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I. Let /(.r) be a function of period 2π satisfying the intgrated Lipschitz

condition Lip (α,/>) (0<α<Ξl; />;>1), that is

a -111

iΛχ+O

and let its Fouries seies be

(1.2) f(x)~ tfo/2+2(tfrc cos nxΛ-bn sin nx).

If / f L i p ( α , ί ) ( 0 < α : < l , p^>l) and σn(x, f) = σn(x) denotes the Fejer

mean of (1. 2), then it will be easily seen that1)

a 2ηt

This does not hold generally for a-1, /> = l,.but we have

(1.4) I \f(x)-σn(x)\dx=(Xn-1 log n).
J o

This will be seen by the following example. If we put

(1.5) K^%^

then/(Λr) belongs to Lip(l. 1)2>. Now

1 <s? . , 1 v sink
—2* sin kx-— 2- k +

*; Received May 5th, 194\
1) G. H. Hardy and J.E. L'ttlewood, A convergence criteria for Fourier series, Math.

Zeitechr. 28, (1928).
2). It is well known that if/CO i s °ί bounded variation then/OO belongs to Lip(l.l).

ci. loc. cit. Lemma 9.
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1 n rv^_ 1 V sin to
Γί- ft

2 ~

where

s ί n **• β;(*)= D»C*)—4- sin ««= tg

Since3)

/
'J7f ί TC

I S/,C^) I rfΛΓ^log n, I D*n(
o J o

I I n, I D*n(x) dx^log n,

we have

log n B

>C log n/n,

where A, B and C are the positive constants.

Furthermore, even for the absolutely continuous function, the relation

does not hold in general. For example, we take the function

%r sin kx
( L 6 ) ί S * l o g *

which is absolutely continuous, but

(1.7) I \f(x)-σn(x)\dx>D log log
J o

where Z) is a positive constant, in fact,

Γ τ δ s τ 7 Γ 3
If we denote ctn—βn+i by Δίn, we have

(1.9) ^SBk^-B^—^ldn faA

3) A. ZygmurΛ. Theory of trigonometrical series, p. 28.
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and then

> F log log n.

Next, since

1
Tn+l)ϊog(w+l) + drli

we have

fj

I \
J 0

Summing up the estimations (1.7), (1.8) (1.9) and (1.10), we get

\f(x)—(rnW\dx>G log logw/M.
0

II. Recently R. Salem and A. Zygmund+) have proved that if f(χ) is in-
r1* Γl7t __

tegrable and if I | / ( x ) - s ^ ( ^ ) | ^ = O(^- a), then | Λ Λ ) - S Λ ( Λ ) | dx = O(n-«) for
^ ΰ . ^ o ' ._

any α>0, where sft(*Λ) is the w-th partial sum of the series (1. 2), and /(*)

and ift(jt) denote the conjugate function of f(χ) and the partial sum of

conjugate series of (1. 2), respectively.

For the Fejer means, however, the circumference is differement. If 0<a

<1, and p>l, then under the condition

(2.1)

we have

(2.2) (J l/(Λ)-ί»C

where OΓΛCΛ) is the Fejer means of the series conjugate to (1. 2). For, in the

case/Ot) belongs to Lip (a, p), if (2. 2) holds for 0 < α < < l , then, by Hardy

and Littlewood's Theorem5^, f(χ) belongs to Lip (a, p) and then (2. 2) holds

good.

In the case ac = l, the above fact fails to be true. This may be seen by

the following example.

4) R. Salem and A. Zygmund, The approximation by partial sums of Fourier series.
Trans. American Math. Soc, 59 (1946).

5) Loc. cit.1)



(2.3)

(2.4)

For, we have

and then
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00

^7 cos nx

COS &_t %p COS

J
But we have seen in § 1 that

\f(x)—σlι(x)\dx^>D log log n/n.
0

III. We can, however, prove the following theorem.

Theorem 1. If

(3.1)

then

(3.2)

/ :

Γ.
Proof will be done by the analogous way as Kawata's Theorem°>.

IV. We shall now prove the following theorem.

Theorem 2. Let /(#) belong to Lip(l.l), then the necessary and sufficient

condition that
(*licf

J o0

is that /(Λ ) belongs to Lip(l. 1).

The proof of Theorem 2 is based on the following two lemmas.

Lemma 1. Let f(χ) belong to Lip (1.1), then the necessary and sufficient

condition that the conjugate function/(Λ) belongs to Lip(l: 1) is that the

condition

(4.2)

holds, where

ί I Γ
J 0 J h

β) T. Kawata, The Lipschitz condition of a function and Fejer means of Fourier
seiiee. Tinder the press.



54 S. YANO

Proof. We can write

f(x) = — _ I o._ ___._ fa,

so we get

•* —it ** Ίl

f

i _ Γ2'V
2τr J _Ά

it ** Ίlt

2λ

say.

= 0C/
•/ -27»

Similarly I |/41 JΛ:= O(A.)- A n d

so we get

mate foFinally, we estimate for /i,

Γ)
2Λ,

-2^ /c/C*-O-/(Λ)Xctg-^+ctg^+Λ -

s /,'+//',
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/i"Idx= 2* -J* - ^ - + ctgί

And now

so we get

- hf\ j * ^ψ^dt I dx+ OCA).

Summing up the estimations for /i, /2, /3 and J4, we complete the proof

of Lemma 1.

Lemma 2. Let f(χ) belong to Lip(l.l). Then in order that the relation

(4.1) holds, it is necessary and sufficient that the condition (4.2) holds.

Proof. We have

I f , A sin2n!//2

say, since /(Λ;) belongs to Lip(l.l), we have

(4.3)

Therefore,

Γu 1 Γl>i riΨ / 1 \

dt Ξ Λ-*
say. If we put #»CO ^ l/τrwCsinί/2)2, then, for n^l,

Qn^ I <P(X,ORn(t) COS fit dt
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= —A- φ(x,t+τr/n)RΛt+π/n) cos nt dt,

2 Q W = I Φ(x,tχRn(t)-Rn(t+π/n)l cos nt dt
J 7f/W

/

τr(n~l)jn

ίΦ(x,t)-<P(x,t+7r/n)Wn(t+7r/n) cos
In

*/w

ΨixΛΛ-π\n)RMΛ π\ri) cos wί dt
oo

+ I <P(x,ORr,(t) COS

By the mean value theorem

so that

/

it-itln ί ft

) ?>U 0 I t'3dtSCn-3 / I
Since Ra(t+π/n) S 1/nf*, and

we find

\Jn I ^ Cn-1 I \f(z+t)-f(x+t-π/n) | /-«<

1 f \f(χ-t)-f(x-t-π/ny\t-*dt.

Moreover, since Rn(ί-\ 7r/n)<Gz for 0 <; / ̂ π/n,

Finally

\Ln\^C-l\ \φ(x,t)\dt.

Since I \f(x+t)—f(x)\dx~O(t) by the assumption we can immediately deduce
J o -

that Γ IPJ J Λ , ΓI /n IJ Λ , ί \Jn | JΛ:, Γ | ϋΓn | </*, Γ | LΛ | dx are all O(l/«). Thus

tne lemma is proved.

Proof of Theorem 2 is immediate from Lemma 1 and 2.

Tδhoku University, Sendai.




