivalence classes
of ∆-collections on Y . Then X is the fine moduli space for C∆, and (Lρ, uρ, cχm) is the
universal family [6].

EXAMPLE 2.4. Let N := Z, ∆ := {{0}, ρ := Q≥0}, aρ := a, and R := 0. A ∆-
collection is given by a line bundle L on Y , a section u ∈ H 0(Y,L), and an isomorphism
c : L⊗a → C. Then the category of ∆-collections is equivalent to the stack [A1

C/µa], where
µa is the group of a-th roots of the unity acting by multiplication on A1

C .

The next example is the analog of Example 3.5 in [4].
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EXAMPLE 2.5. Let N := Z, ∆ := {{0}, ρ := Q≤0, τ := Q≥0}, aρ := −3, aτ := 2,
r = 2, bρ := 0 and bτ := 1.
A ∆-collection over Y is given by

(i) line bundlesLρ and Lτ over Y with sections uρ ∈ H 0(Y,Lρ) and uτ ∈ H 0(Y,Lτ )

which do not vanish simultaneously,
(ii) an isomorphism c : (L∨

ρ )
⊗3 ⊗ L⊗2

τ → C,
(iii) a line bundleM over Y and an isomorphism d : Lτ ⊗M⊗2 → C.
Let P (3, 2) be the weighted projective line [C2 − {0}/C∗], where C∗ acts with weights

2, 3. Let O(1) be the line bundle on P (3, 2) associated to the character idC∗ as in [5]. We
define a functor from the category of ∆-collections to

√
O(1)/P (3, 2) (in Section 3 we will

review the definition of roots of line bundles).
For any ∆-collection (Lρ,Lτ , uρ, uτ ,M, d)/Y , we define a morphism Y →√

O(1)/P (3, 2) as follows: the morphism Y → P (3, 2) is determined by the line bundle
L := L∨

ρ ⊗Lτ and the sections uρ ∈ H 0(Y,L⊗2) and uτ ∈ H 0(Y,L⊗3), where we have used
c to identify L⊗2 with Lρ and L⊗3 with Lτ ; the square root of O(1) is (M ⊗ (L∨

ρ ⊗ Lτ ), d).
The correspondence between arrows is defined in an analogous way. Then the resulting func-
tor is an equivalence of categories.

The main result of the present paper (Theorem 2.6) states that, in general, there is a
correspondence between combinatorial data ∆ and toric DM-stacks. Let C∆ be the category
whose objects are ∆-collections and morphisms are morphisms between ∆-collections. The
functor

p : C∆ → (Sch)

which sends the ∆-collection (Lρ, uρ, cm,Mi, di)/Y to Y and the morphism (f, γρ, δi) to f
makes C∆ a category fibered in groupoids (a CFG) over the site (Sch).

THEOREM 2.6. The category fibered in groupoids p : C∆ → (Sch) is a separated
smooth Deligne-Mumford stack whose coarse moduli space is the toric variety associated to
the fan ∆ and the lattice N .

Moreover, if the 1-dimensional cones of ∆ span NQ, set

Σ := (N ⊕R
i=1 Z/ri ,∆, {(aρ, b1ρ, . . . , bRρ)}ρ) ,

where biρ denotes the class of biρ in Z/ri . Then C∆ is isomorphic to the toric Deligne-
Mumford stack XΣ associated to the stacky fan Σ as defined in [4].

We notice that one can define ∆-collections over a stack formally in the same way as for
schemes. Moreover, on C∆ there is a tautological ∆-collection:

(Lρ, uρ, cm,Mi , di )/C∆ .

As a result the theory of descent gives the following

COROLLARY 2.7. Let Y be a DM-stack. Then the category of morphisms Y → C∆ is
equivalent to the category of ∆-collections over Y .
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Before to proceed with the proof of the theorem, let me remark that the stacks C∆ defined
in this paper are exactly the “smooth toric DM stacks” introduced in [8] (see the appendix,
Theorem 7.2).

We collect below some general results we need in order to prove the above Theorem.

NOTATION 2.8. Following the notations used in [3], for any quasi-affine group scheme
G, we denote by

pG : BG → (Sch)

the structure morphism of the stack BG, and by

πG : SpecC → BG

the covering. We denote by

bG : preBG → BG

the stackification morphism from the pre-stack preBG to BG. For any morphism ϕ : G → H

of group schemes, we denote by

preBϕ : preBG → preBH

the induced morphism of pre-stacks.

We quote a remark from [3].

REMARK 2.9. Let ϕ : G → H be a morphism of quasi-affine group schemes. Let
P → Y be a principal G-bundle. Consider the right G-action on P ×H :

(x, h) · g = (x · g, ϕ(g−1) · h) .(1)

The theory of descent guarantees that there exists a quotient scheme for the previous action,
(P × H)/G, together with a morphism (P × H)/G → Y inducing a principal H -bundle
structure. The scheme (P ×H)/G will be denoted either as P ×ϕ H or by P ×G H . Notice
that P ×ϕ H is not unique and due to this ambiguity the correspondence P �→ P ×ϕ H

defines a functor Bϕ : BG → BH up to unique canonical 2-isomorphism. In the following
this ambiguity will be understood.

An analogous notation will be used to denote the quotients P ×G X in the case where X
is a quasi-affine scheme with a rightG-action.

We now recall two well known results in order to be self-contained as much as possible.
For complex algebraic varieties the reference is [16]. For a more general context we refer to
[10, Ch. III, Proposition 3.2.1.]

LEMMA 2.10. Let

1 → G
ϕ−→ H

ψ−→ K → 1

be a short exact sequence of quasi-affine group schemes. Then

(Bϕ, pG) : BG → BH Bψ×πK SpecC(2)

is an isomorphism of stacks.
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LEMMA 2.11. Let G be a quasi-affine group scheme and let X be a quasi-affine
scheme with a right G-action. For any principal G-bundle π : P → Y , there is a bijec-
tion

{sections of P ×G X → Y } ↔ {G-equivariant morphisms t : P → X}(3)

which is functorial with respect to base change.

PROOF (of Theorem 2.6). We proceed as follows: we first prove that if {ρ ∈ ∆(1)}
spansNQ then C∆ is isomorphic toXΣ as CFG, whereXΣ is the stack defined in the statement
of the Theorem, now the result follows from the fact that XΣ is a separated smooth DM-stack
[4]; we proceed afterwards to prove the statement in general.

Identify the latticeN with Zd and enumerate the 1-dimensional cones of∆ as ρ1, . . . , ρn.
Then the aρ ∈ N correspond to (a1k, . . . , adk) ∈ Zd , k ∈ {1, . . . , n}. Let us define the
matrices

B :=




a11 · · · a1n
... · · · ...

ad1 · · · adn
b11 · · · b1n
... · · · ...

bR1 · · · bRn




; Q :=




0 · · · 0
... · · · ...

0 · · · 0
r1 · · · 0
... · · · ...

0 · · · rR



,

where B ∈ Mat((d +R)×n,Z), Q ∈ Mat((d+R)×R,Z). We consider the exact sequence

0 → (Zd+R)∗ [BQ]∗−−−→ (Zn+R)∗ → coker([BQ]∗) → 0 ,

where [BQ] ∈ Mat((d + R) × (n + R),Z), and we apply the functor HomZ(_,C∗), we get
an exact sequence of affine group schemes:

1 → G
ϕ−→ (C∗)n × (C∗)R ψ−→ (C∗)d × (C∗)R → 1(4)

where

ψ(λ1, . . . , λn, µ1, . . . , µR)

= (λ
a11
1 · · · λa1n

n , . . . , λ
ad1
1 · · · λadnn , µ

r1
1 · λb11

1 · · · λb1n
n , . . . , µ

rR
R · λbR1

1 · · · λbRnn ) .
(5)

The matrix Q defines a morphism ZR → Zn+R which is a projective resolution of
N ⊕i Z/ri , and B defines a lifting Zn → Zd+R of the morphism Zn → N ⊕i Z/ri , ei �→
(aρi , b1ρi , . . . , bRρi ), where ei is the i-th element of the standard basis of Zn. Following [4]
we associate to this data a toric DM-stack XΣ := [Z/G].

We now define a functor of CFGs over (Sch)

F : XΣ → C∆ .(6)
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Consider an object of XΣ(Y ),

P

π

��

t �� Z

Y

Set
Lk := Bϕ(P)×(C∗)n×(C∗)R C,

the associate line bundle with respect to the action

C × ((C∗)n × (C∗)R)→ C

z · (λ1, . . . , λn, µ1, . . . , µR) �→ z · λk ,
where ϕ is defined in (4), and k ∈ {1, . . . , n}. In the same way, for any i ∈ {1, . . . , R}, set

Mi := Bϕ(P)×(C∗)n×(C∗)R C ,

be the line bundle associated to the action

C × ((C∗)n × (C∗)R)→ C

z · (λ1, . . . , λn, µ1, . . . , µR) �→ z · µi .
We now define the sections of L1, . . . , Ln. Recall that G acts on Cn by means of the

(C∗)n-component of ϕ. Then the composition of t : P → Z with the inclusion Z → Cn

gives an equivariant morphism t̃ : P → Cn. By Lemma 2.11 we get a section u of the vector
bundle

P ×G Cn = L1 ⊕ · · · ⊕ Ln ,(7)

then uk is the k-th component of u with respect to the decomposition (7). Condition (2) of
Definition 2.1 follows from the fact that t̃ (P ) ⊂ Z and from the definition of Z as in [4].

We next define the isomorphisms cm required in the definition of ∆-collection. By ap-
plying the functor (Bϕ, pG) defined in Lemma 2.10, we get

(Bϕ, pG)(P ) = (Bϕ(P ), α, Y × ((C∗)d × (C∗)R))(8)

where α : Bψ(Bϕ(P )) → Y × ((C∗)d × (C∗)R) is an isomorphism of principal ((C∗)d ×
(C∗)R)-bundles. Consider now the diagonal action of ((C∗)d×(C∗)R) on Cd+R with weights
1. Then from (5) it follows that the associated vector bundle

Bψ(Bϕ(P )) ×(C∗)d×(C∗)R Cd+R

is canonically isomorphic to

⊕d
l=1(⊗n

k=1L
⊗alk
k )⊕R

i (M
⊗ri ⊗n

k=1 L
⊗bik ) .(9)

The isomorphism α in (8) gives an isomorphism between (9) and the trivial vector bundle,
then we get isomorphisms ce∗1 , . . . , ce∗d , d1, . . . , dR , where e∗1, . . . , e∗d is the dual basis of the

standard basis e1, . . . , ed of Zd . The cm’s are now uniquely determined by condition (1) of
Definition 2.1.
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We have defined F on objects. The definition on morphisms and the verification of
the fact that it is a functor is straightforward. Moreover, F is an equivalence of categories.
This follows from Lemmas 2.10 and 2.11, and from the equivalence between the category
of principal C∗-bundles and the one of line bundles. The result now follows since XΣ is a
separated smooth DM-stack whose coarse moduli space is the toric variety associated to the
fan ∆ and the lattice N (Proposition 3.2 and Proposition 3.7 of [4]).

We next consider the case where {ρ ∈ ∆(1)} does not span NQ. We follow the ideas
used in the proof of Theorem 1.1 in [6]. Set

N ′ := Span({ρ ∈ ∆(1)}) ∩N .
The fan ∆ can be regarded as a fan in N ′

Q, then set

∆′ = {N ′,∆, {aρ}, r1, . . . , rR, {biρ}} .
From the first part of the proof we have that C∆′ is a separated smooth DM-stack.

N/N ′ is torsion free, so we can find a subgroup N ′′ of N such that N = N ′ ⊕N ′′. The
projection N → N ′ determines an inclusion ι : M ′ → M such that M = ι(M ′)⊕N ′⊥.

Let now (Lρ, uρ, cm,Mi, di)/Y be a ∆-collection. For anym ∈ N ′⊥, we have 〈m, aρ〉 =
0 for all ρ. Thus cm can be identified with an element inH 0(Y,O∗

Y ). Under this identification,

the application N ′⊥ → H 0(Y,O∗
Y ), m �→ cm, is a group homomorphism, thus induces a

morphism of schemes Y → Spec(C[N ′⊥]). In this way we get a morphism

C∆ → Spec(C[N ′⊥]) .(10)

On the other hand there is a morphism

C∆ → C∆′(11)

which associates (Lρ, uρ, cm,Mi, di)/Y to (Lρ, uρ, {cm |m ∈ ι(M ′)},Mi, di)/Y . Then the
morphism C∆ → C∆′ × Spec(C[N ′⊥]) whose components are (10) and (11) is an isomor-
phism. The result now follows since C∆′ × Spec(C[N ′⊥]) is a smooth separated DM-stack
and its coarse moduli space is the toric variety associated to ∆ and N . �

3. Classification of toric DM-stacks. In this Section we show that the stack C∆ can
be viewed as a gerbe banded by a finite abelian group. Then we study the problem of whether
two combinatorial data ∆ and ∆′ define isomorphic banded gerbes. We give an answer in
combinatorial terms.

Let ∆ be a combinatorial data as in the Introduction, set

∆rig := {N, ∆, aρ |ρ ∈ ∆(1)} .
Consider the line bundles V1, . . . ,VR on C∆rig defined as follows: for any ∆rig-collection
(Lρ, uρ, cm)/Y , set

Vi (Y ) := ⊗ρL
⊗biρ
ρ , i ∈ {1, . . . , R} ;

for any morphism (f, γρ) : (L′
ρ, u

′
ρ, c

′
m)/Y

′ → (Lρ, uρ, cm)/Y , set

Vi (f, γρ) := ⊗ργ
⊗biρ
ρ .
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Let us denote by
ri
√

Vi the gerbe of ri-th roots of Vi , for i ∈ {1, . . . , R}. Just to fix
notation we recall its definition here and refer to [10, Ch. IV (2.5.8.1)] and [2] for the general
definition and for more details. For a scheme Y over C∆rig , an object of

ri
√

Vi (Y ) is a pair
(M, d), where M is a line bundle on Y and d : M⊗ri ⊗ Vi (Y ) → C is an isomorphism. If
(M ′, d ′) is an object over Y ′ → C∆rig , then a morphism (M ′, d ′) → (M, d) over (f, γρ) is
given by a morphism of line bundles δ : M ′ → M such that the following diagram is cartesian

M ′ δ−−→ M�
�

Y ′ f−−→ Y

and d ◦ δ⊗ri ⊗ρ γ
⊗biρ
ρ = d ′.

Consider now the morphism of stacks

R : C∆ → C∆rig(12)

which associates to the ∆-collection (Lρ, uρ, cm,Mi, di)/Y the ∆rig-collection (Lρ, uρ, cm)/
Y , and to (f, γρ, δi) the arrow (f, γρ). Then we have the following.1

PROPOSITION 3.1. The morphism (12) is a gerbe banded by ×R
i=1µri isomorphic to

ri
√

V1 ×C∆rig
× · · · ×C∆rig

rR
√

VR .(13)

PROOF. It is straightforward to verify thatR is a gerbe. Let now (Lρ, uρ, cm,Mi, di)/Y

be a ∆-collection. The set of its automorphisms over the identity of (Lρ, uρ, cm)/Y is

{(δ1, . . . , δR) ∈ H 0(Y,O∗
Y )
R | δrii = 1 for any i ∈ {1, . . . , R}} ,

then the canonical inclusions µri ⊂ C∗, for i ∈ {1, . . . , R}, give the µr1 ×· · ·×µrR -banding.
Isomorphism classes of gerbes banded by µr1 × · · · × µrR are in 1-to-1 correspondence

with the second cohomology group H 2(C∆rig,×R
i=1µri ) [10]. There is an isomorphism

H 2(C∆rig,×R
i=1µri ) → ×R

i=1H
2(C∆rig, µri )(14)

whose inverse associates the classes of the gerbes G1, . . . ,GR to the class of the fibered prod-
uct G1 ×C∆rig

· · · ×C∆rig
GR . The explicit description of (14) (as given for example in [10] IV

Proposition 2.3.18) shows that the image of the class of R is the class of (13). This complete
the proof. �

REMARK 3.2. We can also see R as the rigidification of C∆ with respect to the con-
stant sheaf ×R

i=1µri [1] (this accounts for the subscript rig in the label ∆rig).

THEOREM 3.3. For any toric DM-stack X , there exists a combinatorial data ∆ =
{N,∆, aρ, ri , biρ} which satisfies the condition

r1 | r2 | · · · | rR(15)

1For a different proof of Proposition 3.1, see [13] and [8].
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such that X ∼= C∆ (here ri | ri+1 denotes that ri divides ri+1).
Furthermore, if ∆′ = {N,∆, aρ, r ′i , b′

iρ} is another combinatorial data which satisfies
(15), then C∆

∼= C∆′ as banded gerbes if and only if

R = R′ , ri = r ′i for all i ,

and the class [∑
ρ

(biρ − b′
iρ)e

∗
ρ

]
∈ (Z∆(1))∗/M

is divisible by ri , for any i ∈ {1, . . . , R}. Here M is embedded in (Z∆(1))∗ by the dual of the
morphism Z∆(1) → N , eρ �→ aρ .

PROOF. Given X , the existence of ∆ satisfying (15) follows from Theorem 2.6, Propo-
sition 3.1, and the classification of finite abelian groups. The condition (15) determines the
isomorphism class of the generic automorphism group of C∆. Hence C∆

∼= C∆′ implies that
R = R′ and ri = r ′i for all i. The same argument in the proof of Proposition 3.1 shows that
C∆

∼= C∆′ as ×iµri -gerbes if and only if
ri
√

Vi
∼= ri

√
Vi

′ as µri -gerbe for any i ∈ {1, . . . , R}.
This is equivalent to the fact that Vi ⊗ V′

i
−1 is a ri -th power of some element in Pic(C∆rig).

Now the result follows from the fact that Pic(C∆rig) has the following presentation [5], [7]:

0 → M → (Z∆(1))∗ → Pic(C∆rig) → 0 ,

where the morphism M → (Z∆(1))∗ is the dual of Z∆(1) → N , eρ �→ aρ . �

REMARK 3.4. Notice that the first part of Theorem 3.3 holds in the more general sit-
uation where X is a “smooth toric DM stack” in the sense of [8] (see the Appendix).

4. The torus action. Any toric varietyX contains an algebraic torus T as open dense
subvariety such that the action of T on itself by multiplication extends to an action on X. In
this Section we show that an analogous property holds for a toric DM-stack once replacing
T with a Picard stack T . Picard stacks (originally called champs de Picard) were defined in
Exposé XVIII [17]; we refer to this paper for the definition and further properties. We will
denote by T the torus Spec(C[M]), then any morphism g : Y → T is identified with the
corresponding group homomorphism M → H 0(Y,O∗

Y ), m �→ gm := g∗(χm).
Let us consider

T := r1
√

C ×T · · · ×T
rR
√

C ,

and introduce the map

m : T ×(Sch) T → T(16)

defined on objects by

m((g, Ni, ei)/Y, (g ′, N ′
i , e

′
i )/Y ) := (g · g ′, Ni ⊗N ′

i , ei ⊗ e′i )/Y ,
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and on arrows by m(εi, ε
′
i ) := εi ⊗ ε′i . The associativity is expressed in terms of a natural

transformation

σ : m ◦ (m × idT ) ⇒ m ◦ (idT × m) ,

and the commutativity with a natural transformation

τ : m ⇒ m ◦ C ,

where C is the functor that exchanges the factors. Here we choose the standard natural trans-
formations σ and τ . Then (T ,m, σ, τ ) is a Picard stack. Let us denote with e the neutral
element of T , which is unique up to unique isomorphism.

The action of a group on a stack has been defined in [15]. The extension to the case of a
group stack is straightforward, the only difference here is that the action must be compatible
with the associativity of T which is expressed in terms of σ . We follow the approach of [15],
for a different one we refer to [8].

The Picard stack T acts on C∆. The action is given by the functor

a : C∆ ×(Sch) T → C∆

which is defined on objects as

a((Lρ, uρ, cm,Mi, di), (gm,Ni, ei))/Y := (Lρ, uρ, cm · gm,Mi ⊗Ni, di ⊗ ei)/Y ,

and on arrows as

a((f, γρ, δi), εi) := (f, γρ, δi ⊗ εi) ,

and natural transformations α : a ◦ (idC∆
×m) ⇒ a ◦ (a× idT ) and β : idC∆

⇒ a ◦ (idC∆
× e)

such that the following diagrams are 2-commutative (we put in each square (resp. triangle)
the appropriate natural transformation):

C × T × T × T

a×idT ×idT

��

idC×m×idT

���������������
idC×idT ×m

�� C × T × T
a×idT

��

idC×m

������������

C × T × T

a×idT

��

idC×m
�� C × T

a

��

C × T × T
a×idT

���������������
idC×m

�� C × T
a

��������������

C × T a �� C
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C

idC×e

��

idC×e

��

idC × e × e

�����������������

C × T × T
a×idT

��

idC×m
�� C × T

a

��

C × T a �� C
where C denotes C∆. There is a standard choice for α and β which satisfy these conditions,
we adopt this one.

PROPOSITION 4.1. There is a morphism

T → C∆

whose image is open and dense with respect to the small étale site. The restriction of a to T
with respect to the above morphism is isomorphic to m.

PROOF. Let Y → T be a morphism given by g : Y → T , Ni and ei : N⊗ri
i →

C, for i ∈ {1, . . . , R}. Set Lρ := C and uρ := 1 for all ρ, cm := gm, m ∈ M . Then
(Lρ, uρ, cm,Ni, ei) is a ∆-collection. This defines the morphism on objects, on arrows it
sends (f, εi) to (f, id, εi).

The morphism is open with respect to the small étale site. Indeed, let π : U → C∆ be an
étale cover. It corresponds to a ∆-family (Lρ, uρ, cm,Mi, di)/U . Set U ′ := {x ∈ U |uρ(x) �=
0 for all ρ}. The restriction of (Lρ, uρ, cm,Mi, di)/U to U ′ gives a morphism U ′ → T such
that the following diagram is 2-Cartesian

U ′ −−→ U� �
T −−→ C∆ .

The compatibility between a and m follows directly from the definition. This completes
the proof. �

We proceed by observing that using the definition of [4] it is possible to give another
description of the torus action. Indeed let φ : G → (C∗)n be the composition of ϕ in (4) with
the projection to (C∗)n. Recall that XΣ = [Z/G], where theG-action is induced by φ. Let us
consider the Picard stack G := [(C∗)n/G] (see 1.4.11 of Exposé XVIII in [17]). Let Gpre and
X pre
Σ be the pre-stacks associated to the groupoids ((C∗)n ×G ⇒ (C∗)n) and (Z ×G ⇒ Z)

respectively. Gpre acts on X pre
Σ in the obvious way and the stackification of this action gives

an action of G on XΣ . We denote by aX this action.
We want to compare the torus actions previously defined on XΣ and on C∆. Note that

the restriction of (6) to G gives an isomorphism

F|G : G → T .(17)



ON TORIC DELIGNE-MUMFORD STACKS 453

Moreover there is a natural transformation

ν : a ◦ (F × F|G) ⇒ F ◦ aX(18)

defined as follows. Consider the diagram

X pre × Gpre −−→ C∆ × T

aXpre

�
�a

X pre −−→ C∆

(19)

where each row is the composition of (F×F|G) (F resp.) with the corresponding stackification
morphism. There is a canonical natural transformation νpre which makes (19) 2-commutative.
Then we define ν in (18) to be the unique natural transformation induced by νpre. Finally we
have the following.

PROPOSITION 4.2. The isomorphism (6) together with ν is F|G-equivariant.

PROOF. Following [15], we have to prove that the diagrams below are 2-commutative
with respect to the natural transformations previously defined:

X × G × G

a×idG

��

F×F|×F|

�������������
idX ×m

�� X × G
a

��

F×F|

�����������

C × T × T

a×idT

��

idC×m
�� C × T

a

��

X × G
F×F|

�������������
a �� X

F

�������������

C × T a �� C

X × G
F×F|

�����������
a �� X

F

		
��

��
��

��

C × T



���������
a �� C

X

idX ×e

��

idX
����������

F

�������������

C

idC×e

��

idC

����������������������

With abuse of notation, we have denoted with the same m the two multiplications of the Picard
stacks and with the same a the two actions, C denotes C∆. Notice that it is enough to prove
the 2-commutativity of the above diagrams with X and G being replaced by X pre and Gpre



454 F. PERRONI

respectively. A direct computation shows that with these replacements the above diagrams
are indeed 1-commutative, hence the result follows. �

5. Morphisms between toric stacks. In this Section we give a description of mor-
phisms between toric DM-stacks parallel to the one given in Theorem 3.2 of [6] in the context
of toric varieties. We need some introductory notations. Let Y := C∆′ be the toric DM-stack
defined by ∆′ := {N ′,∆′, a′

ρ} (notice that here we set R′ = 0). We assume that the coarse
moduli space Y of Y is a complete variety. Let X := C∆ be a toric DM-stack such that the
1-dimensional rays generate NQ. Let us fix the presentations Y = [Z′/G′] and X = [Z/G]
as in [4].

The Picard group of Y is isomorphic to the group of characters of G′ [5], [7]. The
isomorphism associates to the character χ the isomorphism class [L(χ)] ∈ Pic(Y) of the
trivial line bundle on Z′ with the G′-linearization given by χ . We use this isomorphism to
identify the two groups.

Considered Y , we recall that there are distinguished elements [Lρ] ∈ Pic(Y), for any
ρ ∈ ∆′(1). Let φ′ : G′ → (C∗)∆′(1) be the (C∗)∆′(1)-component of ϕ′ in (4), the components
(φ′)ρ of φ′ are characters ofG′, then the [Lρ ]’s are the corresponding isomorphism classes of
line bundles.

The homogeneous coordinate ring of Y is defined in [7], it is the polynomial ring SY :=
C[zρ] in the variables zρ , where ρ ∈ ∆′(1). It is endowed with a Pic(Y)-grading: the mono-

mial
∏
ρ z

lρ
ρ has degree

∏
ρ[Lρ ]lρ ∈ Pic(Y). For any χ ∈ Pic(Y), let us denote by SYχ the

subset of SY consisting of homogeneous polynomials of degree χ . There is an isomorphism
of complex vector spaces [7]

H 0(Y,L(χ)) ∼= SYχ

which we use to identify them. With these notations we can now state the following

THEOREM 5.1. Let Pρ ∈ SY be homogeneous polynomials indexed by ρ ∈ ∆(1), and
let χi ∈ Pic(Y) for i ∈ {1, . . . , R} such that

(a) If Pρ ∈ SYχρ , then
∑
ρ χρ ⊗ aρ = 0 in Pic(Y) ⊗Z N , and

∏
ρ χ

biρ
ρ · χrii = 1 in

Pic(Y) for any i,
(b) (Pρ(z)) ∈ Z whenever z ∈ Z′.

Let f̃ (z) := (Pρ(z)) ∈ C∆(1). Then there is a morphism f : Y → X such that the diagram

Z′ f̃−−→ Z�
�

Y f−−→ X
is 2-commutative, where the vertical arrows are the quotient maps. Furthermore:

(i) Let χi ∈ Pic(Y) fixed for i ∈ {1, . . . , R}. Then two sets of polynomials {Pρ}
and {P ′

ρ} determine 2-isomorphic morphisms if and only if there exists g ∈ G such that
P ′
ρ = ϕρ(g)Pρ for any ρ ∈ ∆(1), where ϕρ is the ρ-th component of ϕ defined in (4).
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(ii) All morphisms f : Y → X arise in this way up to 2-isomorphisms.

PROOF. Let us choose a representative L(χ) of the class χ ∈ Pic(Y) for any χ . Note
that there are canonical isomorphisms L(χ1)⊗ L(χ2) ∼= L(χ1 · χ2).

Let {Pρ | ρ ∈ ∆(1)} and {χi | i ∈ {1, . . . , R}} satisfying (a) and (b). Then
∏
ρ χ

〈m,aρ〉
ρ =

1, for any m ∈ M . As a consequence there are canonical isomorphisms

ccan
m : ⊗ρL(χρ)⊗〈m,aρ〉 → C , m ∈ M ,

and
dcan
i : ⊗ρL(χρ)⊗biρ ⊗ L(χi)⊗ri → C , i ∈ {1, . . . , R} .

It follows that (L(χρ), Pρ, ccan
m ,L(χi), dcan

i )/Y is a ∆-collection, therefore it corresponds to
a morphism f : Y → X . The commutativity of the diagram follows easily.

Let now {Pρ} and {P ′
ρ} be two sets of polynomials defining 2-isomorphic morphisms.

Then there are isomorphisms

γρ : L(χρ) → L(χρ) and δi : L(χi) → L(χi) ,
such that

γρ(Pρ) = P ′
ρ , ⊗ργ

⊗〈m,aρ〉
ρ = id , ⊗ργ

⊗biρ
ρ ⊗ δ

⊗ri
i = id

for any ρ,m and i. The γρ’s and δi’s are multiplications by non-zero complex numbers which
we denote by the same symbols. The previous conditions means that ((γρ)ρ, (δi)i) ∈ ker(ψ),
where ψ is defined in (4). So there exists g ∈ G such that ϕ(g) = ((γρ)ρ, (δi)i ).

To conclude the proof, let f : Y → X be a morphism, and let (Lρ, uρ, cm,Mi, di)/Y
be the corresponding ∆-collection (Corollary 2.7). Then there is a morphism

(Lρ, uρ, cm,Mi, di) → (L(χρ), Pρ, c̃m,L(χi), d̃i)
for some χρ, χi ∈ Pic(Y). Clearly the Pρ ’s, χρ’s and χi ’s satisfy conditions (a) and (b).
Let us now consider the automorphisms (ccan

m )−1 ◦ c̃m and (dcan
i )−1 ◦ d̃i of ⊗ρL(χρ)⊗〈m,aρ 〉

and ⊗ρL(χρ)biρ ⊗ L(χi)ri respectively. They correspond to an element
(
((ccan

m )−1 ◦ c̃m)m,
((dcan

i )−1 ◦ d̃i)i
) ∈ (C∗)d × (C∗)R. Let now ((γρ)ρ, (δi)i) ∈ (C∗)n × (C∗)R such that

ψ((γρ)ρ, (δi)i ) = (
((ccan

m )−1 ◦ c̃m)m, ((dcan
i )−1 ◦ d̃i)i

)
. Then (5) implies that

(γρ, δi) : (L(χρ), Pρ, c̃m,L(χi), d̃i) → (L(χρ), Pρ, ccan
m ,L(χi), dcan

i )

is a morphism of ∆-collections. From Corollary 2.7 it follows that the morphism associated
to (L(χρ), Pρ, ccan

m ,L(χi), dcan
i ) is 2-isomorphic to f . �

6. Relations with logarithmic geometry. In [11] toric stacks have been defined in a
different way than in [4], in this Section we briefly compare the two approaches. We work
over the field of complex numbers C, keeping in mind that the construction of [11] works
over a general field. Over a general field toric stacks in the sense of [11] are Artin stacks of
finite type with finite diagonal.

Let ∆ = {N,∆, aρ} be a combinatorial data as in the Introduction, note that here we
assume R = 0. In [11], for any scheme Y , the author considers triples (π : S → OY , α :
M → OY , η : S → M), where
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(1) S is an étale sheaf of submonoids of the constant sheaf M on Y such that for any
point y ∈ Y the Zariski stalk Sy is isomorphic to the étale stalk Sȳ ,

(2) π : S → OY is a morphism of monoids, where OY is a monoid with respect to the
multiplication,

(3) for any s ∈ S, π(s) is invertible if and only if s is invertible,
(4) for any point y ∈ Y , there exists some σ ∈ ∆ such that Sȳ = σ∨ ∩M ,
(5) α : M → OY is a fine logarithmic structure on Y in the sense of [14],
(6) η : S → M is a homomorphism of sheaves of monoids such that π = α ◦ η, and

for each generic point ȳ, η̄ : (S/O∗
Y )ȳ → (M/O∗

Y )ȳ is isomorphic to the ∆-free
resolution at ȳ.

The notions of minimal free resolution and of ∆-free resolution are the most important notions
in the definition of [11], we refer to [11] for more details.

One can define morphisms between two such triples. Let L∆ be the resulting category.
The functor

L∆ → (Sch)(20)

which forget the data π : S → OY , α : M → OY and η : S → M is a CFG. Then, Theorem
2.7 in [11] states that (20) is a smooth DM-stack of finite type and separated, with coarse
moduli space the toric variety associated to N and ∆.

Let Σ be the stacky fan in the sense of [4] associated to ∆, and let XΣ be the toric
stack as defined in [4]. The Proposition below follows from our Theorem 2.6 together with
Theorem 1.4 in [12].

PROPOSITION 6.1. Under the previous hypothesis, there is an isomorphism of stacks

L∆
∼= XΣ .

7. Appendix. This appendix is aimed to give a correspondence between the stacks
C∆ defined in this paper and the “smooth toric DM stacks” defined in [8]. Let us recall from
[8] the following

DEFINITION 7.1. A “smooth toric DM stack” is a smooth separated DM-stack X to-
gether with an open immersion of a Deligne-Mumford torus T → X with dense image such
that the action of T on itself extends to an action on X .

We have the following result that can be seen as a generalization of the functor of a
smooth toric variety [6].

THEOREM 7.2. For any combinatorial data ∆, C∆ is a “smooth toric DM stack”. Con-
versely, for any “smooth toric DM stack” X there exists a combinatorial data ∆ and an iso-
morphism X ∼= C∆.

PROOF. C∆ is a smooth and separated DM-stack (Theorem 2.6), moreover there is an
open immersion of a Picard stack T → C∆ with dense image and such that the multiplication
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of T extends to an action on C∆ (Proposition 4.1). As our T is in fact a Deligne-Mumford
torus, the first part of the theorem follows.

We divide the proof of the second part in three steps.
Step 1. Let X be the coarse moduli space of X . Since X is a simplicial toric variety,

it is determined by a free abelian group N and a fan ∆ ⊂ NQ. Moreover, X has quotient
singularities by finite groups, hence it is the coarse moduli space of a “canonical” smooth DM-
stack which we denote with Xcan (we refer to [8], Def. 4.4, for the definition of “canonical”
stack). Let now C{N,∆,nρ } be the stack associated to the combinatorial data {N,∆, nρ}, where
nρ is the generator of the semigroup ρ ∩N for any ρ ∈ ∆(1). We have that C{N,∆,nρ } ∼= Xcan.
Indeed, C{N,∆,nρ } ∼= XΣ × (C∗)k , where XΣ is a toric DM-stack associated to {N,∆, nρ}
and k is a natural number (Theorem 2.6); moreover XΣ × (C∗)k is a “canonical” stack over
X (this can be seen using an orbifold atlas for XΣ as given for example by Prop. 4.3 in [4]).
The universal property of “canonical” stacks implies that Xcan ∼= C{N,∆,nρ }.

Step 2. Let now Xrig be the rigidification of X by the generic stabilizer. Then, Xrig is a
toric orbifold obtained from Xcan by roots of effective Cartier divisors ([8], Thm. 5.2). More
precisely, let ρ1, . . . , ρn be the 1-dimensional cones of ∆, and let Dρ1 , . . . ,Dρn ⊂ Xcan be
the corresponding torus invariant divisors. There are natural numbers αρ1 , . . . , αρn such that

Xrig ∼= αρ1
√
Dρ1/X

can ×Xcan · · · ×Xcan
αρ1
√
Dρ1/X

can ,

where α√
D/X denotes the α-th root of the effective Cartier divisorD in the smooth algebraic

stack X . Set aρ := αρ · nρ ∈ N , for any ρ ∈ ∆(1). Then, under the identification of Xcan

with C{N,∆,nρ }, we obtain an isomorphism

Xrig ∼= C{N,∆,aρ } .
Step 3. X is a gerbe over Xrig isomorphic to

r1
√
L1/Xrig ×Xrig · · · ×Xrig

rR
√
LR/Xrig ,

for some line bundles L1, . . . ,LR over Xrig and for some natural numbers r1, . . . , rR ([8],
Cor. 6.27). The Picard group of Xrig is generated by the classes of line bundles OXrig(Dρ)
associated to the torus invariant divisors Dρ ⊂ Xrig for ρ ∈ ∆(1). Hence, for any i ∈
{1, . . . , R}, there are integers biρ , ρ ∈ ∆(1), with Li ∼= O(

∑
ρ biρDρ). It follows that

X ∼= C∆

with ∆ = {N,∆, aρ, biρ, r1, . . . , rR}. �
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