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Linear topological spaces were studied by A. Kolmogoroff/> J. v. Neu-

mann,2) H. Hyers3) and many other authers. Concerning relations among

these investigations, J. V. Wehausen4> proved the equivalency of linear

topological spaces of Neumann and Kolmogonoff, and Hyers gave a new

defintion of linear topological spaces equivalent to them. After him to any

linear topological space we can associate a cernain directed system. When

we examine this directed system, we see that the directed system can be

replaced by a semi-join-lattice, and the linear topological space is characte-

rized by the family of new topologies which form a semi-join-lattice ('§ 2 ).

In § 3 we show that this semi-lattice can be replaced by the semi-meet-

attice. The norm of the convex linear topological space satisfies the

triangular inequality. But the "Norm" of § 3 does not necessarily satisfy

it. In § 4 we consider that the "Norm" satisfying the triangular inequality

actually characterizes the convex linear topological space.

1. Definitions. Kolmogoroff's Definition (Definition K). Let' L be a

linear Hausdorff space. If the vector operations #+jy.and t x are continuous

with respect to this topology, then L is said to be a linear topological

space.

Neumann's Definition (Definition N).Let Lbe a linear space. If L has

family A of subsets JJ in L satisfying the following conditions, it is said to

be a linear topological space, and is denoted by L (A). A and U are said to

be the neighbourhood system and neighbourhood, respectively.
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(N. 1) Only common point of all U is θ.

(N. 2) For any JJi and U* there exists U3 such that

ί/sC (Ui, U2).

(N. 3) For any ί/3 and numerical t (but |/j<Ξl_) there exists

U\ such as tUiClU.

(N. 4) For any [/ there exists Uλ such as Uι + UCZU.

(N. 5) For any point x*L and {/ there exists numerical value t such

that x*tU.

Hyers' Definition (Definition H). Let L be a linear spece and D a direc-

ted system. When there exists a real valued function \x\a(called pseudo-

norm) on the domain LxD satisfying the following conditions, L is said to

be a linear topological space, and is denoted by L(D).

(H. 1) | * | Λ >0, if |*U=0 for all dΦthen x=θ.

(H. 2) \tx\a=\t\ \x\a

(H% 3) For ε>0 and dΦ there exist δ>0 and eφ such that

x\e<8 and \y\e<B imply \x+y\cl<£.

(H. 4) If d>e then [jc|d= |x|e.

Definition 1. Let S be a subset of the linear space L. Then two real

valued functions \χ\s and \\x\\s are defined by

\x\s=gτ.A. b. λ,
λ>0, xekS

and

||*is =gr. 1. b 2 |**'-i-a*js,

where γ(x) is a finite set such as 7 θ ) = {0=λ'o> ΛTI, - Λ)»=Λ;}.

Theorem 1. If SCTCL, then

(Ί.) |x | . s>|x|r,

(2) IIJCII ^ I I # I r

( 3 ) | |Λ |U^ |Λ)Γ.

Proof. There exists a suitable sequence £n (£r*lθ) such that

^ (l*|s + £n) -5 for Λ = l, 2,....

Hence ^β (|Λ:J5 + 6«)SC(|^U + £») ^ f° r »=!» 2,....

This implies (1), (2.) and (3) are evident by

||#|[s= gr. 1. b. Σf̂ fc—Xte-i\ŝ  gf 1. b. Σl̂ fc—Xh-\\τ = ||ΛΓ||Γ
7 C») 7 (O

and

7 (*)
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2. Characterization of the linear topological space L(Λ) depends

on the semi-joiii-lattice.

Let A be a. class of all U such that

U'^U(U,a) = {tx;x*U, \t\^a},

where U*A and a is a positive number. B is a class of all V such that

V=b U', U*A', » = 1, 2,....
i= 1

In this B if FiDF2 we write Fi<F a and if Fi>F 2 >Fi then write 7 i = 7 a .

By this classification of B we have a new set (B), whose point is (V) having

V as a representation.

Evidently (ΎOV CV,) - ( I X F ^ λ ) .

Theorem 2. For any linear topological space L(A) there exists a semi-

join-lattice (B) and A is topologically equivalent5^ to B.

Proof. The first part of the theorem is evident. Let V^B, V^DUΊ and
W i = l

U'i — U'i(Ui, #O,then there exists a C/ such as U<ZD UU. If we take #=min

(a^.- .-^Oithen ί/r = U ( ί/,α:) ̂  F and If* A'. Since A'<B,A' is topologically

equivalent to ^ . Consequently A is topologically equivalent to B.

Theorem 3. B satisfies the following conditions.

(1) If VeB and βΦO then βV*B.

(2) If |/3|<1 then ^V'<F.

(3) F=-F

(4) 5 satisfies (N. 1), , (N. 5).

Proof is easy.

Theorem 4. If V=D (U/, U/) then |Λ:)r = max ( |* |^, | Λ | ^ 2 ) .

Proof. Let | 4 P Ί S \X\.U^- Thenthere exists a sequence {Sn} such that Sn>0

and Λe(|Λr)r'2+θ ») Z7r2 for n = l, 2. Again by theorem 3 (2) there is £'>0

such that

Consequently χ*(\χ\ Γ α + f') t-,C(|^| f - - + ^ ) £//

and .r6JD[0|Λ:Γϋ"3+θ».) rα, ("|*| ίf'2+£,0 Γ'a]

and then =C|ΛΓ|D-/2+6M) ZXί/Ί, ί//) = (1*1^2+^0 F, |Λ |Γ S | A | ^ 2 .

On the other hand we have \x\v > |^lr / 3 evidently.

Corollary. If F = D Uί, then | ΛI v - max (| χ\^, , | x \ σ,n).

Since \χ\v.takes the same value for all V*(V) we define by \χ\v

Theorem 5. If (F,), (V2)KB); then | Λ | ( Γ l ) ϋ ( r 2 ) = m a x (\χ \ c v i h \&\ ( F 2 ) ) .

Proof is easy from above corollary and the definition.

Theorem 6. Each linear topological space L(A) is characterized by the
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real valued function |Λ|/ on the domain LxL] where Lγ is a semi-join-lattice,

satisfying the following conditions.

(Ί.) \x\ι > 0 and if > | z - 0 for all UL2 then x-θ.

(2) M, =|ί|.μ|,.

(3) For£>0 and 'ULX there exist δ>0 and yL such that

\x\ι«<S and \y\ι-><δ imply \x+y\n<8.

04) |a?| f lu? 8=max ( |Λ|EI, | A U )

Proof! Evidently the function U f ( n satisfies ( 1 ) — ( 4 ) , conversely in L(L{)

if we put

U=UO,€) ΞΞ {.1: f*|ι<£}.
Then the class of all U satisfies (N. 1>(N. 5). Again the neighbourhood

system A of L(A) is topologically equivalent to the class {UCV),6}. For if

()<£:<£, €iV<U((V), €) and U((V), 1) C"7. Hence B is topologically equi-
valent A as well as {£/ ((V), £)}•

By this Theorem we can understand the linear topological space in the
following space. Let L be the linear space and Lλ be the semi-join-lattice.

Then to each element / of Lx there corresponds a norm topology of L

safisfying (1>(3), which we call (/)-togology and if we order these (/>

topologies by their implication, it becomes a semi-join-lattice, homeomorphic

to Lλ.

3. Characterization of the linear topological space i ( i ) depends on

the semi-meet-lattice

Let B be the class of all W such that

W=S lit, U'*A! n = l, 2,

If (W) is a set of all (W) which is analogous to (V) of (B),

(Wτ) Λ (WO = CS C^i, TF2);).

Theorem 7. To each linear topological space L(A) there corresponds

a semi-meet-lattice (5) and A is topologically equivalent to L.

Theorem 8. B satisfies the conditions (1>(3) of theorem 3.

Proof of these two theorems are analogous to those of B.

Theorem 9. If W=S (U{, £//), then (A|,p=min'(|s|^i, |Λ|cτ.'2).

Proof. Let \u\σnS\a\u>2 For some positive sequence {<?Λ] converging to 0T

=C|Λ|τr-fcc

7ί) o ( £ / Ί , UΌ
UΊ, (\Λ\w+βn) U' D O = l,2, ).

Firstly, if x* (|Λ|ιH-έ«)ί/Ί, then \x\vi< \x\w, and secondly if

| ^ i< U|p /2^ |.ι|w. Consequently
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On the otherhand, [χ\w ^ U'lr/Ί, is evident. Hence we have

: \x\w- |Λ|ιrΊ = min (\Λ\ UΊ, \x\π' i)..

Corollary. If W=Su>ι then |*|,r=min (\x\m, \x\-vi,-. ,\x\und.

Since \x\w takes the same value for all W* (W) we define \x\cw) by \x\w.

This definitions is analogous to the case of (Z?).

Theorem 10. If (W,), (TF2) * (W) then |* | ( T F l ) o ( τ r 5 0 = min (\x\(wo,\x\cw2^

Lemma 1. \tx\w = \t\ \x\w.

Proof. If W=S U\ then we have

= |/| min (1*1™, . . . . . . . . . \x\UΊι)

= \t\ \x\w.

Theorem 11. Each linear topological space L(A) is characterized by the

real valued function \χ\t on the domain L x L , where Lz is a semi-meet-

lattice and is also a directed system satisfying the following conditions.

(1) \x\ι^0 and if |Λ |I-=0 for all UL, then Λ =0.

(2) \tx\ι = \t\ \x\ι.

(3) For £>0 and l^L, there exist δ>0 and l^L2 such that

| Λ | , ,<δ and \y\ι2<S imply \κ^y\!Λ<s.

(4) iχ\ιΊΛf,2 = mm Qx\il7-\x.\i2-).

Proof. By the construction we can easily see that (W) determined by

L(A) and Uloo astisfies the conditions (1) —(4). Conversely, in LxL2 the

class of all U^U (I, θ)-(. ; : Uh<£) satisfies (N. 1) = (N.'5), and moreover A

is topologically equivalent to {U((W), 6)}.

Corollary. In Theorem 11, we can replace the word "directed system"

by the condition:

(5) For any x and lly U eL> there exists UL2 such that

max i\χ\iλi \x\ι2) < \x\ι.

4. Convex linear topological space.

In definition N, if any neighbourhood U satisfies the following condition

(N. 6) U+UCW,

then L is said to be convex.

In Definition K if for any neighbourhood UΘ there exists a convex

neighbourhood VΘ such that VVZ#β, then L is. said to be locally convex.5)

Two neiehbnurbootl-systί ms B and. Z are caj'etl tυpojogicaΓίy equ'vaieiU if far any
ΓεA thero exists Vεl> such that VcU and cπjverse.
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In Definition H, of the Pseuedo-norms \χ\d satisfies the following condition

CH. 5) \x+y\«^)ΛU -¥:\yU fQt *U dΦ.

We say that the pseudo-norm satisfies the triangular inequality. It is well-

known that these three notions are mutually equivalent.

If L(A) is a- convex linear topological space, then |Λ | ( F) satisfies the

triangular inequalityδ), but |vt|(τr) does not.

We will now replace |Λ|IΓ by >aπ equivalent \\,x\\.r satisfying the triangular

inequality.

We will put

||Λ||ϊr=?gr. L b. Σ j.. fc-.u-]|τr,

where gr. 1. b. is taken for all chain .{#, χl7 χ,. ,A« = AW}.

Then we have

Lemma 2. -'||fctjk= 1*1- ||A-|U-. :

Proof: Let 7 ( A ) = { β , ^ . . . . . . , ΛΛ =:*},' γ 'C^ ) =.{A *'i, , x'm = a } .

||/A||,r=gr.'l. b 2 l * ' * - * ' * - ! ! * ^ gr. 1. b. Σ | ί | |Afc-Λfc_i

- |/ | g r . T b . Σ \x*-x*.,iW.= \t\ | A | | ^ '

If we replace % and / by tx and -—, we get

Hence

Lenϊma' 3.
Proof. Let

If*II w + Ib- l l^
, - A * , ••••••Aί»

and jy'z - A 4-y? We have

||A||-.TΓ+IW TF=«Γ: 1. b.. Σ b

Sgr. 1. b. Σ |
7 (r)

>gr. 1. b. Σ l^'-^-i
7 C^+2/)

(7) If we put V^b ϋΰ, then
1

r. L.b.'Σ
7 (2/)

r. 1. b. Σ l

r! L b. Σ i
7 (:'"

C | Λ I r 7 Ί - + [ v | r 'j,•••••••.••, \x\σ'n+ \y\vv), O n . t h e - o t h e r -hand

IF'/ S m a x (| ^ | un, , J x \ π r n ) + m a x (yπ>ι, •....-.., | y | u>v)

Hence

T j c l m n o f f , E i n F . x p u n k ί s a i z ( M a t h . A n n . . Vol . I l l
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Lemma 4. \\x f| m = | x I J7̂

Proof. IUi | i7r<U|^ is evident.

Conversely | * U ' < g r , 1, b, Σ |*»—-ίte-iΓ^ = IWI^.

Hence ||*||irr=|*|WT-'

Theorem 12. ; \\xIk = II * IIw™.

Proof. Since W'<ZWcm\ \\x\\w>\\xW<>™ i$ easy. Let W = 2 U\,

then there exists a sequence {£n} such that £%j0 and %e(\\χ\\wcmvJt£m').

Wcmv=am Wconv (m=l, 2 ,), where am^\\xWonvJr^m

Hence we have a finite sequence of positive numbers {fj and xnUi

such that

Σ/t=l and x = am (iλ Λ . + +*» Λ«).

Thus we have

\ \ \ \ t + + / 4^mΣ\\tι χ \\w

Consequently

and then

Let ζWl be a class of all Wcom. If we define Wι

com>Wvcom by PPΊ^^C.

TF2

0Clll), then (W) and C^D are isomorphic.

Now we say that the function IU||TTOWV defined T^COflt'-topology of L. If

Then we say that W z

m'^-topology is not weaker than TF^^-topology with this

order relation the class of all Wcorw-toρology is a semi-ordered system.

Theorem 13. The class of all TFco^-toj*i>logy and (W) are meet-

isomorphic.

Proof. For any Wι

com and W>fmv we have

\\x\\mconvn F Ϊ « W = | | Λ | | S (Wι, W*y™ = \\x\\S ζWτ, W2)

S\\x\\wL^\\x\\wf<>™ ( i = l , 2 , . . . . . . ) .

If \\x\\w"** S WxWwF"* ( ί = i , 2,), then | | Λ | | I Γ S INII^ S \x\w. ( ί = l , 2).
Hence

IIΛ || ΪΓ S Σ II Λ* - Λb-i I) w < Σ I Λfc - Λjt- I 5

||;«||IFS||Λ|| S (TF,, ΪΓO ̂  Nil S (TΓ,, TF,)C0^ = \\x\\wιcmv* πj»».

Hence we see that the. correspondence between (IF) and JF^^-topoogy is

meet-isomorphic.
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Theorem 14. Any locally convex linear topological space L(U) is

characterized by the real valued function [|Λ||? on the domain L xL3, where

L3 is a semi-meet-lattice and is also a directed system, satisfying the

following conditions.

(1) ||jt||* > 0 and if ||*||* - 0 for all ULa then jt=(9.

(2) \\tx\\ι=\t\ \\x\\ι.

C3) \\x+yh rg \\x\\ι+\\y\\ι

(4) Meet of lγ and /^-topologies is lΊ Λ /^-topology, where the

phrase /-topology is defined by the function \\&\\ι.

Proof. If we consider L (CWO) in L(Λ), ||jt||τrc^υ satisfies (1)-C4).

Conversely let £/ = £/ (/,^) = («; | |* | | i<f). It is easy that the class of all U

satisfies (N. 1>(N. 6), and A is topologically equivalent to {£/ (Wcom, £)}.

For any U(Wconυ, θ), εVrCU<Wcm\ 6) where 6τ<:θ and t/'CVΓ. Conversely

for any U' and 0<£<l, V Cί/', θ) C C/'

Math. Inst., Tohoku Univ., Sendai.




