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Abstract. We study a problem in discrete tomography on the free abelian group of
rank n through the theory of distributions on the n-dimensional torus, and show that there is
an intimate connection between the problem and the study of the Hodge cycles on abelian
varieties of CM-type. This connection enables us to apply our results in tomography to obtain
several infinite families of abelian varieties for which the Hodge conjecture hold.

1. Introduction. The purpose of this paper is to generalize the theory developed in
[2], which concerns discrete tomography by hook-shape windows, in order to investigate to-
mography by arbitrary windows in Z", and show that the latter is closely connected with the
study of Hodge cycles on abelian varieties with complex multiplication by abelian CM-fields.

We give below a rough description of the problem of our main concern in the case of
windows in Z2. Let A = (C)Z2 denote the set of C-valued functions on Z2. We write its
element in the form (a(;, j)); jyez> Witha j) € C, and call it simply an array. An array with
finite support is called a window, and the set of windows is denoted by W. For any window
t = (tq,j)) and for any array @ = (a(,j)), let di(@) = > ; j)ez2ti, )@, ) and call it the
degree of a with respect to t. The main object of our study in this paper is the set

A? = {(a(i,j))(i,j)eﬁ € A; max{la; |} < oo and dry(,pg)(a) = 0 forany (a, B) € Zz}

of bounded arrays of degree zero with respect to every translation of ¢. Inspired by Ni-
vat’s works [8, 9], we investigated in [2] the structure of A(;In (denoted by A g, (0)bounded
in the notation there), when the window is the characteristic function of an n-hook H, =
{(0,0),(1,0),...,(n—1,0), (0, 1)} C Z2%. We found in [2] that the theory of distributions
provides us with a natural and unified viewpoint for the study of the structure of A(}{n.

The main purpose of the present article is to show that the theory also permits us to
understand the structure of A? for any window £ too. In the course of our study we recognize
an important role played by the characteristic polynomial m(z, w) = Z(,»’ ez L., j)ziwj €
Z[z,z7 ", w, w™'] of a window ¢ = (ti,j)) € Wand its star m{(z, w) = mt(zfl, w’l). We
will see that the intersection V (m) N T? of the zero locus of m} with the self-product of the
unit circle T controls the structure of A?. Furthermore, through the behavior of V (m]), we
can analyze the structure of A? for every window ¢ and obtain a dimension formula for A?. As
an amusing consequence, we can prove in a few lines that every bounded discrete harmonic
function on Z" is constant (Proposition 5.1, Remark 5.1.1 (2)).
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On the other hand, our study of tomography will reveal unexpectedly a close connection
between the structure of A? and that of the Hodge rings of abelian varieties with complex mul-
tiplication by abelian CM-field. Roughly speaking, given a finite subset S C Z", we construct
from S an infinite family AV(S) of abelian varieties, and relate the structures of the Hodge
rings of the abelian varieties in AV(S) to V (m’) N T". This connection enables us to reduce
the study of the Hodge rings to that of the zero locus of the characteristic polynomial. By
applying our theory to the simplest finite subset O = {(0, ..., 0)} C Z", for example, we see
that every abelian variety in AV (0) is simple and satisfies the Hodge conjecture (Proposition
6.7).

The plan of this paper is as follows. In Section 2, we introduce some notation and for-
mulate the basic problems of our concern. In Section 3 we generalize some results in [2] and
obtain a dimension formula for A? for an arbitrary window ¢. A crucial role is played by the
theory of distributions on T" and their Fourier transforms. In Section 4 we investigate the
periodicity of arrays in A? and give a characterization for A? to contain a multiply periodic
array. Section 5 examines several examples and shows how to apply the general results to
investigate concrete examples of windows. In Section 6 we reveal an intimate connection be-
tween discrete tomography and the study of the Hodge rings of abelian varieties with complex
multiplication by abelian CM-field.

The author would like to take this opportunity to thank Professor Sadao Sato for helpful
conversations and suggestions.

2. Problem setting. In this section we introduce some notation and formulate the
basic problems of our concern.

LetA = (C)? " denote the set of C-valued functions on Z". We write its element in the
forma = (a;) where i = (iy,...,i,) € Z" and a; € C. We call an element of A simply an
array. When there exists a positive constant C such that |a;| < C for any i € Z", the array
is said to be bounded. We denote the set of bounded arrays by A°. For any array a = (a;),
let suppa = {i € Z"; a; # 0} C Z" and call it the support of a. An array with finite support
is called a window, and the set of windows is denoted by W. For any window ¢ = (¢;) and
for any array @ = (a;), let di(a@) = Y ;.4 tia; and call it the degree of a with respect to t.
Furthermore, let

A ={a e A% dip@ =0 forany p € 2"},

the set of bounded arrays of degree zero with respect to every translation of ¢£. Here the
translated window ¢ +p is defined by (¢ + p); = ti—p, i € Z". The main problems we study in
this paper are the following:

(2.a) Find a condition for finite-dimensionality of A?.

(2.b) Find an explicit formula for the dimension of A?.

(2.c) Find a condition under which A? contains a multiply periodic array.

3. Dimension formula for A?. In this section we investigate the problems (2.a) and
(2.b) by appealing to the theory of pseudomeasures on the n-dimensional torus.
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In order to formulate our result, we introduce some notation. For any window ¢ =
ti) € W, let me@) = Y ;e tiZt € Clzi, Zfl, ey Zny z,ll], where z = (z1,...,2,) and
7= z’i' -~-zfl". We call it the characteristic polynomial of t. Let T = {z € C; |z| = 1} and
let:: T" — T" denote the automorphism of 7" defined by ¢(z1, ..., 2n) = (zfl, R z;l).
We put m; = *(my) so that m;(z) = m(1(z)). For any subset X C C", we denote the zero
locus {z € X;ms(z) = 0} by Vx(m;). Let P denote the set of pseudomeasures on 7" (see
[1]). For any pseudomeasure S we denote its Fourier transform by S, which belongs by defi-
nition to £°°(Z"). Note that if we put fx(x) = ]_[151.5” e~ ki%i wherek = (ki, ..., ky) € Z"
and x = (x1,...,x,) € R", then the equality (fxS)"(p) = §(p + k) holds for any p =
(p1, ..., pn) € Z". Therefore we see that
(3.1) (m}$)\(p) = Z txS(p + k) holds forany p € Z" .

keZ"

Now leta = (a;) € A? and let A denote the Fourier transform of @. Note that A is a pseu-
domeasure, since (a;) € A’ = £%°(Z"). Furthermore, it follows from (3.1) that

(mf A (p) =Y tutpk.
keZ"
which is equal to zero for any p € Z", since a = (a;) € A?. Hence, by the injectivity of
Fourier transform, we have m;A = 0. Thus we obtain the following

PROPOSITION 3.1. Notation being as above, we have supp A C Vrn (mf).

Recall that a pseudomeasure with a finite support is a measure ([1, 12.33]). Thus if we assume

that #(Vr» (mf)) < oo, then the Fourier transform A of an arbitrary array a € A? is expressed

as A =) Vo ) cabq for some cy € C, where & denotes the Dirac é-function placed at
oe T)l mt

o = (a1, ...,a,) € T". Conversely, if we assume that @ € Vr»(m}), then we can show that
the Fourier transform §4 belongs to A? as follows. Let o = el < J < n. Then we see
that

3a(p) — Sa(e_[plxl e e_[pnxn) — e—ipllh . e-[ﬂrlan — a;pl . _a;Pn .
Therefore, if we puta® = (af*) = e € £®(Z"), then
di1p@*) = Z tipai = Z tig P = o Pmj(e)=0,
ieZ" ieZ"

since we are assuming that @ € Vr» (mf). Thus we obtain the following.

THEOREM 3.2. Suppose that Vr»(m]) is a finite set. Then for any window t, the space
A? is isomorphic through the Fourier transform to the space (8q; o € Vr»(mf))c spanned by
the Dirac §-functions placed at o« € Vpn(my). In particular, we have

dimg A? = #(Vpa (m))) .
The following proposition deals with the case when Vg« (m}) is infinite.

PROPOSITION 3.3. When Vrn(mf) is infinite, the space A? is infinite-dimensional.
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PROOF. Assume that Vz»(m;) is infinite, and take mutually distinct elements z; €
Vra(my), k € Z>o. We show that the array ay = (zk_i)iezn belongs to A? forany k € Z>o,
and they are linearly independent. We may assume that the first coordinates of zi, k € Z~,
are mutually distinct, since at least one of p;({zx; k € Z}),1 < j < n, where p; denotes
the projection to the j-th coordinate, must be an infinite subset of 7. Note that each array
ai, k € Z>, is bounded, since zx € T". Furthermore we can compute the degree of a; with
respect to the translated windows ¢ +p, p € Z", as follows:

(3.2) dip@) =Y tipgt Ytz P =57tz =5 mi@) =0,

ieZ" icZ" icZ"

by the assumption z;x € Vra(mf), k € Z. Therefore, a; € A? for any k. Furthermore we
can show that the arrays ax, k € Z>, are linearly independent as follows. Let z,i = p1(2k)-
Then we see that (ax)0,..0) = (z,i)_i, and hence the arrays ay restrict to the sequences

,,,,,

of Proposition 3.3.

4. Periodicity of arrays in A?. In this section we give a simple criterion for A? to
contain a multiply periodic array.

Let i, C T denote the set of the n-th roots of unity and let poe = J,~; tn. Let
tn = ¥/ € w,. Anarray a = (a;)iczn € A is said to be n-ply periodic, if there exists a
nonzero ¢ = (¢1,...,Cy) € Z’;l such that @; = a;;, holds for any i € Z". The following
theorem provides us with a criterion for periodicity:

THEOREM 4.1. For any window t, there exists a nonzero n-ply periodic array in A? if
and only if V,n_(my) # 0.

REMARK. The condition V,n_(m;) # @ is equivalent to V,n_(mf) # {, since ¢ restricts
to a bijection on u .

PROOF. If-part: Suppose that V,n (m;) # ). Take any zo € V,» (m;) and let ap =
(zo #)iczn. One can check easily that it is n-ply periodic with period (o1, ..., 0,), where
0j, j €1, n], denotes the order of p;(zo), and it belongs to A? as is seen in (3.2).

Only-If part: Suppose that a = (a;)iez» € A? is a nonzero n-ply periodic array with
period ¢ = (c1,...,cn) € Z% . Let & = (&¢y» ..., 8c,). Foranyd,e € Z", we let [d, e] =
l_hgjgn[dj,e/'] C Z" and letd xe = (diey,...,dpey) € Z". Let 0 = (0,...,0),1 =
(1,...,1) e Z". Foranya € [0,c — 1] and i € Z", let

(4.1) b= Y ke,

keli,i+c—1]

and put b* = (b;."),-ezn € A. Itis evident that the array b% is bounded. Since A? is a C-vector
space, all of these arrays b, a € [0, ¢ — 1], belong to A?. Furthermore we have the following

LEMMA 4.1.1. At least one of b*, a € [0, ¢ — 1], is a nonzero array.
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PROOF. It follows from (4.1) that

by= Y ar,

ke[0,c—1]

This equality can be regarded as giving a linear transformation which sends (@x)rej0,c—1] €
Cloa-1lg...@Cl0a—1t B aci0.c-1] € clha-llg ... @ ClOa=1 through the tensor
product of the matrices (é‘c{{]jaj)(kj,aj)e[O,cj-fll><[0,cl,'71] € End(C%),1 < j < n, of van der
Monde-type. Therefore if @ is nonzero array, then (ax)ke[0,c—1] 1S nonzero by the periodicity,
which implies that at least one of b* does not vanish. This completes the proof of Lemma
4.1.1.

Moreover we notice the following:

LEMMA 4.1.2. Forany i € Z", we have {f;jb;." = b;’iei forany j € [1,n], where
e; denotes the j-th standard basis of Z". l

PROOF OF LEMMA 4.1.2. This is a consequence of the periodicity of a, since for any
Jj €[1,n] we have

(X )

l’jfkjfij-l—(é’j—l)

(kj+1—ij)a;
Y g,

l’jﬁkjﬁl’j-‘r(c‘j—l)

= Z Gej” T e -

l’jﬁkjﬁl’j-‘r(c‘j—l)

This finishes the proof of Lemma 4.1.2.

REMARK. This lemma expresses in concrete terms the spectral decomposition of the
periodic arrays.

Now going back to the proof of Theorem 4.1, we take any nonzero b* whose existence is
assured by Lemma 4.1.1. It follows from Lemma 4.1.2 that none of the entries of b* vanishes.
Furthermore, the same lemma shows that b* = (b ¢, kexory, 0 = by (¢, kxety, 70, and hence
the array (¢, ksay, czn belongs to A?. Therefore the argument employed when we showed
(3.2) implies again that m, (%) = 0, and hence V,;n_(m¢) # . This completes the proof of
Theorem 4.1.

We see from the proof above that we can restate the content of the theorem in more
precise form.

COROLLARY (of the proof). For any window t, there exists a nonzero n-ply periodic
array with period (c1, ..., cy) in A? if and only ifV,LL,l XX fhey, (M) 7 ?.

When a window ¢ is defined over Q, namely when ¢ € (Q)Z", Theorem 4.1 provides us
with a stronger result. Let A?(Z) denote the subset of A? consisting of Z-valued arrays.
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PROPOSITION 4.2. For any window t defined over Q, there exists a nonzero n-ply
periodic array in A?(Z) if and only if V,n_(my) # 0. More precisely, there exists a nonzero
n-ply periodic array with period (cy, ..., cp) in A?(Z) if and only if Vite, 3 e, (Me) # .

PROOF. It suffices to construct a nonzero periodic array with period (cq, ..., ¢;) in
A? (Z) under the hypothesis that Vite, % e, (m¢) # . Taking any element zp €
V,LC1 XX e, (M), leta=(a;)jezn with a; =z(’;. Note that @ is periodic with period (c1, ..., ¢,).
Let K be the finite extension of @ obtained by adjoining the coordinates of zp, and let
G = Gal(K/Q). Since t is defined over Q, every Galois conjugate a° = (af), o € G,
of a belongs to A? too, and has the same period as a. Therefore their sum b = Y _; a,
which is periodic with period (cq, ..., ¢;) as the sum of such arrays, belongs to A? (Z), since
the entries of a are algebraic integers in K. Furthermore, it is not equal to the zero array, since
bo =) ,cc 1 =#(G) # 0. This completes the proof of Proposition 4.2.

5. Applications. In this section, we apply Theorem 3.2 and Theorem 4.1 to determine
the structure of A? for some examples of 2-dimensional windows.

We specify below a window by displaying its nonzero entries placed at the underlying
lattice points. Note that the structure of A? remains invariant by the very definition wherever
we translate the window by the elements of Z2.

(1]
5.1. Window fharmonic: |1 —4 1|
1

(“—4” is placed at the origin. See Remark 5.1.1 (1) below for the reason why we call it
harmonic.) The characteristic polynomial is givenby my, = w+ (z —4+z"") + w™l
Let (z0, wo) € Vp2(mf ). Then we have

(20, W0) = Mipyone (2o s Wy ) = wy ' + (zg" — 4+ 20) + wp =0,

%
m
tharmonic

and hence wo—i-zo—i-zal—i-w(;l = 4. This is possible only if zop = wp = 1, since (z¢, wp) € T2.
Hence we see that Vpa(my ) = {(1,1)} and dimA?hammnic = #(Vpa(m; . )) = 1by
0 . Hence

tharmonic

Theorem 3.2. On the other hand, it is clear that the all-one array 1 belongs to A
we obtain the following.

PROPOSITION 5.1. For the window tharmonic, we have AY

tharmonic = {Cl’ ce C}

REMARK 5.1.1. (1) Note thatanarray a = (a(, j));, j)ez2 belongs to A?harmomc if and
only if itis bounded and a(; ;) = (@11, jy+aq, j+1)+ai-1,j)+ag j—1))/4 forany (i, j) € Z>.
Hence it gives rise to a discrete harmonic function on the lattice Z>. Thus Proposition 5.1 says
that any bounded discrete harmonic function on Z? must be constant.
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(2) One can generalize the proposition to the n-dimensional window # . defined
by
=2, ifti=0,
(tﬁarmonic)i =31, if Zlfjgn |ij| =1,
0, otherwise .

Thus any bounded discrete harmonic function on Z" must be constant.

1
1|1

5.2. Window feairs(N) (N > 1):

N
Precisely speaking, we define £girs (V) = (¢, j)) by

L1 ifosijitjsN,
GD=10, otherwise.

The characteristic polynomial is given by
Myggeny = WY + A+ 2w¥ 4o+ Atz + 2N Dw+ Az +-+2Y).
Note that my_, () is symmetric in z and w, reflecting the symmetry of the figure. Since
(1 = wmg (1, w) = (1 — w)(w" + 20"+ 4 Nw+ (N + 1))
=(N+1)—(w+w>+ -+,

we see that if (1, wp) € Vp2(myg,. (v)), then wy is necessarily equal to one. Noting that
My, D) = (N + DN + 2)/2 # 0, we see by symmetry that if (zo, wp) €
V2 (my,.«(V)), then neither zg nor wy are equal to one. Furthermore, since
L U D + (1 =) e (1=

' =@ + " D) 2@V 2wV Y,
a similar argument shows that if (zo, wo) € Vy2(myg,. (v)), then zo # wo. These considera-
tions lead us to the following.

PROPOSITION 5.2. Let R} = p, — {1}, the set of nontrivial n-th roots of unity, and
let A, denote the diagonal of R} x R. Then we have

(5.2) V2 (Megio(h) = (R4 X Ry — An41) U (Ry 40 X Ryo — Ang2)
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PROOF. Let (z0, wp) € Vy2(myy,, (nv)y)- Since we already know that zg, wo # 1, and
z0 7 wo, it follows from (5.1) that

1 — Nt 1 — (w/zo)NH!
1 — 2oy, 20, wp) = —0 _ ZN+1— =
( 0) tstmrs(N)( 0 ) 1 — wo 0 1 - (’U)O/ZO)

Letting zo = ¢/, wy = ¢'?, we have the equality

sin(N + 1)(,0/261»,\,(/,/2 N8 sin(N + 1) (¢ — 9)/261-1\1((;;79)/2 _
sing/2 sin(p — 0)/2

When sin(N + 1)@ /2 = 0, it follows from this equality that sin(N + 1) (¢ —6)/2 = 0. Hence

we have zV*t! = wN*! = 1. On the other hand, when sin(N + 1)¢/2 # 0, the equality (5.3)

implies that ¢! VD8 . pIN(@=6)/2 /,iN¢/2 ¢ R namely ! V+29/2 ¢ R, and hence zo € Ry 2.

By symmetry we have wp € Ry42. Hence we see that

(5.3) 0.

(5.4) (20, wo) € (Ry 4y X Ry, — An+1) U (Ryp X Ry p — An+2) -
Conversely, assume that (5.4) holds. When (zo, wo) € (Ry,; x Ry | — An+1),

My, (N) (20, wo) vanishes trivially. On the other hand, if (zo, wo) € (Ry,, X Ry » — An+2),
then

1 — oVt 1 — (up/z0)V*!
1= 20) Mgy () (20, w0) = ——— — 70/ ——— =
(1= 20 Mgy G0, w0) = =7 o = 20— s
_ 1—71)0_1 _ _11_(71)0/Z0)_1
1 — wo 01— (wo/z0)
_1’11)()—1 —_1Wo — 20
= 1— — W _ =0,
wo 20 — wo

and hence (zo, wo) € Vp2(myy,, (v)). This completes the proof of Proposition 5.2.

Note that the right hand side of (5.2) is stable under ¢ : T2 — T2. Hence we see that
(5.5 Vpalmg ny) = (Rygy X Ry = Ang) U (Ry g X Ry yo — An42)

holds too. Since #(R; x R — A,) = (n — 12— @m—1) = (n—1)(n —2) for any n and
(Ry41 X Ry — An+1) N (Ry4n X Ry, — An42) = 0, the equality (5.5) together with
Theorem 3.2 implies the following.

COROLLARY 5.2.1. dimA]  \ =2N?forany N > 1.

In order to deal with the periodicity of arrays in A?ﬂam( n)» We note that the equalities
VT2 (mtstairs (N)) = VV.%O (mtstairs (N)) = (‘/,l,L%vJrl (mtstairs(N))) U (Vp,%\,+2 (mtstairs (N)))
hold by Proposition 5.2. Therefore we obtain the following corollary by Theorem 4.1:

COROLLARY 5.2.2. Every array in Agmm(m is doubly periodic with period (N +
D(N +2), (N + )(N +2)).
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REMARK. When N = 1, then the window #gu,j(1) coincides with the 2-hook H
investigated in our previous paper [2], and Corollary 5.2.1 gives the correct dimension (= 2)
0
of A .
1

5.3. Window fieg(a, b): !

|1|1|

a

The characteristic polynomial my,,, (4,5)(z, w) is given by

b—1

Magg(ab) (2 w) = w’ + 0P b pw b Lz 4429,

Its zero locus is determined as follows.
/ PROPOSITION 5.3.  Vpa(my,(a.p) = (R x R} ) U (R}, | x Rj) U Al .y Where
— *k * . —
Apppr =@ w) € Ry X Ry s 2w = 1
PROOF. By symmetry, we may assume that a > b. Let (29, wp) € VTz(mtleg(a,b)) and

let zo = em, wo = ¢'%. Then z0 # 1, since any sum of b (< a + 1) elements of T' cannot

make a + 1. On the other hand, if wp = 1, then
mtleg(a,b)(ZO’ HD=b+0+z0+---+ ZS)

1 .
:b+ 1 _ZS+ :b s]n(('a—l— l)g/z)eiag/z
1 —2z0 sin(0/2)
=0,

and hence a6 € 2mZ, which implies z; = 1. This in turn implies b + (1 +zo + -+ - +z) =
b + 1 = 0, which is impossible. Thus we see that neither z( nor wy are equal to one. Hence
we have

(5.6) ( - 1—w(})’ 1—Z8+1_0
. Mty (a,b) (20, W0) = Wo 1= w [ =0.

This gives us the equality

5.7) sin(be/2)  sin((a + 1)6/2) pilad—(b1De)/2 _

sin(¢/2) sin(0/2)
First we consider the case sin(bg/2) = 0. It follows that sin((a + 1)/2) = 0, and hence

(5.8) = wb=1.

Next we consider the case sin(bg/2) # 0. This implies through (5.7) thata6 —(b+1)¢ €
2w Z, and hence

(5.9 wpt =28
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Therefore, it follows from (5.6) that

1— 20 —wpzo 4+ wozd ™ — wbt + zowt ™ = 0.
0 0 o o
Inserting (5.9) into this, we see that
1—28%" — wpzo + wozg ™ — 28 + 20T =1 — wozo + wpzd ' — 2§

= (1 — wpzo)(1 — z5) =0,
and hence wy = 1/z0 or z& = 1. When up = 1/z0, (5.9) gives us the equality z3 "' = 1
and
Mgy @0, wp) = 1+ 20+ -+ 257 + 251+ 20+ +20) =0,
which implies that my,, 4.6 (20, wo) = 0. When z§ = 1, (5.9) gives us the equality wj*' = 1.

Hence, taking (5.8) into account, we see that (zo, wp) € A;+b+1 URX x RZH U RZ+1 X Ry.

Since the converse inclusion can be checked easily, this completes the proof of Proposition
5.3.

/

Note that the pairwise intersections of three subsets R x R} RZ 41 ¥ R}, and A bt

b+1°
are computed to be
(Ry X Ry DN Ay = Aaprny s (Ropi X RN AL = Algir by s
(R; x Ry )N(R; | xR} =0.
Hence we see that
#(Ryx Ry 1) U Ry x Ry U A;+b+1)
=#(Ry X R ) +#(Ry | X RY) +#(AL ) — #( Al i) — # (A1)
—@—-Db+ab-1D+@+b)—(a,b+1)—1)—(a+1,b)—1)
=2(ab+1)—(a,b+1)—(a+1,b).

Furthermore, note that these three subsets are stable under ¢ : T> — T2. Hence the proposi-
tion together with Theorem 3.2 implies the following dimension formula.

COROLLARY 5.3.1. For any pair (a, b) of positive integers, we have

(5.10) dimA?leg(a’b) =2(ab+1)—(a,b+1)—(a+1,b).
As for the periodicity, Proposition 5.3 implies through Theorem 4.1 the following:
COROLLARY 5.3.2. Every array in Ageg(a,h) is doubly periodic.

REMARK. Whenb = 1, the window #j¢ (a, 1) coincides with H, 1, called (a+1)-hook
and investigated in [2]. Theorem 6.8 in that paper gives the dimension formula

2a, if aisodd,

. 0 —
(5.11) dimAy = { 2a — 1, if aiseven.

On the other hand, the formula (5.10) with b = 1 provides us with
dimA?]eg(a’l) =2a+D)—-(@2)—@+1,1)=2a+1-(a,2),
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which is readily seen to coincide with (5.11).

(1]
54. Window ferose: L[ 1]1]
1

The characteristic polynomial m; . (z, w) is given by
Mpgo (@ W) =w+ @+ 14+z7H +w™!.

Hence Vpa(my,, ) = VTz(m;"mss) ={(z,w) € T*; (w+ w™ ) + (z+z~") = —1}. Since
7+ 27! (resp. w + w™') takes any real values between —2 and 2 on T, we see that the
set {(z, w) € T2, w+w H+G@+zH = —1} is infinite in contrast to the previous
examples. Therefore the space A?mss is of infinite dimension by Proposition 3.3. One can
show, however, that the subspace A?;rzjfl()dlc of A?Cmss consisting of doubly periodic arrays is
finite-dimensional. Indeed, it follows from the main theorem of [11] that

Via (M) = (=1, 25, (g7 =1, (i, 67, (@57 ), @57 657, (657, 667y,

0, periodic —20.

Leross

and hence we see from Theorem 3.2 and Theorem 4.1 that dimA

6. Application to the study of Hodge cycles. In this section we recall the definition
of nondegeneracy of an abelian variety of CM-type, and review certain examples of stably
nondegenerate abelian varieties. Thereafter we show that our results in discrete tomography
play an important role in the study of the ring of Hodge cycles on abelian varieties of CM-type.

Recall that an abelian variety A of CM-type is said to be stably nondegenerate if there
are no nondivisorial Hodge cycles on A as well as on any of its self-products [3]. If A is not
stably nondegenerate, then it is said to be stably degenerate. In particular, if A is stably non-
degenerate, then the Hodge conjecture holds for any A”, n > 1. For example, the following
abelian varieties of CM-type are known to be stably nondegenerate:

(i) The jacobian variety of the hyperelliptic curve y> = x” — 1 for an arbitrary odd
prime p ([6]).

(ii) Certain factors of the jacobian variety of the Fermat curve x* 4 y™ = z" ([12]).

(iii) The jacobian variety of the Catalan curve y? = z” — 1 for arbitrary pair of distinct
odd primes p, g([4]).

(See [7] for more examples of stably nondegenerate abelian varieties as well as stably degen-
erate ones.) The common feature of these investigations is to fix as a frame the Galois group
of the abelian CM-field of an abelian variety A in question, to find its CM-type (which will
be seen later in this section to correspond to a window in our sense), and then to show that the
rank of the Hodge group of A is as large as possible. Roughly speaking, our strategy in this
paper enables one to argue in reverse order. Namely, we fix a window and find (an infinite



434 F. HAZAMA

family of) appropriate frames (= the Galois groups) into which it can be fit (=stably nondegen-
erate). Furthermore, given a window, we can determine completely the set of abelian Galois
groups for which the corresponding abelian varieties are stably nondegenerate.

For any n-tuple ¢ = (cy, ..., c,) of integers > 2, we consider a CM-field K, such that
the Galois group G(K./Q) is isomorphic to the abelian group G, = Z/2Z x H., where
H, = ]_llstn Z/c;Z, and the complex conjugation p corresponds to (1,0,...,0) € G.. A
subset T C G is called a CM-type if

Ge=T ]_[ p(T) (disjoint sum).

Let G, = Z[G.] and let H, = Z[ H,], the latter being regarded as a subring of G, through the
natural inclusion map. Furthermore we put

G2 = { Z cg.9 € Ge;cqg >0 forany g € Gc}.
geGe

We will write the group operation on G, multiplicatively in order to tell it from the addi-
tion in the group ring. Through this convention any element g; € G, acts as an automorphism
of G by the rule g1 (3 e, €g-9) = D geG, €g-919- Let p : Ge — H, denote the projection
defined by p(3_ cq, €g-9) = 2 gep, Cg-9- For any subset S C G, let [S] = } g5 € Ge.
We define a linear map ¢ : G, — H, by

¢() = p(v—pv), veG,
and let ¢ : H, — G, be defined by

w( > dh.h> = Y din(0.h)+ Y (=dn).(1.h).

heH, heH,, heH,,
dp>0 dp <0

Note that ¢ is H.-equivariant in the sense that ¢ (hv) = he(v). Note further that the image
of ¢ is contained in

0 0
(G )nondiv = { Z cg.9 € G5 cgcpg =0 forany g € Gc} ,
9€Ge
and the two maps ‘/’|(G3°) I (Gczo)mmdiV — H;and ¢ : H, — (GCZO)mmﬁV are inverse to
¢ /nondiv

each other. (We will see below that each element of (Gczo)nondiv gives rise to a nondivisorial
Hodge cycle on a certain abelian variety constructed from these data.) We introduce a natural
Z-valued pairing (, >Gc by <deGc €g-9, deGc dg‘g>Gc = ZgEGc ngg, and (, >Hc by
a similar formula. Furthermore, for any v € G, (resp. w € H,), we let (v)JG-c = {v €
G; (v, v)g, = 0} (resp. ('w)IJ;c ={w’ € H;; (w', w)y, = 0}). We show the following:

LEMMA 6.1. Let T be a CM-type. Then for any v € G, we have
(6.1) (v, [T] = p[The, = (), (T D)H, -

In particular, we have v € ([T] — ,o[T])éc if and only if p(v) € (gz)([T]))i‘Ic.
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PROOF OF LEMMA 6.1. For any v € G, let vg = p(v), v = v — vg so that
v = wvo + v1. Note that ¢(v) = vo — pvi, since supp(vg) C H, supp(vi) C pH,.
Similarly, let To = T N H,, Ty = T N pH, so that [T] = [To] + [T1] and [T] — p[T] =
[To] + [T1] — plTo] — p[T1]. Therefore, the left hand side of (6.1) is computed as
(v,[T] = plT]G, = (vo+ v1, [To]l + [T1] — p[To] — plT1])G,
= (vo, [Tol)g, — (vo, plT1])g, + {(v1, [T1DG, — (v, p[To])G, ,
since H, and pH, are orthogonal to each other with respect to the pairing (, )g,. On the other
hand, the right hand side of (6.1) is computed as
(p(v), o(ITD)u, = (vo — pv1, [To]l — p[T1]D,
= (vo, [Tol)a, — (pv1, [Tol)a, — (vo, p[T11)H, + (pv1, pIT1]) A,
= (vo, [Tol)g, — (v1, plTol)G, — (vo, p[T1])G, + (vi, [T1])G, »
since ( , )G, lH.xH, = (, ), and ( , )G, is G¢-equivariant. This completes the proof of

Lemma 6.1.

We will see the relevance of this lemma for the study of the structure of the ring of Hodge
cycles on abelian varieties with complex multiplication by K. . First we recall some facts on
Hodge cycles on abelian varieties of CM-type (see [5] for details). Let T C G, be a CM-type
and let A7 denote the abelian variety associated to 7. One knows that the first cohomology
group H'(A7, C) can be identified with C%, and the complexification of the Hodge ring
(C A(C%¢)) admits as basis the set of basis vector of A(C%¢) corresponding to subsets P of
G, with the property that

#(PNgT) = #P)/2 forany g € G..
The above condition can be reformulated in terms of the group algebra G, as
[Pl € (lgT] ~ plgTDg, forany g€ Ge.
For, we have the following series of equivalences:
#(PNgT)={#P)/2
S #PNgT)=#P NpgT)
< ([P).[9T] - plgT]G. = 0.

We can generalize the above consideration to deal with the Hodge ring of AY = A7 x
.-+ x Ar (N times), by using the isomorphism H'(AY, C) = (C%)®N. Foranyi € [1, N],
let eg, g € G¢, denote the standard basis of the i-th direct summand of (CGC)®N . For any
V=2 0cG.C9-9 € GZ° with ¢g < N, we denote by (v) the basis element of A((C%)®N)
defined by

- A

geGe “1<ig=cy
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We have seen in [5] that (v) is a Hodge cycle on AI}’ if and only if (v, [¢T] — plgT )G, = 0
for any g € G,. Furthermore, when A7 is simple, one knows that (v) is nondivisorial if and
only if c4cpg = 0 holds for any g € G¢. In view of this, we put

Ge(THodge = (v € GZ% (v, [gT]— plgT1)g, = 0 forany g € G.},

Ge(T)Hodge, nondiv = Ge(THodge N (G7nondiy -
Note that, since [pgT] — plpgT] = —([gT] — plgT]), we have

Ge(T)todge = {v € GZ°; (v, [hT]— p[hT1)g, =0 forany h € H}.
Furthermore, by Lemma 6.1 we can rewrite this as

(6.2) Ge(T)Hodge = {v € GZ°; (p(©), p([KT1))m, =0 forany h € H}.

c

A CM-type T C G is said to be primitive if the corresponding abelian variety Ar is simple.
By [10], T is primitive if and only if there exists no ¢ € G, — {0} such that ¢.7 = T. We
summarize the above argument in the following form:

PROPOSITION 6.2. Forany v = deGc Cq.9 € Gczo, the following hold.
(i) (v) is a Hodge cycle on some self-product of At if and only if v € G¢(T )Hodge-
(ii)) When T is primitive, (v) is a nondivisorial Hodge cycle on some self-product of
At ifand only if v € Gc(T)Hodge, nondiv -
We will see below that the sets G¢(T)Hodge and Ge(T )Hodge, nondiv are related with a
certain set of arrays investigated in the previous sections. For any element w = } H, dn-h
of H., we define a window t% = (tl?"),-ezn by the rule

tw _ dﬂc(i) ) i € [07 ¢ — 1] )
o, otherwise ,

where m.; Z" — H, denotes the natural projection. We will see in the following theorem
that the study of the structure of the Hodge ring of AN N > 1, is reduced to that of A?T.
We denote by A(Z) the set of Z-valued arrays, and let A?(Z) = A? NA(Z). In this notation,
. induces an injective homomorphism 7 : He (= (Z)Hey > A(Z) (= (Z)Z”), whose image
coincides with

A(Z) = {(ap)iczn € AZ); ajrc =a; foranyic Z"},

the set of n-ply periodic arrays with period c.

THEOREM 6.3. Let T C G¢ be a CM-type. For an element v € GcZO to belong to
G (T)Hodge, it is necessary and sufficient that w}(¢(v)) € A?w(m) (Z)¢. Moreover, for any

w € H¢, we have y(w) € G¢(T )Hodge, nondiv if and only zfnc*(w) € A?w([T]) @)°.
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PROOF. We can compute the degree of 7} (¢ (v)) with respect to the translated window
t?UT) 4 p p € Z", as follows:

T T
dyary (i @) = Y TV @iy = > o) r i1y

ieZ" i€[0,c—1]
= Y. UMDt @ritn= Y ¢(TDro@e(=p)-V)ri
i€[0,c—1] i€[0,c—1]

= (e (=p).v), 9T D)n. = {9 (), ([ (P)T D)A. -

Therefore, we see by (6.2) that 7} (p(v)) € A?w(m)(Z)c if and only if v € G¢(T)Hodge. For

the second assertion we have only to recall that ¢ o Y = idy, and Im(y) = (Gczo)nondiv. This
completes the proof of Theorem 6.3.

In view of Proposition 6.2, Theorem 6.3 enables us to relate the study of Hodge cycles
with that of discrete tomography in the following form:

THEOREM 6.4. Let T C G, be a CM-type and let v € Gczo. Then (v) is a Hodge
cycle on some self-product of the abelian variety A if and only if 7} (¢ (v)) € A?«:m (Z2)°.

Next we will study Hodge rings of an infinite family of abelian varieties constructed
from a fixed finite subset of Z’;O. For any subset S C H,, let §” denote its complement in H,.
Furthermore, for any subset T C G, let To = T N H,. Then we have ¢([T]) = [Tp] — [T(;]
in this notation. For any window ¢, let (A?)c denote the set of arrays in A? with period c.

PROPOSITION 6.5.  For any subset S C Hc with #S # c1---cn/2, (A?[S]—[s’])c 2 {0}
if and only if(A?m)c 2 {0}.
PROOF. Letr : He — [0,c — 1] C Z" be the product of n maps Z/c;Z — [0, c; — 1],

1 < j < n, each of which chooses the minimal nonnegative representatives of the congruence
classes. Then, by definition, the characteristic polynomial mysy is given by

(6.3) mu =y 2.

ier(S)

For the window #[51-15'1 we have
mt[S]—[S’](Z) = Z Zi - Z Zi =2 Z Zi - Z Zi
(6.4) icr(S) ier(S) ier(S) ier(H,)
= 2my151(2) — Myl (2) -

On the other hand, we recall from Theorem 4.1 that for any window #, we have (A?)“ 2 {0}
if and only if V,, (m;) # ¢. Since m,n1(z) = ]_[15]-5" Zosigt.j,lzj., we see that my(ue)
vanishes identically on u, except for z = 1. Thus the equalities (6.3) and (6.4) assure the
equivalence in the statement. This completes the proof of Proposition 6.5.

We describe how this proposition enables us to study the Hodge rings of a certain infinite
family of abelian varieties. For any finite subset S C Z% ), letRec(S) = {c € Z¥,; [0,c—1] D
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S}, where Z >, denotes the set of integers greater than or equal to two. When ¢ € Rec(S), we
regard S as a subset of H, through the natural projection. Let

Rec(S)nonprim = {¢ € Rec(S) ; h.§ = S or S’ forsome h € H. — {(0,...,0)}},
Rec(S)prim = Rec(S) — Rec(S)nonprim -

We denote by AV(S) the set of abelian varieties A7, g, ¢ € Rec(S), with complex multiplica-
tion by K, such that its CM-type T s is given by

(6.5) Te.s = ({0} x $) U ({1} x () C Ge.

It follows from [10] that A7, ¢ is simple if and only if ¢ € Rec(S)prim. The following theorem
determines completely which abelian varieties in AV (S) are simple and stably nondegenerate.

THEOREM 6.6. Notation being as above, let
Period(S) = {c € Rec(S); V. (mys) #0 and cy---c, = 2#S}.
Then we have
{c € Rec(S); Ar, s is simple and stably nondegenerate}
= Rec(S)pri’m — Period(S) .

PRrROOF. This is a consequence of the following series of equivalences, where we use
the same symbol S to denote the image of S C Z , under the projection 7o and put 7 = T¢ g
for simplicity:

Vi (myis)) # 9

& Vi (mys1-sn) # 9 (by Proposition 6.5)
4 V,uc (mtw([T])) #0 (by (6.5))
& (A 2))° 2 {0} (by Proposition 4.2)

< there exists a w € H, such that ¥ (w) € G¢(T )Hodge, nondiv  (by Theorem 6.3)
& Ar is stably degenerate . (by Proposition 6.2)
This completes the proof of Theorem 6.6.

We will examine how this theorem contributes to the study of Hodge cycles through
several examples. First we deal with the window #g,irs (V) treated in Example 5.2.

EXAMPLE 6.7. LetS = tsunirs(N), N > 1. In this case we have
Rec (fytairs (N ))prim = Rec(fstairs(N)) = Z2 1
where Z~,, denotes the set of integers > n for any n. Furthermore Proposition 5.2 tells us that
Period(fsairs(N)) = Z;NH N (Pairy4+1 U Pairy2) U {(N, N + 1), (N + 1, N)},
where we put Pair, = {(a,b) € ZZy; (a,n), (b,n) > 1} —{(a,b) € Z1; (a,n) =

(b, n) = 2} for any n. (Note that Pair, = ¢ by definition.) Thus it follows from Theorem 6.6

that for any positive N and for any ¢ € ZZENJrl — (Pairy41 U Pairy42) — {(N, N + 1),

(N + 1, N)}, the abelian variety ATy i) is simple and stably nondegenerate. In particular,
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we see that there exist infinitely many nondegenerate abelian varieties in AV (tstairs(N)), and
hence Hodge conjecture holds for infinitely many abelian varieties in AV (tsuirs(N)). More-
over the same theorem implies also that there exist infinitely many degenerate abelian varieties
in AV ((tairs(N)).

The following two examples examines the simplest and the second simplest n-dimen-
sional windows.

PROPOSITION 6.8. Let O = {(0,...,0)} C Z",n > 2. Then any abelian varieties in
AV(0) are simple and stably nondegenerate. In particular, the Hodge conjecture holds for
every abelian variety in AV (O).

PROOF. One can check easily that Rec(O)prim = Rec(0) = Z”,. Since m,o = 1, it
is evident that V. (m,0) = @ for any ¢ € Rec(0), and hence Period(0Q) = . Therefore it
follows from Theorem 6.6 that every abelian variety in AV (0) is simple and stably nondegen-
erate. This finishes the proof of Proposition 6.8.

In contrast to the simplicity of the proof, this proposition has an amusing consequence:

COROLLARY 6.8.1. Let K be an arbitrary abelian CM-field which contains an imag-
inary quadratic subfield. Then there exists at least one CM-type for K such that the corre-
sponding abelian variety satisfies the Hodge conjecture.

REMARK. Actually, anyone with a little experience of computing Hodge cycles on
abelian varieties could prove Proposition 6.8 directly without any knowledge about discrete
tomography. The point is, however, that discrete tomography leads us naturally to the sim-
plest window, which gives rise, a posteriori, to infinitely many stably nondegenerate abelian
varieties as above.

The next example deals with the second simplest window. The result is, however, rather
different. For any integer n, let Zeyen, >» (resp. Zodd, >») denote the set of even (resp. odd)
integers > n.

PROPOSITION 6.9. Let Domino denote the subset {0,e1} C Z", where ey =
{1,0,...,0}. Then we have

(6.6) Rec(Domino)nonprim = {2} x 225",
6.7) Rec(Domino)yim = Z>3 x 225" .
Furthermore

(6.8) every abelian variety A, with ¢ € Zodd, >3 X Z';El is stably nondegenerate ,

, Domino

(6.9) every abelian variety Ar, with ¢ € Zeven, >4 X Z';El is stably degenerate .

, Domino

PROOF. It is easy to see that Rec(Domino) = Z?,. Furthermore one can check that
the CM-type T¢ Domino 1S non-primitive if and only if ¢; = 2. Therefore we obtain the
equalities (6.6) and (6.7). Furthermore, the characteristic polynomial of Domino is given
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by mpemino = 1 + 71, and hence V,;n_(11,pomino) = {—1} x u’ggl forany ¢ € Z”,. It follows
that Period(Domino) = Zeyen, >2 X Z';El. Thus the assertions (6.8) and (6.9) follows from
Theorem 6.6. This completes the proof of Proposition 6.9.
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