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1. Introduction. Let M be an ^-dimensional conformally flat Rieman-
nian manifold which admits a transitive group of isometries. In [1],
the author proved that M is isometric to one of the homogeneous Rieman-
nian manifolds of following types:

( I ) Sn(K)/Γ , E*/Γ , Hn{-K),

(II) (Sr(K)/Γ)x Hn~r{-K) , 2 ^ r ^ n - 2 ,

(III) (E'/Γ) x Hn-%-K) ,

(IV) (Sn~ι(K) x E')IΓ ,

where Sm(K), Em and Hm{ — K) denote a Euclidean m-sphere of radius
K~1/2, a Euclidean m-space and a hyperbolic m-space of curvature — K
respectively. N/Γ denotes a quotient space, where Γ is a group of
isometries of N acting freely and properly discontinuously. And x denotes
a Riemannian product.

J. A. Wolf (see [2]) classified the homogeneous Riemannian manifolds
of the forms Sn(K)/Γ and En/Γ. Thus, the problem left to us is to de-
termine the groups Γ appearing in (IV). In [1], the author proved a few
theorems about the structure of Γ. Making use of the theorem, we shall
classify the manifolds of type IV completely.

2. Structure of Γ. We consider S^iK) as the set of vectors of
norm K~1/2 in a Euclidean vector space Rn. Then, the group of all iso-
metries of Sn~ι(K) is the orthogonal group O(n). Let Q and Q' denote the
algebra of real quaternions and the multicative group of unit quaternions
respectively. Qf = {a = ax + a2i + aj + ajc] Σί=i α« = 1, αβ e R) has an
SO(4£)-representation p defined by

I
/&! — a2 — α 3 — aΛ

. . . a2 aγ —a4p: a —> , where A =
1 * ' a4 at — c

A :i
\ α 4 — a3 a2 aγ
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The subgroup C" = {6 = ax + a2i; a\ + a\ = 1, a8 e R} has an SO(2£)-represen-
tation σ defined by

0". δ —M " , where B =

The subgroup {±1} has an O(w)-representation ε given by

n
y——

κ±ί_±ιι.
Then, p, σ and ε are faithful. Hereafter, we identify Q', C and {±1}
with the closed subgroups ρ(Q'), σ(C) and ε({±l}) of S0(4l), S0(2l) and
O(n) respectively.

On the other hand, the additive group R is considered as the group
of all parallel translations of E1. R is a normal subgroup of the group
E(ϊ) of all isometries of E\

THEOREM 2.1 (see [1]). (i) (Sn~ι{K) x Eι)IΓ is a homogeneous Rieman-
nian manifold if and only if Γ is a discrete subgroup of Q' x R,C x
R or {±1} x R*\ (ii) Let H be one ofQ', C and {±1}. Then, a discrete
subgroup Γ of H x R is of the form

(a) Λ x {0} or

(b) semi-direct product group <(#, y))*(Γ1 x {0}) ,

where Γx is a finite subgroup of H, x an element of the normalizer
NiΓJ of Γ1 in H and y a positive real number.

3. Finite subgroups of Q' (see Wolf [2]). Let R3 be viewed as the
space of pure imaginary quaternions with basis {i, j , k}. Then, we have a
map π: Q' —>SO(β) defined by π(x){x') = xx'x'1. π is a two to one (π(x) =
π( — x)) homomorphism of Qf onto SO(3), and is a differential covering
of SO(3) by S3. Thus, Q' is the universal covering group of SO(3).

Every finite subgroup of SO(S) appears as a group of symmetries
of a regular polygon or a regular polyhedron in R3. And these groups
are given in terms of generators and relations as follows:

*> For our purpose, we identify two subgroups which are conjugate in 0{n) X E(l).
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T

0

I

order

m

2m

12

24

60

generators

A

A,B

A, P, Q

A, P, Q, R

A,B,C

relations

Am = 1

Am = B2 = 1, BAB-1 = A-1

A3 = P 2 = Q2 = 1, PQ = QP,

APA-1 - Q, AQA-1 = PQ

A3 = P 2 = Q2 = 1, PQ = QP,

APA-1 = Q, AQA-1 = PQ,

RAR-1 = A~\ RPR-1 = QP, RQR-1 = Q-1

A* = B2 = C5 = ABC = 1

Dm, T,0 and /are called the dihedral, tetrahedral, octahedral and icosahedral
groups respectively. T, I and O are isomorphic to the alternating groups
At, Aδ and the symmetric group S4 respectively. The binary dihedral, binary
tetrahedral, binary octahedral and binary icosahedral groups are defined by

Z>* = π~\Dm\ T* = π-\T)9 O* = π~\O) and /* = π~\I) .

Wolf proved

THEOREM 3.1. Every finite subgroup of Q' is a cyclic, binary
dihedral, binary tetrahedral, binary octahedral, or binary icosahedral
group. If two finite subgroups of Q' are isomorphic then they are
conjugate in Q'. A finite subgroup of Q' is contained in a complex
subfield of Q if and only if it is cyclic, contained in the real subfield
if and only if it is cyclic of order 1 or 2.

For example, we can choose generators of these groups as follows:

zm

D*

y*

0*

/*

order

m

4m

24

48

120

generators

a = cos (2π/m) + i sin (27r/m)

a = cos (π/m) + i sin (πjm), j

a = (1/2)(1 + i + j + k), i, j

a = (1/2)(1 + i + j + k), i, j ,

a = U/2)(l + i + j + &),

4 4 J 2 '

4 ' 4 J ' 2 C

α m =

α» =

α 3 =

aior1

bib-1

α3 -

relations

1

= i, aior1 = ii,
= ji, bab'1 = α"1, δjδ"1 = j ' 1

b2 cδ abc - 1

^acba = — i, bacb — —j)
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Hereafter, we restrict the meaning of the notations Zm, Di, T*9 O* and

/* to those of the above table.

LEMMA 3.1. For a subgroup G of Q', we denote by N(G) the normalizer

of G in Q'. Then
( i ) N(Zί) = N(Z2)=Q',

(ii) N(Zm) = C'\jC'j ( m ^ 3 ) ,
(iii) N(D*) = D*m ( m ^ 3 ) ,
(iv) N(Di) = N(T*) = N(O*) = O*, N(I*) = I*.

PROOF, (i) It is obvious, (ii) Let d = ax + a2i and x = xx + x2i +

# 3i + #4& be elements of Q'. Then we have

(3.1) xdx~ι = α x + α2(a?J -+- sci — α?| — xl)i + 2a2(x1x4[ + x2x*)j

Thus, if a; € iV(Zm) and d = ^ + α2i 6 ZTO (α2 ̂  0), then a?^ + x2xz = x%x* —

Xlx3 = o, which implies xι = α?2 = 0 or ίc3 = cc4 = 0, that is, x e C" U C'i.
Conversely, if cZ e Zm and a? e C U C'i, then α cία?-1 = d*1 e Zm, that is, α? e
N(Zm). (iii) First, we note that Dl = Z2 m U Z 2 m j . If a? e iV(/)*) and d =
a, + α2i e Z>* (^α, ^ 0), then, by (3.1), aκia?"1 e Z2 m, that is, xeC'UC'j.
But, if a G C ' n W ) and zjeC'j n N(D*), then xjx-'=x2jeD* and
(^i)i(^i)"1 = z2:? e />*, that is, # e Z4m and zj e Zimj respectively. Thus,
N(Dl) c Dfm. N(D*) => A*m is clear, (iv) First, we note that

( 1 ) D* "Ώ Dt (normal subgroup) ,

( 2 ) D2m Z) Df (not normal subgroup) , (m ^ 3) ,

( 3) T* ΏDΪ (normal subgroup) ,

( 4 ) O* Z) Z>2* (normal subgroup) ,

( 5 ) /* Z) D2 (not normal subgroup) ,

( 6) O* z> Γ* (normal subgroup) ,

( 7 ) /* ID Γ* (not normal subgroup) and

( 8) 0

(1) ~ (8) are obvious from the last table and the fact that π(I*) = A5

is a simple group. Next, we prove that N(Dί), N(T*), N(O*) and N(I*)
are finite groups. Let x = xλ + x2i + xj + x4k be an element of Q'.
Then,

= (a?? + x\ - x\ - xl)i + 2(x1xi + x2xz)j + 2(#2cc4 - a?^)*;
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and

xjx'1 = 2(x2x3 — xγx,)i + (xl — x\ + x\ — xξ)j + 2(0^2 + x3x4)k .

We put

f = x\ + x\ + x\ + z4

2,/2 = a?ϊ + a?J - α3

2 - x\,fz = 2(x1x4 + x2xz) ,

f4 = 2(#2£4-α;1α;3), /β = 2(0^3-0^), /6 = x\- x\ + #3

2 - x\ and f7 = 2(x,x2 + xΛx4).
Then, a map / : R' — R7 is defined by f(xu , a4) = (/lf , / 7 ) . Then,
it is easy to show that rank dfx = 4 for every xeR* — {0}. That is,
for each point v e R\ f~ι(v) Π S\l) is a finite set. Since ifjeD}9 the
above fact shows that N(Dί), N(T*), N(O*) and N(I*) are finite set.
Now the lemma is evident by (1) ~ (8) and Theorem 3.1.

4. Condition for Γ and Γ to be conjugate. Let Γ and Γ be two
groups appearing in Theorem 2.1, that is,

Γ = <(x, -»)>.(Λ x {0}) , Γ = <(x', tf')>.(Γί x {0}) .

LEMMA 4.1. Γ α̂ c? Γ' are conjugate in H x R if and only if (i)
V = y' and there exists an element t of H satisfying (ii) tΓγt~

ι = Γ[ and
(iii) ar1*-Vί e Λ-

PROOF. Let (t, u) be an element of H x R satisfying (t, u)Γ(t~\
— u) = Γ'. Then, we have

U U (tx%r\ ky)=V U ((»')

In particular, we have (i), (ii) and (iii). Conversely, let t be an element
of H satisfying (ii) and (iii). We show that (ί, 0)Γ(r\ 0) = Γ. First,
(iii) implies x~H~ι(x')H e Γ1 for every ke Z. In fact, by the induction,
we have x~krl{x')kt e Γx for k ^ 0. And ^ Γ 1 ^ ' ) " ^ = a?*^"**"^^)^)"^"*G

Λ Then, we have (a?')* ί̂ = txhΓjΓ1 by (ii), and hence (ί, 0)Γ(Γ\ 0) = Γ
by (i). q.e.d.

Now, we shall classify the groups of the form Γ = ({x, y)) (Γ1 x {0})
up to the conjugate classes in H x R. By Lemma 4.1, we may assume
that Λ is Zm,D*, ϊ7*, O* or /* of the table in Section 3. And Γ = <(&, y)>.
(Λ x {0}) and Γ' = <(a', y)> (Λ x {0}) are conjugate in if x JB if and
only if there exists t e NiΓJ satisfying x~H~ιx't e Γx. This assertion is
detailed as follows:
(I) H=Q':

(a) Γ1= Zγ\Γ - Γ'*} if and only if there exists ί e Q ' satisfying
a?' = txt~\ But it is easy to see that Q' = {tCt~ι\ t e Q'}. Thus, we may

*) r ~ Γf means that Γ and Γ' are conjugate in H x -B.
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assume x, x' e C". If txt'1 eC (x Φ ±1), then teC'U C'j and txt~ι = x or
x~\ That is, Γ ~ Γ' it and only if &' = x or a?""1.

(b) /\ = Z2: In the same manner as (a), we may assume x, xf e C,
and Γ ~ Γ' if and only if a/ = x, x~~\ — a? or —a?"1.

(c) Λ = Zm(m ^ 3): Γ - Γ if and only if there exists t e C ' U C'i
satisfying x~ιΐ~ιx't e Zm . Then we have (1) - (3):

( 1 ) a?, a?' e C : Γ - Γ if and only if a r V e Zm or a r 1 ^ ' ) " 1 e Zm .
( 2 ) a?, a?' e C'j: Γ - Γ', since x'Hx't = 1 e Zm for t e C satisfying

ί2 = x'x~\
( 3) z e C'i, xf eCΊΓΦ Γ, since ίC'Γ1 c C and ίC'ir 1 c C'j for

every ί e C U C'i.
(d) Γ! = D}:Γ ~ Γ' if and only if there exists ίeO* satisfying

x-'rWt e /)*. We note that O* = /)* Ujα/)? U α8A*) U (bDί U 6α/>2* U ba%Di)t

where α = (1/2)(1 +i + j+k) and 6(l/l/ 2 )(i - k). Then we have (1) - (6):
(1) a?, x' e sDt (s e O*): Γ - Γ, since arV e A*.
( 2) x e αZ>2*, ajf 6 α2A*: Γ ~ Γ', since arWft""1 e Z>2*.
( 3) xebDί,x'e baD?: Γ ~ Γ', since a^crVα e A*.
(4) xebDf,x'e ba2D?: Γ - Γ', since x-'a'^a2 e Df.
(5) a ecA* (or a? e 6Z>2*), x'eD*:Γ + Γ.
(6) xebD*,x'eaD*:Γ^Γ.

(e) Γx = Dt(m^ 3): Γ - Γ' if and only if there exists t e Am satisfy-
ing x~H-ιx't 6 /)*. We note that Am = Dt U s/)*, where s e Am - />m.
Then we have (1) - (3):

(1) x,x'eD*:Γ ~ Γ.
( 2 ) xeD*m-Dl,x'eDt:ΓφΓ'.
(3) xfx'eD*m-DZ:Γ~Γ.

(f) Λ = Γ*:Γ - Γ' if and only if there exists £eθ* satisfying
ar^rVί e Γ*. We note that O* = Γ* U δ?7*. Then we have (1) — (3):

(1) a;,x'eF:Γ-f.

(2) xeO*-Γ,«'Gf:f^ Γ'.
(3) a?,a?'eθ* - T*:Γ ~ Γ'.

(g) Λ = O : Γ - Γ ' .
(h) Λ = /*: Γ - Γ'.

(II) JT= C, Λ = Zm (m = 1,2,3, •): Γ ~ Γ if and only if arVeZm.

(III) fΓ-= {±1}, Λ = Zw (m = 1, 2): Γ - Γ if and only if arV e Zm.

Next, we check the condition that Γ = ((x, y))-(Γ1 x {0}) and Γf —
((x', y)>-(Λ x {0}) are conjugate in /(S'-^JBΓ) X .δ/1) = O(Λ) X #(1). It is
easy to see that Γ and Γ' are conjugate in O(π) x E(l) if and only if
there exists an element A of the normalizer of Γγ in O(n) satisfying
x^A^x'A e Γ1 or xA~ιx'A e /\. Then, it is easy to check that, if Γ and
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Γ' are not conjugate in Qf x R, then they are not conjugate in O(U) x
E(l). Γ and Γ are conjugate in O(U + 2) x #(1) if and only if ar V e
Λ or sea;' e Λ. Γ and Γ' are conjugate in 0(21 + 1) x #(1) if and only
if x~xx' e Λ or xxf e Λ.

5. Classification of (S^K) x i?1)//". Summing up the results of
Section 4, we have the classification of the manifolds of the form
(S -^K) x Eι)jΓ:
( I ) (&ι~ι(K) x Eι)/Γ:

( i ) Γ = <(α, y)), where a; = cos θ + i sin 0 ( 0 ^ 0 ^ π).
(i i) Γ = <(a?, 1/)> (Z2 x {0}), where x = cos « + i sin ί (0 ̂  0 ^ τr/2).

(iii) Γ = ((x, y)).(Zm x {0}) (m = 3, 4, . . •), where

a; = cos 0 + i sin θ (0 ̂  θ <* π/m)

or y.

(iy) Γ = <(a?f »)>•(/)? x {0}), where x = 1, (1/2) (1 + i + j + fc) or
( l / l / 2 ) ( ί - k).

(v) Γ = <(x, y))'(DZ x {0}) (m = 3, 4, •), where x = 1 or cos (π/2m) +
i sin (π/2m).

(vi) Γ = <(a, !/)>•(Γ* x {0}), where x = 1 or (l/vΊΓ)(i - fc).
(vii) Γ = < ( l f t f » . ( O * x { 0 } ) .
(viii) Γ = <(1, !/)>.(/* x {0}).
(ix) Γ = Γ,x {0}, where Λ - Zm (m - 1, 2, 3, - • •)> ̂ ϊ (m = 2, 3, •),

Γ*, O* or /*.
( I I ) (S4*+1(ίQ x Eι)/Γ:

( i ) Γ = (ix, y)).(Zm x {0}) (m = 1, 2, 3, . . . ) , where

x = cos 0 + i sin 0 (0 <; 0 <̂  7r/m) .

(ii) Γ = Zmx {0} ( m = l , 2 , 3 , •••)
(III) (S2l(K) x ^ ι )/Γ :

( i ) Γ = <(1, »)>, < ( - l , τ/)> or <(1, y)y.(Zt x {0}).
(ii) Γ = Z,x {0} or Z2 x {0}.
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