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MIXED HODGE STRUCTURES ON LOG SMOOTH DEGENERATIONS

TARO FUJISAWA

(Received June 23, 2006, revised June 27, 2007)

Abstract. We introduce the notion of a log smooth degeneration, which is a loga-
rithmic analogue of the central fiber of some kind of degenerations of complex manifolds over
polydiscs. Under suitable conditions, we construct a natural cohomological mixed Hodge com-
plex on the reduction of a compact log smooth degeneration. In particular, we obtain mixed
Hodge structures on the log de Rham cohomologies and Ej-degeneration of the log Hodge to
de Rham spectral sequence for a certain kind of compact reduced log smooth degenerations.

Introduction.

(0.1) In this article, we introduce the notion of a log smooth degeneration over the N*-
log point and of its reduction. For the reduction X of a log smooth degeneration Y over the
N*-log point %*, the main result of this article claims that the relative log de Rham cohomol-
ogy H" (X, wy /*k) carries the natural Q-mixed Hodge structure for every integer n, if X is
compact and if all the irreducible components of X are Kéhler complex manifolds. Moreover,
we obtain Ej-degeneration of the log Hodge to de Rham spectral sequence for such X. In the
special case that Y is reduced in addition, we have natural @-mixed Hodge structures on the
relative log de Rham cohomology groups and Ej-degeneration of the log Hodge to de Rham
spectral sequence for Y itself.

(0.2) Let AF be the k-dimensional polydisc and E; the i-th coordinate hyperplane in
Ak fori =1,..., k. Weset E = Zle E; as a divisor on A¥. For a surjective morphism
of complex manifolds f : X — AX, a divisor D on X is defined by D = f*E. Then the
central fiber £~!(0) is a log smooth degeneration over the N*-log point if the divisor Dyeq is
simple normal crossing and if f is log smooth with respect to the log structures associated to
the divisors D and E. This is a typical example of log smooth degenerations. Here we remark
that we do not assume the morphism f above to be flat nor equi-dimensional.

(0.3) The case of k = 1 in the example above is nothing but the (semi-stable) degen-
eration over the unit disc A in C. In [17], Steenbrink constructed a cohomological mixed
Hodge complex on the reduction of the central fiber (under suitable conditions), and proved
that this cohomological mixed Hodge complex yields the “limiting” mixed Hodge structure
for the unipotent monodromy case. (He also treated the general case in [18].)

The theory of log structure in [10] shed a new light on the subject above. Steenbrink
introduced the notion of log deformation in [19]. A log deformation is a complex space
equipped with a log structure such that it is locally isomorphic, in the sense of log geometry,
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to the central fiber of a semi-stable degeneration over the unit disc in C. He constructed
a Q-cohomological mixed Hodge complex on a proper log deformation in [19] by using
Koszul complex obtained from the log structure. Independently, similar result is obtained
by Kawamata and Namikawa in [15] under the different definition of log structure. They
use the real blow-up for the construction of the Q-structure of the Q-cohomological mixed
Hodge complex in question. The coincidence of the cohomological mixed Hodge complexes
by Steenbrink and by Kawamata-Namikawa is proved by Nakayama and the author in [7].
These results are considered as logarithmic analogues of Steenbrink’s results in [17].

On the other hand, in [5] some of Steenbrink’s results in [17] are generalized by the
present author to a certain case over a higher dimensional polydisc. More precisely, he intro-
duces the notion of a morphism of generalized semi-stable type (which is called a morphism
of semi-stable type in [6]) and constructs a @-cohomological mixed Hodge complex on its
central fiber under a certain condition. A morphism of semi-stable type over A* is the mor-
phism as in (0.2) with the additional condition for D being reduced. Thus the central fiber
of a morphism of semi-stable type is a log smooth degeneration over the N*-log point. Here
we remark that the additional assumption for D being reduced implies the flatness of the
morphism.

In [14] Kawamata presents a new construction of a cohomological mixed Hodge complex
on the fiber of a weakly semistable morphism. This gives a new and simple proof of the results
obtained in [17] and [5]. He uses the real blow-up, the simplicial method and the weight
filtrations on the relative log de Rham complexes. Here we remark again that the weakly
semistable morphism is equi-dimensional by definition.

(0.4) These results in (0.3) are concerned with flat or equi-dimensional morphisms. In
the context of log geometry, the flatness condition is realized as the exactness (for the defini-
tion of exactness see, e.g., [10, Definition (4.6)]). In fact, the central fibers of the morphisms
in (0.3), on which @-cohomological mixed Hodge complexes in question were constructed,
are exact over the base points as log complex analytic spaces. Moreover, the log deformation
is exact over the log point.

However, a log smooth degeneration is not necessarily exact over the log point ¥ as sug-
gested in the example (0.2). So the main result of this article is, on the one hand, a logarithmic
analogue of results in Steenbrink [17], Fujisawa [5] and Kawamata [14] in the non-flat case,
on the other hand, a generalization of results in Steenbrink [19], Kawamata-Namikawa [15]
and Fujisawa-Nakayama [7] to the non-exact case over the N*-log points.

For the case of a proper exact log smooth morphism, the E{-degeneration of the log
Hodge to de Rham spectral sequence is proved by Illusie, Kato and Nakayama in [9] in the
algebraic context. (Kato, Matsubara and Nakayama proved similar results in [11] by a differ-
ent approach.) The E|-degeneration for a log smooth degeneration over the N*-log point is
an analogue of these results for a non-exact case (see [9, Remarks (7.3)]).

(0.5) Now we roughly describe the contents of this article. Section 1 treats preliminary
results on Koszul complexes. Taking inductive limits of Koszul complexes is a new ingredient
for our construction. In Section 2 we study the relation between Koszul complexes and the
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log de Rham complexes. In Section 3, for later use, we develop the mixed Hodge theory for
a compact Kihler complex manifold equipped with a certain kind of log structures. In Sec-
tion 4 we introduce the notion of a log smooth degeneration over the N*-log point and of its
reduction. Then we construct a simplicial resolution of the relative log de Rham complex for
the reduction of a log smooth degeneration over %X with the nonsingular irreducible compo-
nents. In Section 5 we treat the reduction X of a log smooth degeneration over * satisfying
the condition that X is compact and that all the irreducible components of X are nonsingular
and Kihler. We construct a weak Q-cohomological mixed Hodge complex on X and study
the relation between the underlying C-structure of the weak @-cohomological mixed Hodge
complex above with the Hodge filtration F and the relative log de Rham complex with the
stupid filtration F. The construction follows the simplicial method as in [2, 3, 4] and [14].
Here we return to El Zein’s method in [3], instead of Kawamata’s approach in [14] which
uses the weight filtrations on the relative log de Rham complexes. Then we obtain the main
results of this article, one of which claims that the relative log de Rham cohomologies carry
the natural Q-mixed Hodge structures, and the other the E-degeneration of the log Hodge to
de Rham spectral sequence. In Appendix, we try to relax the finiteness assumption in axioms
of cohomological mixed Hodge complexes in [2]. We introduce the notion of a weak Q-
cohomological mixed Hodge complex. Although the conclusions for weak @-cohomological
mixed Hodge complexes are slightly weaker than for Q-cohomological mixed Hodge com-
plexes, they are sufficient for our purpose in this article.

(0.6) The author would like to thank C. Nakayama for helpful discussion and useful
suggestion.

1. Koszul complexes.

(1.1) In this section we collect several results on Koszul complexes. The basic refer-
ences are [8] and [19]. Moreover, we refer to a previous paper of the present author [5].

(1.2) Let X be a topological space, A a commutative ring and ¢ : E — F a morphism
of A-sheaves on X. For any non-negative integer n, the Koszul complex Kos(¢; n) of ¢ is
defined by

- p(EY®@ NP F for 0<p<n,

Kos(g; n)? = :
(p:m) {O otherwise

with differential d : Kos(p; n)? — Kos(g; n)P*! given by

k
' i—1
dee" ey =Y AT g @ ey Ay,
i=1
where xq,...,xx and y are local sections of the sheaves E and /\p F, respectively, and
ni, ..., nj are positive integers withny +--- +ny =n — p.

(1.3) The following properties can be easily proved.
(1.3.1) The Koszul complex is compatible with the extension of the base ring.
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(1.3.2) The Koszul complex is compatible with the pull-back of the morphism of topo-
logical spaces.

(1.3.3) The Koszul complex is functorial in the following sense: for a commutative
diagram

E s F

Lo

E 25 F

we have a canonical morphism Kos(p; n) — Kos(¢'; n).
Moreover, we have the following proposition (cf. [5, 8, 19]).

PROPOSITION 1.4. In the situation above, we have an isomorphism

)4
I—p(Kerg) ® /\ Coker ¢ — H? (Kos(g; n))

forevery pif E, F and Coker ¢ are A-flat.

(1.5) For any subsheaf G of F' and for an integer m with 0 < m < p, we have a
morphism

m p—m P
(1.5.1) NF®L p(E)® )\ G— L p,(E)® )\ F

by sending x ® y ® z to y ® x A z, where x, y and z are local sections of the sheaves
N" F, I,—,(E) and \P™™ G, respectively. Then we define a subsheaf W (G),, Kos(g; n)?
by

W(G), Kos(p; n)? = image of the morphism (1.5.1).

If the subsheaf G contains the image of ¢, these subsheaves for 0 < p < n form a subcom-
plex of Kos(¢; n). Thus we define a finite increasing filtration W (G) on the Koszul complex
Kos(g; n).

PROPOSITION 1.6. In the situation above, we assume that the subsheaf G contains the
image of the morphism . The morphism ¢ induces a morphism E — G, which is denoted by
©G. Then the morphism (1.5.1) induces an isomorphism of complexes

m
/\(F/G) ® Kos(¢g: n — m)[=m] = Gr,¥) Kos(p: n)
for every integer m with0 < m < n.

(1.7) Now we fix a global section e of the sheaf Ker ¢. For integers n, m with n < m,
we define a morphism

p p
(93 m,n  Kos(ps m)P = - p(E) ® \ F = T p(E) ® J\ F = Kos(p; m)”
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by sending x ® y to (m —n)!el™"lx @ y for every p with 0 < p < n. These morphisms form
a morphism of complexes

(1.7.1) Kk (@5 €)m,n - Kos(p; n) — Kos(g; m)

by the fact that e is contained in Ker ¢. Moreover, the data above define an inductive system
of complexes because of the formula

olal b1 _ (“ + b) Plath]
a

in the divided power envelope.

On the other hand, the morphism (1.7.1) preserves the filtration W (G) for any subsheaf
G of F containing the image of ¢. Therefore the data W(G),, Kos(¢; n) form an inductive
system.

DEFINITION 1.8. We define a complex of A-sheaves Kos(g; 0o; ¢) by

Kos(gp; 00; €) = li_T>TIKOS((p; n).
n

The canonical morphism Kos(g; n) — Kos(g; 00; e) is denoted by «(¢; €),,. We omit the
symbol e if there is no danger of confusion. Because the functor of taking inductive limit is
an exact functor,

(1.8.1) W(G);, Kos(p; 00; e) = H_r)nW(G)m Kos(p; n)

is a subcomplex of Kos(g; oo; e) for every m. Thus we define an increasing filtration W(G)
on Kos(g; oo; e).

(1.9) By the properties (1.3.1) through (1.3) we have the similar properties for
Kos(g; 00; e).
PROPOSITION 1.10. For a subsheaf G of F containing the image of ¢ we have an

isomorphism of complexes

m

/\(F/G) ® Kos(¢g: 00; e)[—m] = G, @ Kos(g: 00: ¢)
for every m.

PROOF. By the exactness of taking inductive limit, we have an isomorphism
W(G e : W (G .
Grm( )Kos(go, 00; e) — h_r>nGrm( )Kos(go, n)
n
for every m. On the other hand, we have an identification

m

/\(F/G) ® Kos(pg; n —m)[—m] ~ GrV @ Kos(g; n)

by Proposition 1.6. It is easy to see that the morphism Gr,vnv @ Kk (@; e) v 1s identified to the
one id ®« (¢G; €)n—m n'—m under the identification above. Thus we obtain the conclusion. O
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(1.11) Now we assume that a global section ¢ of the sheaf F' is given in addition. We
define a morphism of A-sheaves
p p+l
Kos(g; n)? = I p(E) ® /\ F— L p(E)® /\ F = Kos(p; n + 1)P*!

by sending a local section x ® y to x ® t A y. Thus we obtain a morphism of complexes ¢ A :
Kos(¢; n) — Kos(p; n 4+ 1)[1]. By composing this morphism and the canonical morphism
k(@; e)nt1[1] : Kos(g; n + 1)[1] — Kos(g; 0o; e)[1] we obtain a morphism of complexes
Kos(¢; n) — Kos(g; oo; e)[1] for every n. Because these morphisms are compatible with the
morphisms « (¢; €),,., for all m, n, we obtain a morphism of complexes

(1.11.1) Kos(g; 00; e) — Kos(g; oo; e)[1],
which is denoted by 7 A again for simplicity. Then we have a commutative diagram
Kos(¢p; n) AN Kos(¢; n + 1[1]
K(‘ﬂﬂ’)nl lk(w;e),1+1[1]

Kos(p; 00; e) AN Kos(p; 00; e)[1]
for every n.

(1.12) Let G be a subsheaf of F' containing the image of ¢. For the case that 7 is a
global section of a subsheaf G, the morphism 7A : Kos(¢; n) — Kos(p; n + 1)[1] preserves
the filtration W(G). Therefore the induced morphism 7 A : Kos(p; 00; e) — Kos(p; oo; e)[1]
preserves the filtration W(G). In this case the morphism

GrLV(G)(t/\) : GrXf(G) Kos(¢; 00; e) — Grnvf(G) Kos(g; 00; e)[1]

is identified to the morphism (—1)" id ® (t A)[—m] under the identification

m
Grl @ Kos(p: 00; €) = /\(F/G) ® Kos(pg:; 00; ¢)[—m]
m

Gr,, @ Kos(; 00; e)[1] = /\(F/G) ® Kos(¢g: 00; e)[—m + 1]

in Proposition 1.10.

Next we consider the case that ¢ is not a global section of the subsheaf G. We denote the
image of 7 by the projection F — F/G by t. The morphism zA : Kos(g; n) — Kos(g; n+1)
satisfies the condition

(AW (G)m Kos(g: n)) C W(G)m+1 Kos(p; n + DI],
which induces

(N (W (G)m Kos(g; 005 €)) C W(G)m41 Kos(g; 005 e)[1]
for every m. The induced morphism

Gran(G)(t/\) : Gr,‘f,/(G) Kos(p; 00; €) — Gr,vnv_i(g) Kos(p; oo; e)[1]
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is identified to the morphism (fA) ® id[—m] under the identification
m

Gry, ‘@ Kos(p; 00; €) = \(F/G) ® Kos(g; 003 )[—m]

m—+1
Gy {7 Kos(gs 00; ©)[11 ~ /\ (F/G) ® Kos(pg: 00; €)[—m]

in Proposition 1.10, where 7A denotes the morphism A" (F/G) — /\m+1 (F/G) sending x
tof A x.

(1.13) Now we treat the case with the following conditions:

(1.13.1) aring A contains Q as a subring,

(1.13.2) there exists a global section e of the Ker ¢ such that Kergp = A - e >~ A.
Then the morphism

p p

(1.13.3) /\ F — Kos(p; n)? = I,_,(E) ® /\ F

sending x € A\ F to (n — p)le!” 71 ® x induces an isomorphism
p

/\Coker(go) — H?” (Kos(g; n))

for every p by Proposition 1.4 because the condition (1.13.2) implies the identification
I—p(Kergp) >~ A. We can easily see that the morphism (1.13.3) is compatible with the
morphism « (¢; €)m » for every m, n. Thus we obtain a morphism

p
(1.13.4) /\ F = Kos(g; oo; e)”
for every p. Since the cohomology functor is compatible with inductive limit, we have the
following proposition.

PROPOSITION 1.14. The morphism (1.13.4) induces an isomorphism

)4
/\Cokergo — H?”(Kos(g; 00; ¢))

for every p.
COROLLARY 1.15. In addition to the situation above, we assume the condition that
the morphism ¢ is surjective. Then we have a quasi-isomorphism
A — Kos(p; 005 e).

induced by the morphism A — Kos(g; n)? = I,(E) which sends a to nlae.

2. Log de Rham complex and Koszul complex for a log complex analytic space.

(2.1) Let X be an fs log complex analytic space, that is, a complex analytic space
equipped with a fine saturated log structure o : My — Oy (cf. [10] and [12]). We denote the
sheaf of holomorphic p-forms on X by £27, and the sheaf of logarithmic p-forms on X by
a)ﬁ. Thus the de Rham complex and the log de Rham complex are denoted by §2 and wy,,
respectively.
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DEFINITION 2.2. We have a morphism

2.2.1) oy @2y > o,

which sends w ® 1 to w A n. We define an Oy -subsheaf Wma)§ by
W% = image of the morphism of (2.2.1)

for every m. Then these sheaves for all p form a subcomplex of w because the differential

d:Ox — a)}( is decomposed into the composite Ox 4 .{2)1( — a)}(. It is easy to see that
W, defines a finite increasing filtration on wy,.

Moreover, a finite decreasing filtration F* on w), is defined by the same way as the stupid
filtration (filtration béte) in [1].

(2.3) We have the exponential sequence
0—->Zx - 0Ox —> 0y —0

as in [13, Lemma 54.3], where the morphism Zy — Oy is the canonical inclusion and the
morphism Ox — O% sends a local section f of Oy to exp(27+/—1f). Now M5’ denotes
the abelian sheaf associated to the monoid sheaf Mx. By using the inclusion O} — M gg(p ,an
exact sequence of abelian sheaves

0— Zx — Ox - M — M /0% - 0

is obtained. By tensoring @ with the morphism Oy — M gg(p above, we obtain a morphism
of Q-sheaves Ox — M ip ® @, which we denote by ¢x. The morphism ¢y fits in the exact
sequence

0> 0y —O0x B MP R0 - MP/OH®Q—0

by definition.

We fix a constant function 1 as a global section of Ker¢yx. Then we have complexes
of Q-sheaves Kos(py; n) and Kos(¢yx; co; 1) defined in Section 1, which we denote by
Kosy (Mx; n) and Kosy (My), respectively, in this article.

Because the image of the morphism ¢x : Ox — M;g(p ® Q is the subsheaf O} ® Q of
M;g(p ® @, we have an increasing filtration W(O% ® Q) on Kosy(Mx) as in (1.8.1), which
we denote by W for simplicity.

(2.4) The morphism dlog : M ip — a)}( defines a morphism of abelian sheaves dlog :
AP M}g(p — a)§ for every p. A morphism of Q-sheaves

Vix, My : Kosx(Mx; )P — ol

is defined by sending a local section fl["‘] . fk["’“] ® y of Kosx (Mx; n)? = I,_,(Ox) ®
AP MY to alocal section (27/—1)"P(n1!---m)~Lf" -+ £ dlog y of wk. Because of
the equality

24.1) dlog(exp(f)) = df .
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Y(x,My),n actually defines a morphism of complexes, which is compatible with the morphism
(KX)m,n = k(px; l)m,n : Kosx (Mx; n) — Kosx (Mx; m)
in (1.7.1) for every n, m with n < m. Thus a morphism of Q-sheaves

(2.4.2) Yx,my) : Kosx (Mx) — oy

is obtained. Sometimes we use the symbol ¢y simply if there is no danger of confusion.
The morphism vx preserves the weight filtration W on Kosy (Mx) and wy, because the
equality (2.4.1) implies that the image of the subsheaf O} by the morphism dlog is contained

in the image of the canonical morphism 2 )]( — a)}(

3. Mixed Hodge theory on a log complex manifold.

(3.1) For a reduced effective divisor D on a complex manifold X, we set Mx (D) =
j*O";(\D N Oy, where j : X \ D — X denotes the inclusion. The inclusion My (D) — Oy
gives us an fs log structure on X, which is called the log structure associated to the divisor D.
Moreover, for a given positive integer /, a morphism of monoid sheaves « : Mx (D) & N ZX —
Oy is defined by
0 if (ny,...,n) #@,...,0),

a(f@(nl,...,nl))z{f if n1,...,n)=0(,...,0),

where f is a local section of My (D) considered as a local section of Oy by definition. It is
easy to see that this actually gives us a log structure on X. We simply denote this log structure
by Mx (D) @NIX. In this situation, we regard Mx (D) and NIX as subsheaves of My (D)EBNIX.

LEMMA 3.2. Let X be a complex manifold, D a reduced simple normal crossing divi-
soron X, My (D)GBNIX the log structure above and ¢ : Mx (D) — Mx (D)GBNZX a morphism
of log structures. Then ¢ coincides with the canonical inclusion Mx (D) — Mx (D) & NIX.

PROOF. Take alocal section f of Mx (D) andset o(f) = g®(n1,...,n;) € Mx(D)D
N lx Then we have

0 if (ny,...,n) #@,...,0),

f=0l(f)=Ol<ﬂ(f)=0!(g®(n1,m,n1))={g i g = 0.....0).

because ¢ is a morphism of log structures. By the fact that f # 0, we haven| =---=n; =0
and g = f. a

LEMMA 3.3. Let X, D and Mx (D) & NZX be as above. For an isomorphism of log
structures ¢ : Mx (D) @ le — Mx (D) & NZX, there exists an isomorphism of monoid
sheaves ¢1 : N IX — N IX such that the induced morphism

¢ : (Mx(D)/O%) ® N, — (Mx(D)/O%) ® N’
is given by ¢ = id @ ¢y.
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PROOF. The restriction ¢|u,(p) gives us a morphism of log structures Mx (D) —
Mx (D) & le. Therefore we have ¢(f) = f for a local section f € My (D) by the lemma
above. We denote the inverse of ¢ by ¥. For a local section n of N lX wesetg(n) = f@n €
Mx (D) ® NIX and ¥ (n") = g @ n”. Then we have

n=yem) =y(fe&n) =y (Hy@n)=f (gon")=fgon"

because ¥ (f) = f by the lemma above. Then f¢g = 1in Mx (D) and n = n”. Thus the local
section f of Mx (D) is contained in O%. Therefore we have ¢(n) = n'. O

(3.4) In the remainder of this section, we study mixed Hodge theory on a compact
Kihler complex manifold equipped with a certain kind of log structures.

Let X be a complex manifold equipped with an fs log structure M. Here we consider
the following condition:

(3.4.1) for any point x of X, there exist an open neighborhood V of x, a reduced simple
normal crossing divisor Dy on V and a non-negative integer [y, such that the log structure
M |y is isomorphic to the log structure My (Dy) & Nl‘f.

LEMMA 3.5. Let X be an fs log complex manifold satisfying Condition (3.4) above.
For every point x of X, we have an isomorphism

(Mx/O%)x ~ N"™
for a non-negative integer r(x). Moreover, the function r(x) is upper semi-continuous.
PROOF. Easy by definition. a

(3.6) Let X be as above. We set r = min{r(x) |x € X}and U ={x € X | r(x) =r}.
Then r is a non-negative integer and U is a non-empty subset of X.

LEMMA 3.7. In the situation above, we assume that X is connected in addition. Then
U is an open dense subset of X. Moreover, the closed subset D = X \ U is a reduced normal
crossing divisor on X.

PROOF. By the upper semi-continuity of the function r(x), U is an open subset of X.
We denote by U the closure of U in X. For any point x € U, we take an open neighborhood
V of x in X satisfying Condition (3.4). Because U NV # @, wehave U NV = V \ Dy and
the equality » = Iy. Then it is easy to see the equality U NV = V, thatis, V C U. Therefore
U is an open subset of X. Because X is connected, we have U = X. In the situation above,
D)y =V \UNYV = Dy. Thus D is a reduced normal crossing divisor on X. O

(3.8) In the remainder of this section, we fix the notation X, U and D as in Lemma
3.7, that is, assume that X is connected. Then for an open neighborhood V in (3.4) we have
Dy = DlJy.

COROLLARY 3.9. Let X be as above. For any point x € X there exists an open
neighborhood V of x such that the log structure Mx|y on V is isomorphic to the log structure
Mx(D)ly & NYy.
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LEMMA 3.10. In the situation above, there exists a unique morphism of log structures
t: Mx(D) — Myx. For an open subset V of X satisfying (3.4), the restriction of this mor-
phism tly : Mx(D)|y — Mx]|y is identified with the canonical inclusion Mx(D)|y —
Myx(D)ly @ NY, via the identification Mx|y >~ Mx(D)|y @ NY,. Therefore the morphism t
is injective.

PROOF. In the local situation, we may assume the identification Mx >~ Mx (D) ®@ N,.
Then Lemma 3.2 implies that the canonical injection Mx (D) — Mx (D) @ N7, is the unique
morphism of log structures. Thus the uniqueness is proved because it is the question of local
nature. Therefore we can obtain the morphism of log structures My (D) — My by patching
the morphisms of log structures My (D)|y — Mx(D)|y @ N7, on the small open subsets V
satisfying the condition (3.4). |

(3.11) From now on, we consider My (D) as a subsheaf of My by the injection ¢. Then
we have the inclusions O% C Mx (D) C My.

COROLLARY 3.12. In the situation above, the sheaf Mx /Mx (D) is locally constant.
More precisely, we have (Mx /[Mx (D))|y > N, for an open subset V satisfying (3.4).

(3.13) The inclusion ¢ : Mx(D) — My induces a morphism of monoid sheaves  :

LEMMA 3.14. There exists a morphism of monoid sheaves m : Mx/O% —
My (D)/O% such that w - T = id.

PROOF. Once we fix an identification Mx|y ~ Mx(D)|y @ N, on an open subset V
satisfying the condition in (3.4), the projection

p:(Mx(D)/OI|v & Ny — (Mx(D)/O%)|y
induces a morphism
7w (Mx/O) v = (Mx(D)/Ox)lv & Ny, — (Mx(D)/O)lv,

which satisfies the equality 7 - ¢ = id on V. Therefore it suffices to prove that the morphism
7 is independent from the choice of the identification Mx|y ~ Mx(D)|y & N',. We may
assume X = V without loss of generality. Let

Vi, V2 Mx — Mx(D)| © Ny
be two identifications. Then
¢ =12y, Mx(D)® Ny - Mx(D)® N
is an isomorphism of log structures. By Lemma 3.3 the induced morphism
¢ (Mx(D)/Oy)lv & Ny, — (Mx(D)/O%)lv & NY,
is expressed as ¢ = id @ ¢, where ¢ is an automorphism of N’;. Then we have
pV2=p-¢-Y1=p - (d@¢) Y1=p-Y1,

which shows the independence in question. O
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DEFINITION 3.15. We define an abelian sheaf Lz on X by Lz = M}g(p/MX (D)®P,

COROLLARY 3.16. The abelian sheaf Lz is locally constant. More precisely, Lz|y =~
Z', for an open subset V satisfying the condition in (3.4). Moreover, there exists an isomor-
phism of abelian sheaves M}g(p/(9§ — (Mx(D)®P/O%) @ Lz whose restriction on an open
subset V as above coincides with the canonical identification (M}g(p/O})W ~ (Mx(D)&/
O)|v © Z, under the identification Lz|y >~ Z\,,.

PROOF. The identification Lz|y ~ Z, is easily seen by Mx|y ~ Mx(D)|y & N7,.
We have an exact sequence

0 — Mx(D)® /0% — MY /0% — Lz — 0

by definition. Then the morphism &P : M f(p /Oy — Mx(D)#/O% gives the splitting of the
exact sequence above. O

LEMMA 3.17. Letg : N* — N" be anisomorphism of monoids N". Then there exists
an automorphism of the set {1, ..., n} such that we have ¢(e;) = ey ;) foreveryi =1, ..., n,
where e; is the i-th unit element of N".

PROOF. Easy. d
LEMMA 3.18. The abelian sheaf Lz admits a positive definite bilinear form.

PROOF. An identification M|y ~ Mx(D)|y @ N*, induces an identification Lz|y =~
Z',. Therefore the canonical positive definite bilinear form Z, ® Z|, — Zy gives Lz|y an
positive definite bilinear form. So it is sufficient to prove that this bilinear form on Lz|y is
independent of the choice of the identification My |y >~ Mx(D)|y & N,. We may assume
X = V, take two identifications 1,y : Mx|ly >~ Mx(D)|y & N/, and use the same
notation as in the proof of Lemma 3.14. The induced isomorphisms Lz — Z'; are denoted
by ¢1 and &;. Then the isomorphism ¢; : N — N’ in the proof of Lemma 3.14 satisfies
the equality ¢, = (plgp - £1. Moreover, we may assume that the isomorphism ¢ is induced
from the automorphism of the monoid N” by shrinking X sufficiently small. By the lemma

above, there exists an automorphism o of the set {1, ..., r} such that g1 (e;) = e, ;) for every
i. Then we can easily see that the canonical positive definite bilinear form Zj, ® Z, — Zy
is independent of the choice of the identification. o

(3.19) In the situation above, we have a sequence of Ox-submodules
2y C 2%log D) C ol

for every p. Moreover, we can easily see that the sheaves a)ﬁ, 2 f; (log D) and $2 )1? are locally
free of finite rank.

(3.20) In order to prove Theorem 3.27 below, we first consider the case where the log
structure M is the trivial log structure O%. In this case the log de Rham complex wy is
nothing but the usual de Rham complex §2 and the filtration F defined in Definition 2.2 is
nothing but the stupid filtration in [1].
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Now Conditions (1.13.1) and (1.13.2) are satisfied for ¢x in (2.3) and for A = Q.
Moreover, the morphism ¢y is surjective. Therefore we have a quasi-isomorphism

Oy — Kosyx (O;)
by Corollary 1.15. For every integer m, we can easily see the commutativity of the diagram

(Zﬂ«/—_l)mlff(x,o’;()
Oy — Kosx(0Oy) —— 25

! |

Qm)x — Cx — 2y,
where the left vertical arrow is the morphism sending a to (2w +/—1)"a, the morphism

Q(m)x — Cx is the inclusion, and the morphism Cx — $2 is the usual quasi-isomorphism.
We denote the composite of the bottom line by ¢(m) for a while. Thus we have the following.

PROPOSITION 3.21. The data
(3.21.1) (Kosx (0%), (2%, F), (an/—l)'"iﬁ(x,o;))
is identified with the data

(Q(m)x, (2%, F), t(m))

for every integer m. Therefore the data (3.21.1) is a Q-cohomological Hodge complex of
weight 0, if the complex manifold X is compact and Kdihler.

(3.22) Next we treat the general case in (3.4). The morphism dlog : A" M ‘)g(p — oYy
induces a morphism of Ox-modules A" MFRQL ™™ — w} by sending a® w to dlog(a) Aw.
By definition the image of this morphism is contained in the subsheaf mef(. Therefore we
obtain a morphism

m
(3.22.1) AME @™ - Gr) o

for every m.
On the other hand, the canonical projection

AME - N\NMF/0%) ~ \(Mx (D) /O%) @ Lz)

defines a surjective morphism

m m
AMT 25" > N(Mx(D/0}) & L) & 24"
for every m. It is easy to see that the morphism (3.22.1) factors through this surjection. Thus
we obtain a morphism of Ox-modules
m m—l 1
(3.22.2) D N\ Lzo \NMx(D)®/0%) @ 28" — Gr,) of
1=0
for every m.
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LEMMA 3.23. The morphism (3.22.2) induces an isomorphism of complexes

(3.23.1) @(il)*<il_l(
=0

where D', i and &' are defined in Deligne [1].

m—I

A\ Lz) ®e® .le[—m]> — G wy

PROOF. We can easily see that there exists an isomorphism
l
(3.232) (inse' = \Mx(D)®/0%) ® €

for every [. Then easy local computation implies the conclusion. a

COROLLARY 3.24. Let F on wy and on §2y, are the decreasing filtrations in Defi-
nition 2.2. Under the isomorphism (3.23.1), the induced filtration F on the right hand side
coincides with the filtration

m
@(ll)* <ill (
=0
on the left hand side.

(3.25) On the other hand, we have the following for the filtration W on the complex
Kosx (My).

m—I

Nilz)ed F[—mmb,[—m]>

LEMMA 3.26. The filtration W on Kosx (Mx) is finite. Moreover, we have an isomor-
phism in the derived category
m m—I
(3.26.1) @(z’;)*(ifl( N\ Lz) ®¢ @Kosy, (OEI)[—m]) — Gr!¥ Kosx (My)
=0
for every integer m.

PROOF. Proposition 1.10 for F = M§p® Q and G = 0% ® Q implies the isomorphism
of the complexes

m

/\(Mip/O}‘() ® Kosyx (O%)[—m] =~ Gr)y Kosx(Myx)

for every m. Because for m big enough A" (M;g(p/Oi) = 0, we have Gr,‘;i/ Kosx(Mx) = 0.
Then we can easily see the finiteness of the filtration W.
Since it follows from (3.23.2) that

m—I

NME/0%) = N\ (Mx (D) /O%) & Lz) = @(m*(i,—l( A Lz) ® 8l> ,
=0

we obtain an isomorphism of the complexes

m—I

@(m*(f,‘ (Aiz)ee e ill(KOSx(O}))[—m]> — G, Kosy (My)
=0
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for every m. Now we have a canonical morphism i I_I(Kos x(0%)) — Kosp (O*DI) by the
functoriality of the Koszul complexes. This canonical morphism is a quasi-isomorphism be-
cause we have functorial quasi-isomorphisms Qy — Kosx(O%) and Q5 — Kosp (O%)).

b
Thus we complete the proof. a
THEOREM 3.27. In the situation (3.4) the data
((Kosx (Mx), W), (wy, W, F), ¥(x,my))
is a Q-cohomological mixed Hodge complex if X is compact and Kdahler.
PROOF. The filtration F on wy induces the log Hodge to de Rham spectral sequence
EVT =HI(X, 0}) = E" = H'(X, wy)
as usual. Then the E|-terms are of finite dimension because X is compact. Therefore the
cohomology H" (X, w) is finite dimensional because the filtration F is finite. For every
integer m we have isomorphisms (3.23.1) and (3.26.1) in the derived category. Corollary 3.24

states that the induced filtration F on Gr}f,/ Y coincides with the filtration induced by F[—m]
on the left hand side in the identification (3.23.1). Moreover, we have a commutative diagram

Do« (i (A" Lz) @ &' ® Kos 5, (O%))[—ml) — G, Kosx (Mx)
@id@(zn\/f_l)’mw(m,ozl)l lcr,‘,‘{ Yix.My)
Do (N Ly e @25 l-ml)  — Gl wy
for every m. Thus we see that the data
(Gr) Kosx(My), (GrlY wy, F), Gr)) ¥(x.umy))

is a @-cohomological Hodge complex of weight m by Proposition 3.21 and Lemma 3.18 as

in Deligne [1]. a
(3.28) Now we assume that we are given global sections f1, ..., ty of Mx. They give
us the global sections dlogt?y, ..., dlog# of a)}( We have C-sheaves Cluy, ..., ur] ®c a);},
where Cluy, ..., ur] denotes the polynomial ring. A morphism of C-sheaves
d:Clui,...,ux]l ® oy — C[ul,...,uk]®w§+l

is given by the formula
k 8f
d(f ®w) = f @dw+ 2rnv/—1)"! § :a_ ®dlogti Aw,
: Ui
i=1

which turns out to satisfy the equality > = 0 by easy computation. So we obtain a complex

of C-sheaves C[uy, ..., ur] ® wy on X.
(3.29) The sections 1, ..., t; regarded as global sections of M ip define morphisms of
complexes

tiN : Kosy(Myx) — Kosy (Mx)[1]
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fori =1,...,kasin (1.11.1). It is easy to see that they satisfy the conditions
(3.29.1) #HA) - (EN) =0,
(3.29.2) AN - (tiN) = —(tiA) - (A

We have Q-sheaves Quy, ..., ur] ® g Kosx(Mx)? and a morphism of Q-sheaves

d: Qlui, ..., ur] ® Kosx(Mx)? — Qlui, ..., u;] ® Kosx(My)P*!
by
d(f®x)=f®dx+i o ®ti ANX
iy dui l .

The equality d> = 0 holds by (3.29.1) and (3.29.2). Thus we obtain a complex of Q-sheaves
Qluy, ..., ur] ® Kosxy(Myx) on X.
(3.30) The morphism vx in (2.4.2) induces a morphism of Q-sheaves

id®yx : Qlui, ..., uxl ® Kosx(Mx)? — Cluy, ..., ux] ® o

for every p. Easy computation shows that the morphism id ® ¥y is a morphism of complexes.
(3.31) On the complexes Qluy, ..., ur] ® Kosx(Mx) and Cluy, ..., ur] ® oy we
define increasing filtrations L by

Lu(Qlui, ..., ui] @ Kosx(Mx)) = @ u? @ Wi—2q) Kosx (Mx) ,
geNk
Ln(Clur. ... u] ® wy) = P u? ® Win_ajq 0
qENk

qi .

for every m., where u? = u; -ugk and |g| =q1+---+qi forqg = (q1, ..., qr) € N*. The

facts
(& N) (W Kosx (Mx)) C Wyq1 Kosx (Mx)[1],
dlogt; A Wy C Wypioy[1]

fori = 1,..., k imply that they are subcomplexes of Q[uy,...,ur] ® Kosy(Mx) and of
Cluy, ..., ur] @ wy.

On Cluy, ..., ur] ® wy we define a decreasing filtration F by
F*'(Cluy, ..., ukl @ wy) = @ ul ® F"flqlw'x
qEN/"
for every n. This defines a subcomplex of Cluy, ..., ur] ® wy by the facts

dlogt; A F"wy C F"™ wy(1]

fori =1,...,k.
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REMARK 3.32. We have the equalities
L_1(Qluy, ..., ur] ® Kosx(Mx)) =0,
L_1(Cluy,...,ur] ®wy) =0

trivially. We remark that L is not a finite filtration. However, it satisfies the conditions

U Ln(Qlut, ..., ux] ® Kosx (Mx)) = Qlui, ..., ur] ® Kosx (Mx)

and

JLnClur. ..., u] @ 0x) = Cluy, ... 0] ® wy .
m

Similarly, we have
FO(C[m,...,uk] Qwy) =Cluy, ..., ur] ® oy,

but F is not a finite filtration. We have the equality

(N FP(Clui.....ux] ® wy) =0.
p

Since the morphism vx preserves the weight filtrations W on Kosx (Mx) and on wy,
the morphism id @y preserves the filtrations L on Qluy, ..., ur] ® Kosy(Mx) and on
Clut, ..., ur] ® wy.

THEOREM 3.33. In the situation above, the data
((Qlui, ..., ur] ® Kosx (Mx), L), (Cluy, ..., ur] ® wy, L, F),id®yx)

is a weak Q-cohomological mixed Hodge complex on X, if X is compact and Kdhler (for the
definition of a weak Q-cohomological mixed Hodge complex, see Definition A.4 in Appendix).

PROOF. We have equalities

Grl Qlu. ... ux] ® Kosx(My) = @ Gry,_,, Kosx (My)

qEN/"
Grh(Clu, ..., ] ® wy) = EP Grjy_y, @ -
geNk
FGrl(Clu.....ul @ wy) = @D Fl-lgl1Gr)l_,,, oy .
qEN/"
Gy, (id@Yx) = D Gryy_g)q) ¥x

geNk
by easy computation. From Theorem 3.27 the data
(Grpy gy Kosx (Mx), (Gryy_y . @y, FI=1gl1Gryy . @x), Gryy g0 ¥x)

is a Q-cohomological Hodge complex of weight m — 2|q| — 2(—|g|) = m on X. O
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4. Log smooth degeneration and its reduction.

(4.1) For a positive integer k, a pre-log structure N¥ — C over the point (Spec C)ay, is
given by sending 0 € N¥ to 1 € C and sending x € N¥, x # 0,t0 0 € C. The log structure
induced from the pre-log structure above is nothing but ((Spec C)an, C* @ N¥). The point
with this log structure is called the N¥-log point and denoted simply by (s, N*) or %*. The
N-log point (*, N) is called the standard log point in Steenbrink [19]. For the module of “log
differential forms” a)lk on #*, we have a)lk =C*.

Let E be the divisor on C* which is the sum of all the coordinate hyperplanes. Moreover,
we denote by (C*, E) the complex manifold C k equipped with the log structure associated to
E. Then the point 0 € ck equipped with the pull-back of the log structure above is nothing
but the N*-log point. Thus we have a canonical strict closed immersion

(4.1.1) (*, Ny — (C*, E)

by definition.

DEFINITION 4.2. Let f : U — C* be a morphism of complex manifolds. We assume
that the effective divisor D = f*FE on U is well-defined. Then we have a log structure My
associated to the effective divisor D, and obtain a morphism of log complex analytic spaces
f (U, My) — (C*, E). In this article, the morphism of log complex analytic spaces f is
called a log degeneration over ck , if the divisor Dreq is a simple normal crossing divisor on
U. If the morphism f is log smooth, in addition, it is called a log smooth degeneration over
c*.

DEFINITION 4.3. Let Y be an fs log complex analytic space, and g : ¥ — %X a

morphism of log complex analytic spaces. The morphism ¢ (or simply Y) is said to be a log
degeneration over the N*-log point % if for any point x € Y there exist an open neighborhood
V of x in Y, a log degeneration f : (U, My) — (C¥, E) and a morphism of log complex
analytic spaces V — U such that the diagram

V — U

w| s

x* — Ck,

is Cartesian in the category of log complex analytic spaces, where the bottom arrow is the
canonical morphism (4.1.1). If we can take a log smooth degeneration f : (U, My) —
(Ck , E) in the definition above, Y is called a log smooth degeneration over K If Y is compact,
in addition, we call Y a proper log (smooth) degeneration over . Moreover, the complex
analytic space X = Yreq With the pull-back log structure from Y is called the reduction of the
log (smooth) degeneration Y.

REMARK 4.4. If Y is a log smooth degeneration over **, then Y is log smooth over
K by definition.



MIXED HODGE STRUCTURES ON LOG SMOOTH DEGENERATIONS 89

EXAMPLE 4.5. Let f : X — A be a surjective morphism from a complex manifold
X to the unit disc A, such that f is smooth outside the origin {0} in A and that the divisor
£~1(0) is a normal crossing divisor. Then the fiber ¥ = f~1(0) as a complex space is a log
smooth degeneration over the N-log point x = {0}.

EXAMPLE 4.6. A log deformation defined by Steenbrink [19] is a log smooth degen-
eration over the N-log point.

EXAMPLE 4.7. Let f : X — AX be a surjective morphism from a complex manifold
X to the k-dimensional polydisc A¥. We use the same symbols E; and E as in (4.1) for the
coordinate hyperplanes and the divisor which is the sum of the coordinate hyperplanes. Then
the fiber ¥ = f~1(0) is a log degeneration over the N*-log point if the divisor (f*E)req
is a normal crossing divisor on X. If f is log smooth in addition, then Y is a log smooth
degeneration. For the case where the morphism f is of generalized semi-stable type in [5], ¥
is a reduced log smooth degeneration.

EXAMPLE 4.8. Let f : X — S beamorphism of complex manifolds. If the morphism
f is a weak semistable reduction in the sense of Kawamata [14], every fiber of this morphism
turns out to be a log smooth degeneration under suitable log structures on the fiber and the
base point.

EXAMPLE 4.9. We give a simple and explicit example which shows that a log de-
generation is not necessarily equi-dimensional. We consider C* with the coordinate (x, y, z)
and C? with the coordinate (s, t). We consider the log structures on C? and C? associated
to the simple normal crossing divisors xyz = 0 and st = 0, respectively. The morphism
f: > C? given by f(x,y,z) = (xy, xz) is a log smooth degeneration over C?. Then
the fiber f~'(0) with the induced log structure is a log smooth degeneration over %2, which
is not equi-dimensional.

EXAMPLE 4.10. Let f : U — C* be a log degeneration over C* as in Definition
42and7 : U — U a log blow-up (for the definition see [9, Definition (6.1.1)]) whose
underlying morphism is a blow-up along an intersection of some irreducible components of
f~1(0). Then we can see that the composite 7/ : U — C* is a log degeneration again. If
we assume that f is a log smooth degeneration, then 77 f is also a log smooth degeneration.
Therefore the fiber (i f )’1 (0) turns out to be a log (smooth) degeneration over the N k-log
point. Here we remark that (7 f)~!(0) is not equi-dimensional for k > 2 because it contains
the exceptional divisor.

DEFINITION 4.11. Let X be the reduction of a log degeneration over %f. We denote
the irreducible components of the reduced complex analytic space X by {X;},ca. We set

X[I'] = ﬂ X,
rel’

for any subset I" of A (for I" = @, X[] = X). We give an fs log structure Mx(;} on X[I]
by pulling back the log structure of X.
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REMARK 4.12. For a non-empty subset I", X[I"] above is a complex manifold satis-
fying the condition (3.4), if the irreducible component X, is nonsingular for every A.

LEMMA 4.13. For the reduction X of a log degeneration Y over %*, a)i[r] is locally
free of finite rank for every p and for every I' C A. Moreover, a)i[ Ik is also locally free,

if Y is log smooth degeneration over *.

PROOF. By Kato and Nakayama [12, Lemma (3.6)(2)], the canonical morphism
Oxir ® a)}, — a)}([ r turns out to be an isomorphism. Also we have the canonical iso-
=y

morphism Ox[r ® . by similar arguments. Then we have isomorphisms

1 1
Dy 4 X[I/%

(4.13.1) Oxirn® a)l; — a)i[r] . Oxrn ® a))lz/*k — wi[l"]/*/‘

for every p. Thus we can easily see the conclusions. g

(4.14) For the reduction X of a log degeneration Y, we set
(4.14.1) X,= [] xtr
[ |=n+1
for any non-negative integer n. Once we fix a total order on the finite set A in addition, we
obtain a simplicial “resolution”

—
—
- — - —
(4.14.2) e Xy Xyt e =0 X N Xo— X
— —
—>
—

as usual. We denote by a, the natural morphism X, — X.

(4.15) From the simplicial resolution above, we have a sequence of the morphisms of
sheaves

GISD 0 > Oy > (@)Ox, —> @)0x, — (@2):0x, — -
by using the “Cech type”” morphism § as usual.

PROPOSITION 4.16. In the situation above, we assume that the irreducible component
X, of X is nonsingular for every A. Then the sequence (4.15.1) is an exact sequence.

PROOF. We may check the exactness locally because of the smoothness condition on
the irreducible components of X. So, we may assume that Y is given by a Cartesian square

Y — U

L b

#* — ck ,
where f : U —> CF is a log degeneration over C*. Moreover, we may assume that U is an

open neighborhood of the origin 0 in C" with the coordinate functions x1, . . ., x, and that the
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morphism f is given by
n
@
(4.16.1) f*tjzgj]‘[xl.’f ji=1,...k,
i=1

where g;’s are invertible holomorphic functions over U and g;;’s are non-negative integers.
In this situation, we look at the stalk at the origin of the sequence (4.15.1). We set A =

C{x1, ..., x,} and denote by 7 the defining ideal of X in A. Then we can easily see that the
irreducible decomposition of X at the origin is given by
(4.16.2) I=Ii1N---NZIn,
where 7, is generated by some of coordinate functions x; in the ring C{xy, ..., x,}. So, what

we have to prove is the exactness of the sequence

8 ) 8
0>Z > A— BN A/Ty — Biegyeay<n A/ Tag +Lay) — -+,
where the morphism
50 B A/ Tyt + Ty > P A/ Tt +Tap)
I<ap<-<aj<N I<ap<-<aji <N
sends an element f = (fu(-a;) to the element g = (goy-aj;,) With
Jj+1

_ I+1 A
goto~~~0!j+1 - Z(_l) fa0~~~a1~~~aj+1
=0

as usual. Since the exactness of the sequence

N
07542 @Pas,
a=1

is trivial by (4.16.2), we have to prove the exactness of the sequence

N
B B )
(4.16.3) APz, > P A/ Ty +Twy)
a=1 1<aj<ar<N
The completion A= C[[x1, ..., x,]] is faithfully flat over A = C{xq, ..., x,} (see, for in-

stance, Matsumura [16, Theorem 8.14]). Therefore we can check the exactness after tensoring
A. Since every ideal Z, and the differential d are homogeneous with respect to the N" grad-
ing, we can check the exactness degree by degree. So we fix a degree ¢ = (g1, ..., qn) € N".
If xlq] -+ x" is contained in the ideal Zy, + - - - + Ty, then x;]‘ - x" is an element of Z,,
for some /, because every Z, is generated by some of x;’s. Therefore we may exclude all the
ideals 7, containing x;]‘ - x" at first, and identify the degree ¢ part of the sequence (4.16.3)
with the sequence of C-vector spaces

2 3
c eV LA S A
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for some non-negative integer N’. This complex is nothing but the complex Kos(A; N’) for
the diagonal morphism A : C — CV ". Then we obtain the exactness of the sequence above
by using Proposition 1.4. a

COROLLARY 4.17. If X is the reduction of a log smooth degeneration with the smooth
irreducible components, we have exact sequences

1) 8 1) 1)
p p p p
0 — Dy ke T (ao)*a)xo/*k —— (al)*wxl/*k —— (az)*wxz/*k

for all p by the “Cech type” morphisms .
PROOF. The isomorphisms in (4.13.1) and Proposition 4.16 imply the conclusion. O

(4.18) In the situation above, the single complex associated to the double complex

0 . § . 8 . §
g (ao)*wxo/*k I (al)*wxl/*k I (02)*(1)X2/*k —_—

is denoted by (a.)w) e The stupid filtrations (filtrations bétes) in Deligne [1] on ), sk

« Which are the

andw,, , , are denoted by F as usual. Moreover, subcomplexes F? (a.)*a)X Ja

Xy /%
associated single complexes to
0 — (ap)«FPw; —5>(a)Fl’w' _5>(a)pr- _‘3)
0)x% Xo/# 1)% X1 /%K 2)x Xo )%k

define a decreasing filtration F on (a.)*a)x_/*k.

PROPOSITION 4.19. For the reduction X of a log smooth degeneration over * the
“Cech type” morphism
(4.19.1) a)'X/*k — (a.)*w'X./*k
is a filtered quasi-isomorphism with respect to the filtration F, if all the irreducible compo-
nents of X are nonsingular.

PROOF. We have Gr’; a)'X/*k = a);}/*k[—p]. On the other hand, Grf, (a')*w}(./*k is the
complex obtained by shifting the complex

p p
Xo/ X1/

by p to the right. Thus we obtain the conclusion by Corollary 4.17. O

p

0 — (ag)xw X sk

§ §
* T (ar)sw * T (a2)+w

5. Mixed Hodge structures on the relative log de Rham cohomologies.

(5.1) Let X be the reduction of a proper log smooth degeneration over €. Moreover,
we assume that all the irreducible components of X are nonsingular and Kéhler in addition.
In the last section we obtain a resolution of wy Sk (4.19.1). In this section we construct mixed
Hodge structures on the cohomology groups H” (X, )y /*k) by using the resolution above.

By the additional assumption, X, in (4.14.1) is a compact Kéhler log complex manifold
satisfying Condition (3.4). We denote by f, : X, — X the composite of the morphisms
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a, : X, — X and X — X, which yields global sections #1, ..., t of My,. Therefore we
have a weak Q-cohomological mixed Hodge complex
((Qlui, ..., uk] ® Kosx, (Mx,), L), (Clui, ..., ur] ® wy,, L, F),id®¥x,)
on X, by Theorem 3.33.
(5.2) A morphism of C-sheaves Cluy, ..., ui] ®w§n — a);}n sending f Qw to f(0)w
induces a morphism of complexes
Ox, /st Clur, ..., u ] @ oy, — a)'Xn/*k

because dlog#; = 0 in @, ok
filtrations F' on both sides.

for every i. We can easily see that this morphism preserves the

PROPOSITION 5.3.  In the situation above, the morphism 8, .« induces a quasi-iso-
morphism
Gr/. O, sk - Grl. Cluy, ..., ux] ® wy, = Grf. Ok
for every integer p.
PROOF. From the equality wik = C*, we obtain the morphism of @ x,-sheaves

* 1 _ @k 1
fl’l (,()*k = OX” — a)Xna

which is denoted by f, for a while. By Lemma 4.13 this morphism fits in an exact sequence

X
ok _Jn 1 1
0 - Oy — wy — Dy k™ 0

and the cokernel w!

X,k is locally free Oy, -module. We have

I
P / r—lgl 1 ! —1 @k 1
Gry Cluy, ..., u ]l @ oy, = @ Gry "oy = @ wy, = Sym?” (OX,,) ® /\an
geN* geN*
lgl=p—I1

for every [ and p. By the equality above together with easy computation on the differentials
the complex Gr’; Cluy, ..., u] Quwy can be identified with the Koszul complex Kos(f,"; p).
On the other hand, the equality

P
Gr‘; w.x,,/*k = win/*k[_]?] = /\ a);(n/*k[—P]
holds trivially. Then we have the conclusion by Proposition 1.4. a

(5.4) Since the simplicial resolution (4.14.2) is compatible with the morphisms f;, :
X, — # for all n, the “Cech type” morphisms
8 :(an)« Qluy, ..., ur] ® Kosx, (Mx,) = (ant+1)« Qlui, ..., ur] ® Kosx, ,, (Mx, ),

8 (an)«Cluy, ..., ur] ® a)IX” = (an+1)+Clu, ..., u ] ® (»U.x”+1
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are morphisms of complexes which preserves the filtrations L and F' involved. Thus we obtain
double complexes

((an)« Qlur, ..., ux]l @ Kosy, (Mx, ), 8),  ((an)«Clui, ..., url ® oy, ,8)
and the associated single complexes which we denote by K g and K¢. We define subcom-
plexes W, K g and W, K¢ by the associated single complexes to the double complexes
((@n)«Lim4n(Qlui, ..., ux] ® Kosx, (Mx,)), 8) ,
((an)«Lmin(Clut, ..., ug] ® a)IX,,)’ 3)
for every m. Moreover, the associated single complex to the double complex
(@)« FP(Clut, ..., ux] ® wy ), 5)

defines a subcomplex F” K¢ for every p. Thus we obtain filtered complex of Q-sheaves
(K g, W) and bifiltered complex of C-sheaves (K¢, W, F) on X.

Here we remark that the filtrations above are not finite. However, we can easily see the
following conditions:

540 For sufficiently small m, W, Kg =0 and W,,K¢c = 0.

(5.4.2) The equalities | J,, W, K9 = K¢ and | J,, W\ K¢ = K¢ hold.

(54.3)  Wehave F'K¢ = K¢ and (), FP K¢ =0.

(5.5) Trivially the morphisms of complexes

d®yx, : Qlui, ..., ur] @ Kosy,(Mx,) — Clui, ..., uk] ® oy,

and

GXn/*k : C[M], LR I/tk] ®0)X” - a)Xn/*k

are compatible with the morphism § for every n. Thus we obtain morphisms of complexes

preserving weights and Hodge filtartions, which are denoted by

¥ :Kg — K¢,

GX_/*k :Ke —> (a.)*a)X./*k,

respectively.
LEMMA 5.6. The morphism 0 ;. induces a quasi-isomorphism

Gry (bx. ) : Gry K¢ — Gr?(a.)*wk/*k

for every p.
PROOF. The complexes Gr’; Kc and Grf,(a.)*a)'x Jk Ar€ the associated single com-
plexes to ((an)x Gr'; Cluy,...,ur] ® wy §) and ((an)+ Grf; wy Sk 8), respectively. Thus

we obtain the conclusion by Proposition 5.3. O

COROLLARY 5.7. In the derived category we have a morphism

KC — CL)X/*k
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preserving the filtrations F on both sides, which induces an isomorphism
Grf, Kc — Grf, a)'X/*k = a)i/*k
in the derived category for every p.
PROOF. By the lemma above together with Proposition 4.19. O

PROPOSITION 5.8. In the situation above, the data (Kg, W), (K¢, W, F),¥) is a
weak Q-cohomological mixed Hodge complex on X (see Definition A.4 in Appendix).

PROOF. For every m, we have

Gryy Ko = @ Gy Qlui, ..., ] ® Kos, (Mx,)[-n,

n>0
Gr) K¢ = @GrﬁHn Cluy, ..., u ] ® oy, [—n],
n=>0
Gry y = P Grk,, ((d@yx,)[—n]

n>0

by easy computation. Moreover, the filtration F' induces

FGry Kc =P F(Grl,, Cluy. ... u] ® oy )[—n]

n>0

for every m. Therefore the data (Gr,‘;i/ Ko, (Grnvf Kc, F), Grnvf Y¥) is a @Q-cohomological
Hodge complex of weight m + n + (—n) = m by Theorem 3.33. a

THEOREM 5.9. Let X be the reduction of a proper log smooth degeneration over the
N¥-log point *. Assume that all the irreducible components of X are Kéihler complex mani-
folds in addition. Then we have the following:

(5.9.1) For every integer n, the cohomology group H" (X, a)'X/*k) underlies a Q-mixed

Hodge structure, whose Hodge filtration is induced by the stupid filtration on Dy )

(5.9.2) The log Hodge to de Rham spectral sequence

(5.9.3) Ef =HI(X, 0y ) = E" =H'"(X, 0y 1)

degenerate at E1-terms.

PROOF. Corollary 5.7 tells us that there exists a positive integer N such that Gr’; K¢
is acyclic for all p > N. The exact sequence in (A.6.4) implies that FPH"(X, K¢) =
FNH"(X, K¢) for p > N. Since the filtration F on H"(X, K¢) induces a finite filtration

on Gr)V H"(X, K¢), we have FN GrV H"(X, K¢) = 0 for every integer m. Then we have the
inclusions

FNnw, cFNnWw,_;c---

on H"(X, K¢). Then we have the equality F¥ N W,, = 0 because W;H"(X, K¢) = 0 for
sufficiently small /. Therefore we have FY = 0 by using the condition [ J o WnH' (X, K¢) =
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H"(X, K¢). Thus the filtration F on H"(X, K¢) is finite. Moreover, the cohomology
H"(X, K¢) is of finite dimension, because we have

Gri. H"(X, K¢) ~ H"(X, Grf, K¢) ~ H' P (X, wi/*k)

for every p. Then the filtration W is finite and the data
(5.94) (H"(X, K@), WInD, H'(X, K¢), WInl, F))

turns out to be a @Q-mixed Hodge structure by (A.6.1) in Lemma A.6. Now we have the
identification

H" (X, K¢) = H'(X, K¢)/FVH' (X, K¢) ~ H'(X, K¢ /FY K¢) ~ H'(X, 0} ,.)

by FYH"(X, K¢) = 0 as well as by the fact that the morphism K¢ — a)'X/*k induces an

isomorphism K¢/FN K¢ = W)y Jk in the derived category. Thus the cohomology group
H*(X, wy /*k) underlies the mixed Hodge structure (5.9.4). Then E{-degeneration (A.6.3)
for the filtered complex (K¢, F') implies the Ej-degeneration of the log Hodge to de Rham
spectral sequence (5.9.3). Moreover, we can easily see the coincidence of the filtrations F on

H"(X, K¢) and on H* (X, a)'X/*k) by Corollary 5.7. O

Appendix. In this appendix, we try to relax the finiteness assumption in axioms of
(cohomological) mixed Hodge complexes in [2].

DEFINITION A.l. A weak Q-mixed Hodge complex consists of the following data:

(A.1.1) abounded below complex of Q-vector spaces K g,

(A.1.2) an increasing filtration W on K ¢ such that | J,, W, K9 = K¢ and that for
every n there exists an integer m with W, K 'é =0,

(A.1.3) abounded below complex of C-vector spaces K¢,

(A.1.4) an increasing filtration W on K¢ satisfying the same conditions as for W on
K ¢ above,

(A.1.5) adecreasing filtration F on K¢,

(A.1.6) amorphism o : Kg ® C — K¢ preserving the filtration W on both sides
such that the morphism Gran o: Gr}f,/ Ko®C— Gr}f,/ K is a quasi-isomorphism for every
integer m,

satisfying the condition

(wMHC) the data (Gr,‘f,/ Ko, (Gr,‘f,/ Kc, F), GrmW «) is a Q-Hodge complex of weight
m for every integer m.

REMARK A.2. A weak (@-mixed Hodge complex ((Kg, W), (K¢, W, F), )
becomes a @-mixed Hodge complex, if the cohomology H"(K¢) ~ H"(Kg) ® C is of
finite dimension for every n.

LEMMA A.3. Let (Kg,W),(Kc,W, F),a) be a weak Q-mixed Hodge complex.
Then we have the followings:
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(A3.1) (Gr)f H'(K o), (Gr)Y H"(K¢), F)) is a Q-Hodge structure of weight m + n
for every n and m.

(A.3.2) The spectral sequence associated to the filtration W degenerates at E>-terms.

(A.3.3) The spectral sequence associated to the filtration F degenerates at E1-terms.

(A.3.4) We have the natural exact sequences

0 - H (F"K¢) — H (K¢) — H (K¢ /F"K¢) — 0,
0— H (F""'K¢) — H (F"K¢) — H (G, K¢) — 0
for every i and n.

PROOF. By the morphism o we have isomorphisms £/ (K g, W) ® C~E! (K¢, W)
etc. Moreover, the morphisms d : Ef? (K¢, W) — Erp+r’q_r+l(KC, W) etc. are defined
over Q.

First we prove the following by induction on 7.

(A.3.5)  We have an exact sequence

0— El(F'"K¢, W) — EPY(Ke, W) — EPY(Kc/F"Kc, W) — 0

for every p, g, r and n. Therefore the three filtrations Fy, Fy+ and Fre. coincide. Moreover,
EP1(Kc, W) with the filtration F; = F;+ = Fyec is a Hodge structure of weight ¢ for every
p,qgandr > 1.

For the case of r = 0, it is easy to see that the sequence

0— EJ(F"Ke, W) — EJ"(Ke, W) — E{"" (K¢ /F"Kc, W) — 0
is exact. So we proved (A.3.5) for r = 0. Moreover, the filtration F; = Fg+ = Fec is nothing
but the induced filtration F on Grﬁvp K g+q = E{"(K¢, W). Then the morphism

d:EPI(Ke, W) =GrY, kP — o k2T = EPTY (Ko, W)

is strictly compatible with respect to the filtration F; = Fy+ = Fc by the assumption
(WMHC) and the definition of Hodge complex (see [2]). Therefore we obtain an exact se-
quence

0— EVI(F"Ke, W) — EP(Ke, W) — EV (K¢ /F"Ke, W) — 0

by the “Lemma on two filtrations” in [2]. This shows that Fy = Fz« = F,_on E]"!(K¢, W).

Since we have F,, = F under the identification EI"? (K¢, W) ~ HP™4 (Grﬂvp K¢) by def-
inition, E f 4K, W) with the filtration Fy = Fg+ = Free is a Hodge structure of weight
p + g + (—p) = g by the assumption (WMHC). Thus we proved (A.3.5) for the case of
r = 1. Now we proceed the induction process. We assume Condition (A.3.5) for r > 1.
Since the morphism d : EF*Y (K¢, W) — Ef+r’q7r+l (K¢, W) preserves the filtration Fy, it
is a morphism of Hodge structures. Then d is strictly compatible with the Hodge filtrations
Fy = Fjx = Frec. The “Lemma on two filtrations” tells us that we have an exact sequence

0— ElSG(F'Ke, W) — El'{(Kc, W) — El (K¢ /F"Ke, W) — 0
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forevery p, g and n. Therefore Fy = Fy+ = Fiec ON Effl (K¢, W). Moreover, Er':’_ql (Kc, W)
with the filtration Frec = Fz; = Fy+ is a Hodge structure of weight ¢, because the morphism
d is a morphism of Hodge structures. Thus we proved (A.3.5) by induction.

The weights of the Hodge structures EP? (K¢, W) and Ef+r’q7r+l (K¢, W) are g and
g —r + 1, respectively. Therefore the morphism of Hodge structures d : E*Y (K¢, W) —
Ef“’q*”l (K¢, W) is the zero map for r > 2 because of the inequality ¢ > g —r + 1. This
fact combined with Assumption (A.1.4) in Definition A.1 implies that the spectral sequence
associated to the filtration W on K¢ degenerates at E-terms. Thus we obtain the conclusion
(A.3.2).

By the E»-degeneration above, we have the equalities

ELY(Ke, W) ~ E)*(Ke, W),
ELYN(F"Ke, W) ~ EJ*(F"Kc, W),
ELY(Kc/F"Ke, W) ~ E}"*(Kc/F"Kc, W),

and the exact sequence

(A.3.6) 0— ERY(F'"Kc, W) — EEY(Kc, W) — EEY(Kc/F"Kc, W) — 0

for every p,q and n. Therefore we have F; = Fs+ = F on EX?(K¢, W). Moreover,
EEY (K¢, W) with the filtration F; = F;+ = F is a Hodge structure of weight ¢. Therefore

GtV H"(K¢) ~ EZ™" (K¢, W)

with the filtration F' is a Hodge structure of weight m+n. So we obtain the conclusion (A.3.1).
From the exact sequence (A.3.6) we obtain the exact sequence

0 — GtV H (F"K¢) — Gr) H (K¢) — Gr)Y H (K¢ /F"K¢) — 0

for every i, m and n. Thus we obtain the first exact sequence in (A.3.4) by using Assumption
(A.1.4). Injectivity of the morphism H' (F"t!K¢) — H!(K¢) implies the injectivity of the
morphism H (F"T!1K¢) — H/ (F"K¢) for every i and n. Then we can easily see the second
exact sequence in (A.3.4), which implies the isomorphism

G H' (K¢) ~ H' (G- K¢)
for every i and n. Thus we obtain the conclusion (A.3.3). O

DEFINITION A.4. Let X be a topological space. A weak Q-cohomological mixed
Hodge complex consists of the following data:

(A4.1) abounded below complex of Q-sheaves K ¢,

(A.4.2) an increasing filtration W on K ¢ such that | J,, W, K9 = K¢ and that for
every n there exists an integer m with W, K 'é =0,

(A.4.3) abounded below complex of C-sheaves K¢,

(A.4.4) an increasing filtration W on K¢ satisfying the same conditions as for W on
K ¢ above,

(A.4.5) adecreasing filtration F' on K¢,
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(A.4.6) amorphismoa : Kg ® C — K¢ preserving the filtration W on both sides
such that the morphism Gr,‘;i/ o Grnvf Ko®C — Grnvf K is a quasi-isomorphism for every
integer m,

satisfying the condition

(WCMHC) the data (Gr,‘f,/ Ko, (Gr,‘f,/ Kc, F), Grfnv a) is a @-cohomological Hodge
complex of weight m for every integer m.

(A.5) Foraweak Q-cohomological mixed Hodge complex (K g, W), (K¢, W, F), a)
on a topological space X, we can see that the data

(RI'(X,Kg), W), RI'(X, K¢), W, F),RI'(a))

becomes a weak Q-mixed Hodge complex by using the Godement resolution. So we have the
following.

LEMMA A.6. Let X be a topological space and (Ko, W), (K¢, W, F), a) a weak
Q-cohomological mixed Hodge complex on X. Then we have the followings:

(A.6.1) (Gr)f H'(X, K ), (Gr)) H*(X, K¢), F)) is a Q-Hodge structure of weight
m + n for every n and m.

(A.6.2) The spectral sequence associated to the filtration W degenerates at E,-terms.

(A.6.3) The spectral sequence associated to the filtration F degenerates at E1-terms.

(A.6.4) We have the natural exact sequences

0 — H (X, F"K¢) > H(X, K¢) —» H (X, K¢ /F"K¢) — 0,
0 — H (X, F""'K¢) — H (X, F"K¢) — H' (X, Grt. K¢) — 0

for every i and n.
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