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Preface (BY TApao TANNAKA)

It is well known, for the case of cyclic class field, the principal ideal
theorem of Furtwingler can be generalized in the form, “ All ambigous
ideals in the class field are principal.” 1 conjectured several years ago, that
this allows the following generalization, “ If K|k is the arbitrary abelian
absolute class field, then all the ambigous ideals in the cyclic subfield of K
are principal, when considered as ideals in K.’

I found this fact to be true by several p-groups of low degrees, but
could not prove in general. Recently Mr. Terada took up this problem
again, and he and I tried to solve it with great effort. After a considerably
complicated calculation, he succeeded at last to master the problem. The
following paper is the result of his hard work. I also succeeded to
generalize the arithmetic part of Iyanaga’s general principal ideal theorm
in this form. This will be seen in my paper in this same volume®.

§l.

1. Introduction. Let % be a finite algebraic extension field of the
rational field, and let K and K be the first and the second absolute class
field of k, respectively. The field K is a normal extension field of %, and
the Galois group @ of KJk is the so-called “zuweistufig metabelsche Gruppe”
(Hasse [1], p. 172) ; that is, the second commutator subgroup & of @ is
an unit group. The subgroup of & corresponding to K is, as is well known,
the first commutator subgroup @& of .

Moreover, let £ be a cyclic extension field of £, contained in K, and let
$ be the corresponding subgroup of &. The ambigous class C of Q is an
absolute class of £ such that C*=C, where s is a generator of the ecyclic
group B/9. It is clear that this definition does not depend on the choice
of 5. An ideal, contained in one of the ambigous classes, will be called

*) Received Sept. 29, 1949.
1) Mean+ hile Tannaka has obtained a new treatment, which needs only few a pages.
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an ambigous ideal in this paper. Any ideal in % is contained in one ot
the ambigous classes of £, but the converse is not true in general.

The principal ideal theorem of Furtwingler is that ¢« Any ideal in k
18 o principal ideal in K)” (Furtwingler [1], Hasse [1]). As stated in the
preface, if KJk is the cyclic extention field, then this allows the following
generalization “ Any ambigous ideal in K is principal.” Prof. Tannaka had
conjectured the more generalized theorem,  Any ambigous ideal in Q s
principal in K.’ 1 shall prove this generalized principal ideal theorem in
this paper.

2. Lemma 1. The subfield Q& of K, corresponding to the commutator
subgroup ' of O s the absolute class field of Q.

Proor. As is well known, the first absolute class field ' of Q is the
greatest, non-ramified, abelian extension field of Q. Therefore it is easy to
seo.that Q. Since K is a non-ramified abelian extension field of Q, K is
contained in '. Then (' is a non-ramified abelian extension field of K,
and therefore is contained in K, which is the first absolute class field of K ;
and therefore, is contained in Q, for Q is the greatest abelian extension
field of Q contained in K.

Following no‘ations will be used in this paper:

s: a fixed representative of the generator of the cyclie group G/
in B/ (se6/6),

e: the order of s with respect to 9,
g m,...: general elements of /&,
u(x) : a fixed representative of an element xe®/®',

[z, y]: an element u(z)u(y)u(z)u(y)™ of &', where z, ye®/’,
9°: an element u(x)gu(z)™! of @, where ze®/®" and ge®’,
gm: an element [[ (g)™ of &', where 2,¢®/®" and a, is an integer.
By the last deﬁnitign, the group-ring [6/G'] of &/G’ may be considered
as an operator-ring of the group @', (Hasse [1]).
By the Artin’s law of reciprocity, any ideal 2 in  corresponds to an

element A:(%/IQ> of § mod. §’, and also to an element Vy,e(4)= (—I—{Q/[E)

of &', when considered as an ideal in K. If % is an ambigous ideal, then
9°- is a principal ideal in Q, so that we have by the reciprocity law and
lemina 1 o 0

(00 )3—1: 0 ) _ 1 &
(1) 4 —<7"QI) —<_93*1 =1 (mod. ).
Moreover, it is well known that

(2) Ve (4) = Ho(r) 4% (),
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where the product is extended over all elements ,... of H/{®’, A}, and
v(7) is the representative of = mod. {&’, A}, and f is the order of 4 with
respect to &' (Hasse [1] p. 171).
The right side of (2) is equal to
ILo(7)A(v(T)A) 7 (v(T) A)- A(v(7) 4%) ...
" (o(m) A7) A(v(7) AT (u(7) A7) Aw(7) 7,
and the elements o(7), o(7)4, ..., v(7)A7", (7eH/{E’, A}) form a
complete system of representatives of § mod. &’. Therefore, from (2) we
have
(3) Voso(4) = 1w/ (&) du! (€)™
where ¢ 15 an element of /G’ which contains 4. Moreover let w (&) = gg(€)
then :
w (&) A/ (§5) 7" = gege, w(€) Au(éo)
I;[u’(f)Au’(fcr)“l = I;Iu(f)Au(Eo-)‘l,
and we have from (3)
(4) Vasa(A) = Tlu(g) du(go) .

The necessary and sufficient condition for % to be a principal ideal

in 'K is that »
V@%@/(A) == (%) = 1

Therefore our theorem is translated to the
Repuction TaEOREM 1. For any element A of © such that A€’ we
have

Vese(4) = I{;_[u({-)Au(fo-)‘1 =1,

where this product is extended over all £eH[G" and o is an element of H|G’
which contains A.
3. Let ' be the subgroup of &' generated by all the elements
H-'=u(s)Hu(s)"*H"', He®. Then we have
LeEMmmA 2. @ = 99’
Proor. 1. It is easy to see that H'H'C®’.
2. A system of generators of & consists of all the elements of the form
GGG, Ge®.  If
L= u(s)u(€)g, 0,66’
Gy = u(s)u(n)g, 9.0,
then
G,G.G71G;? _
= (u(s)"u(€)) (u(s)'u(n)) (u(s)u()) " (u(s) u(n)) ™
. (gl—-‘jv)s"f(gi—sif)sﬁj«ﬁvl'
On the other hand, we get
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[s'€, s'n]

= (u(s)'u(§)) (u(s)’u(n)) (u(s)u(£)) ™ (u(s) u(n))

=1 (mod. $'°9'),
and

g =gt =1 (mod. $°9').
We can prove them by induction with respect to the exponents, for
[$E, s'n] = [, s)ls, 9]7,
gl—sfy; — gl—s(gs)l—sf—ln'
And we may conclude our lemma 2.
Let the abelian group $/®’ be expressed as a direct product of cyclic

groups §,, ..., €, with generators &, ..., &, respectively, and let ¢, be

the order of £. Then, each element of $ has the form Hu(&)“fg, and
then, more precisely than lemma 2, we get

LeMmma 3.
(5) ®l = {gs—ly g&_l} [‘Eﬁ 8]7 [Eﬂ; g}]}
7.’; .7 = 1: s 1y
(6) 'b, = {hs—l, hf;'rl, [&; S]s,—l, [Eia fj]})

where g runs over all the elements of & and so is h of §'. The sign § }
means that, &', or ', has these elements as its generators.

Proor. By an analogous calculation as in the lemma 2, it is easy to
see that

(6 ), ’ ‘b/:{g&—l) [Eb "::J-]} IL: J = 1) B ’I’I,}
Starting from lemma 2, we get, by the same method as above, that
(5) ¢ = {9, 6 [&, 8]; 1 =1, .., n}.

Now, putting (6) into (5)’, we may conclude (5), and from (5) and (6)/,
we get the expression (6).
If @ is a p-group, by a successive application of lemma 3, as was
carried out by Furtwingler (Furtwingler [1], Hasse [1], p. 185), we get
Levva 4. If @ 4s a p-group, then
(7)1 @,: {[Ei: 8]7 [Ez‘; S]]y ’i’:j:l) RS In}:
(7). 9 = (&, sl (&, &5 4,0 =1, .., n},
where the sign § } means that, &', or &', has these elements as its generators
permitting the symbolic power.
4. As is easily verified from (4),

(8 ) Vb%@/(AB) = V{,%@/(A) Vb,}@/(B), ,A., Beeb
(Hasse [1], p. 162), and if £ is an element of $/§ then
(9 ) sz@v(A)‘E = Vb—m/(A),

for Vese(A4) :(—I%/IE> and A=9A. Furthermore, as was shown by deriving
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(4) from (3),
(10) Vose(4) = Ilu(g)Au(éa)~* does not depend on the choice of
representatives u(¢) mod. @'.

To avoid the complication, we use following notations throughout

this paper.
M =1+&+ .. +&W (0 <r<e),

M, = Mo,
0 =1L, 6, = ;IIM,
3:=i

Ty = MyEr. . gt (0 << e).
From (10) we may change the representatives as follows:
u(&) = arbitrary,
u(g) = Mu(g)™ o &= e

Then, as is well known,
(1) Voowlu(8)) = [u(e). ult,)u(g) a(t,) » u(g)®
Bi=0

= u(fi)%; n
((2), Hasse [1], Schumann [1]). Moreover, if o=[1&, (0<y;<¢;) then
i=1

u(o) = Tu(g)
and then, from (8), we have
(12) Voso(u(9)) = I Voo (u(&))
Putting all £ =1 in I';, we get v;, and therefore from (9), (12), we have

Vose(u(a)) = H Veso(u(&:))™,
from (11)
(13) = Hu(fi)eiri"i'
i=1
On the other hand
u(o)=t =1[s, u(o)] =[s, Hu(fi)”i].
By using the relation
[a, be] = [a, b, cT,
concerning the commutators, we get by a simple calculation
(14) u(e)=t = I[s, &1
Now let A=u(c)g, ge®’, then
1= u(o)* gt (mod. 9),
and therefore the assumption in Reduction theorem 1 is equivalent to the
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condition

(15) ili[s, Elg-t=1 (mod. ).
From (8) and (13),

(16) sse(d) = éu_(&)e"rf"ig".

Therefore, the reduction theorem 1 is translated to the

n
Repucrion TarorEM 2. If'the clement I1[s, €109 ~" of & is contained
i=1
m O', then we have
2
TTu(g) @ gf = 1.
i=1

5. Lemma 5. It is sufficient to prove the theorem for a p-group.®

Proor. It is easy to see that, Vi,e/(h) =1, where h is an eclement
of ', and the ambigous elements of § forms 4 subgroup A of . Then,
from (8), it is sufficient to prove the theorem for a generator 4, of A/§’,
~and then.the order of Vi,g(4;) is a power of prime nuinber p.

Now let us assume that we have proved the theorem for a p-group.
Let /9, W/6" and B/I’ be the greatest subgroup with order prime to p
of G/9, H/6’ and /W respectively. Then it is easy to see that /B is
the abelian commutator subgroup of G/8B. Our elements 4 of § is ambigous
with respect to § and is also ambigous with respect to § mod B. Therefore
applying the assumption for a p-group to the p-groups &/B and /B and
to the elements 4, we get Vi,u(A4) =1 mod. B ; and Vi,u(4)?is contained
in W, where ¢ is the order of B/ll’, which is prime to p. As is easily verified,
for any element B of W, we have Vyse¢(B)=1 (Hasse [1] p. 178). So
that, we get
(17) Vsse(4)" = Vise(Vssu(4)') =1
On the other hand, 4 is commutative with a generator of the cyclic group
9/ mod &', as it is ambigous with respect to . Then we have

Vsso(A)=AY (mod. ),
where ¢’ is the order of /9 so that it is prime to p. Therefore, calling
the property (17) in mind, we get
1= VB»@’(A)Q = Vb%@’(Vieb(A))q: Vb—)@s’(A)qq,

where gq’ is prime to p. Thus we conclude our lemma.

§2.

6. From now on, we assume that @ is a p-group. Then, by lemma
4, & and ' has as its symbolical generators the elements
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[€Y]
Tt

G = {[Ei; SJ; [fi_; El; 0 <j; /Lu?: 1, ey ’)’L},
9 = {[&, S (&, & 0 <k; 0,5, k=1, .., nl.
For any element ge®’ such that
g = H[gi) S]L(iG)H[Ei; Ei]clg’g')n
we consider the exponential system
{c&-”), ey CS’L{/); 05{27)7 Tt C%), Tty cy}l,n}! r<ls.
Let
the exponential system {B{, .., B®; AR, ..., AP, ,} of u(&)" be ay,
the exponential system {B{®, ..., B{; AP, ..., AP, ,} of g be a,,
the exponential system {0, ..., 1, ..., 0; 0, ..., 0} of [&, s] be &,
and the exponential system {0, .., 0; 0, ..., 1, ..., 0} of [, &] be &,
where ¢ is the element which occurs in Reduction theorem 2. As &; was
defined for i<(j, we may define for i>j as follow,

(18) &y =—¢&; (1>>7), & =0.
As is easily seen,
(19) AM;, =0, where A, =§ —1,
(20) D€ + D& + A&y = 0,
(21) A&y + A8y — A, =0, where A=s—1,
(22) Aoy = MiE, (’l'%k),
(23) Aa; = M3,
(24) ai ,: ZAS:?EM + ZB?)B”
r<$ t
at} = ZAE‘?ETS + ZBL(OJSI:-
r<S -

a, was the exponential system of the element g in the Reduction theorem
2. Without loss of generality, we may assume that

a, = 2B"s,.
For the element I[[#, 5,]‘1% is in §, and then Vg, (II[E, ‘5].]’*3)1-)_—_1,
< i<j

and therefore does not affect our assumption and conclusion.
Using the exponential system, the Reduction theorem 2 is translated
to the

Repucrion Tueorem 3. If there exists a relation
n

SUTs + ABO)S, = 2ty Ay + 2ibyeire,
Ky Jj

[y =

we have
E(Fi + ABgﬁ))eiai = 0.
i=1

Furthermore, by (19) and (22),
AGa; =0 for all 4, I,
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then, writing simply T instead of T;+AB®+ >a,A,,
k

we have

Repucrion TaeorEM 3. Let P, (=[6/8']), be a commultaitve ring,
and M be a P-modul with generators &;,(1=j), 8, (i, j=1, ..., n), which
satisfy the condition (18). Furthermore we assume that there exist elements
A, A, M;, Ty, which satisfy the conditions (19), (209, (21), and
(2:)) Z:Ptst = gbmsm,
then for any n elements a; of M which satisfies the conditions (22), (23)
we have
(26) E = Zriotai =09

7. As we defined € and 6, we shall define in genearal
iy, io= LI  M,® Then we have

JCD). 8
(27) Oiy..icfn =0 4f §, k==4(1), .., i(r).
For, as is easily seen, M;M,E;;=0 G, k=1, 2, .., n).
As 4,, was defined for r<’s, we may define for r=>s

(28) A, =— A4, (r>s8), 4,,=0.
‘With this notations we have
i1
01(1)041(1) = Aia) Z 0i(l)i(2)A%(§)%%2)ai(2)
(29) 1(2)=icl)
i1 1NN
+ Ai(éigi)a)t(nB%)»at(z) + oi(l)Bl((g)))bl(l)-

For, from (24) and (27), (Hasse [1], p. 189)

_ il i(1
oi(l)ai(l) - 0‘(1) 2 Ag(g)i?gl)ei@)i(l) + 05(1) 2 Ag(l)g()bgi(l)i(‘-‘)
(2) <#(1) i(2)> (1)

i1
+ 01:(1 )igBt((%)»ai@))
2

and from (28)
i1 i1
= b1y > Al + 01(11)(22:0)35&)”5«2)

i(2)=+i(1)
+ 6, B8y,
and then, from (22), (23), we conclude (29).
Putting (29) into (26), we have

— il
E - 2 2 Pi(1)At(1)0£(l)i(z)A?(l)%Z)ai(?)
(L) $(2)=1(1)

i i
+ > 2 TiyAbiayn By + 2 Tiabiay B 81y
1) U2+ (1)
On the other hand, from (22), we have
i
(31) 0= 2 2 I‘i(l)Ai(1)0@'(1)i(2)Ai(§)%22)ai(l)-
i) i2)=iC1)

We write the left side of (25), XI8, briefly T, then by (22),

(80)
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1o
o
J

Zgl(’) i(";)) = zzei(’)B( &) Fi(l)at(n
( 32) i (2 Q)

:i%:i( ’gm)ri(l)Aet(l)i(a)Bg(z) Ay + Zr‘i(l)o’l(l)BL(l) St(x)
Subtracting (31) and (32) from (30), we get

E= 2 2 Fi(l)&t(l)z())l—Ai(lj

1)t (2)=4C1)

— A

iy Ry
i) (i(2))
(1)8(2)424(1 yi(2)
Qiqy Qi

B«
Bcio)) B ] + Zeim i T

Putting (24) into the above expression, we get the following formula.
THE FIRST MODIFICATION THEQREM.

2 Pi(l)ei(l)i(’)[Ai(l)z

AGa»  gdia

(5(1)) A%’l( 2)) 8

i(l) Us: r<s t(l)i(l) (1)i(2)
(l)t‘l/( 2)
1) BE) dan g
290 B B AU A¢
(33) + Atm ey |8 — A Bria» Bfim) Ers
i(1)i(2) ¢ 7 <8 | i) i
B(t(l)) B(i(v)) 1 «
1
- AZ é%” B(i(’)) J + 200, B> T

8. In case of n=2, we get our main theorem from the first modification
theorem, and it will be shown in §3. We now proceed to the case of
n=3. ‘

From now on, we write a determinant

4 4
Bé(S” B%m . B Bﬂ‘ﬁ” B%;”
B{fg” Bmz)) B((r» Bck(x» B(k(s»

()
() A (i gk k(s
Ak(.l)l(l)Ak(l)l(l) Ak<l)l(l)Ak(l)l(l) te Ak(l)()l))
Gy Ao G - Ak kes
ARy Ak - AL ARy - ALy
simply

((1), 9(2), .., 4(r),  k(1), .., k(s) )
i(1), i(2), . i), R, ) Be)()),
and a determinant with a in its r-th row

B(im) Bgs» B Bi(éﬁ’)””

@i, a_i(z) ..‘afi(j,.) - Oiemy
Aga» A,‘jﬁ”, - Aﬁ‘r’? N A,‘;ﬁ‘"‘”
simply
(iR 82 o i) o i)
(1), 4(2), a, .., kI ).
By these notations (33) has the following description,

=> Fi(l)oi(l)i(l)[ Ai(l>§;< s, ’ i( ib)(? ()2 ))

i(l), i)
A=)
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+ 202G il o+ A2 e

r<s

+ AZ( (1), 1(2)) 1 + %51(1)3538”'11-

Let .
= :s}) oot (1) (1)) o
= ity >LA«»2<“§>’ -d%ﬁ% + 2 2(i)  )e)
()= (z)

1()=+1(2)

[I] The modification of El. We can restrict the summation > to
: r<s$
Si(r<s; ri(2), s=i(1))+ 2 (r<s; r=i(1), s+i(2))
£ 3 r<ss vki(l), s=i(2)) + 2 (r<s; r=i(2), s+i(1)),
for if r==4(1), i(2) ; and s==i(1), 7(2), then these terms vanish by (27),
and also the terms r=i(1), s=i(2) and r=4(2), s=¢(1) vanish, since
these determinants=0. We write ¢(3) instead of r or s, we get®

2)
B =2 Aol 0[ ( . il e
= olofon] 2 (i@)il), i1)i(2) oo

2< (1Yilh, 1)%(‘2))&@“@ +2( (i), i(13i(2) oo

i(1),  i(2)
tﬁﬁ(m)@(‘)), z(l)z(m) (]
By (18) and (28)

o

= . i(1),  i(2)
! 7(1)%) ié""ri‘”g’“’“”[(i(?))i( 1),i(1)i(2) JFroer

Q152 1(3)

) '
+ (331l i(1)ile) Froen .
By (22)

- (1), i(2)

1 2—83%‘})*,2;(1ﬂmmm@Am[(i( 3)i(1), i( 1)@'(2)>Aimai<3)

1(1), 1(2)

# (iahich), i(1)i(e oo

We divide the summation >(i(1),4(2),(3);4(1)2=i(2)=i(3)) into two
parts

2(i(1),4(2),4(3) ; i(1)=*i(2),4(3),4(2) <i(3))

+ 2(i(1),4(2),4(3) 5 (1) =*i(2),(3), i(2)>i(3)).

In the second term, we exchange the letters 4(2) and ¢(3) one another.
Then
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el
=%

1 2) .
2 Az(])I‘fl(])oi(l)i(z)i(:i)[( (§( )i %(1(1(2 )Ai(l)ai(ag

1Q1)=1(2),4(3) i((z)) t(a)

3 (1 i(2) O (1), i(3) )
+ (ig3); )2) i@l ot (2)il, i1 )il Yot

i(1),  i1(3) A J
+ (i), i)l Poen |
Calling the equality (22) in mind, we may write

— \ L (i), (2),  i(3)
=y = Ly biayicnsi [Ai (z( T SO\ 1N >
ot i o] Aol a,” i(1)i(3), i(1)i(3)

i(1), (2), i(3)
+ Az’o)Ai(z)( «a, @(1)L(‘7),’b(2)@(3))

(1), i(2), )
ooy il i)
and this may be written as follows.

¢
o .

— a(2) A a(3)
By = 2 Z Z 2 Fm )01(1)1(2)l(3)A11(1)A1(1) At(s)
i(1)==1(2),8(3) w( ,1(3) 0(1)+a(4)+m(3) ’ 2, J3)
@) <i(3) a(l), a(2), a(3)=!

(%(1), i(2), %'(3) )

a, j(2)i(2),5(3)i(3)

Putting (24) into the above expression, we’ get

(=1 al all a) a 1 ] 2 1]
i(2),  i(3) \s1

#3000, y<s>z<3>> g
where' the summatlon is extended over i(1), i(2), (3), a(1), a(2), a(3),
J(2),j(3), and

(1) i(1)=i(2),4(3); i(2) <i(3),
(35) (ii) a(1),a(2),a(3) with a(1)+a(2)+a(3)=2,
(ii1) 7(2), j(3) take the value (1) in a(1) times, 4(2) in a(2)
times and 4(3) in a(3) times.

[II] The modification of E, In the first term of B, we divide the
summation Z into (¢, t==i(1), 4(2)) and Z(t, t=i(1), i(2)), and in
the second term of B, as was in [I], we divide the summation >, into

7<8
2 (r=i(1),4(2) ; s=i(1),4(2)) and X (r=4(1),s=(2)).
And then, writing 4(3) instead of ¢ and r, we get
(1), (2) Vs
Ez ;‘(‘1)2[(:) i(;ri(l)em)t(z)[ z(l)( (3)7 (1),,:(2)>bi(3)

i(])-“:i(.’.)$i(3)
’b(l) ’1/(2) /1,(1)’ (2) 1
( 1(2), 4(3)( 1)) “Z”m + A(()(Q), (%)@'(2))5«%]
2 Tt 201, i(1)il2) e,

L(l)ti(Z)

(34)
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(1), i(2) ) (1), i(2) ) ]

+ 8G(0)) ih)ife) Pt (i) s(1)ilz) Jrors |
Exchanging the letters 1(2) and %(3) one another in the second and the
gixth term, and in addition applying (22) and (23) to the first three
terms, and also, applying (21) to the sixth term, we get
Ez = 2 Pi(])012(1)1(2)1(3)A[Ai(1)< ( ) %(2) )ai(s)

), i, i) (3),4(1)4(2)
(36) (1J¢1(2)=ﬂ<a) 71(1) i 3) ,11(1) %(2)
* A“"( (3),@(2)%(1))0‘“2’ * A“"”( (2), 1(3)1 (2))0‘“3)]
2
2 Tetwel ) i)
(1), i(2)
t o (m), i@i) P
Adding the first and the second term, and, exchanging the letters i(2),
1(3) one another, we get

(1),4(2), (3)
(37) m;«;), z<sP“‘ﬁ“"“”‘”AA“"< i(2), a, i(1)i(3)),
i(l):;—.t(Z):-i(J)
for, from (22), Aiy@ia,=0. By the same reason, we get from the third

term of (36)

T 0iciemic, AA ('”(1) 1(2),  (3) )
(38) %f%g%‘:}) o i\ §(9)  a,” §(2)i(3)
(2), i(3) °
(39) _*;(1),21(2), i(Pi(l)ez(1)i(2)i(3)AAi(“)(,b(2)’ %(2)7[(3) am)
iC1)=iCE)+1(5)
From now on, we say ‘change the letters i(1), i(2), .., i(r) as i(1)
—>i(2)—>...... —i(r)—>i(1) ” in the following sense, that is, we write (1)

instead of i(r), 1(2) instead of i(1),...... yand i(r) instead of i(r—1).
Changing the letters (1), 4(2), 4(3) as i(1)—>i(3)—>i(2)—i(1) in
(89), and applying (23), we get
' (1), i(2)
(39) i()z;(fm)im KD< (1), ’”(1)@(2)>t<3>$§i(:1) i@ 5 i

Changing the lettels i(1),4(2) as i(1)—>i(2)—>i(1) in the fifth term
of (36), and, adding the forth term of (36), we get

1), 4(2) °
(40) t(g(ﬁm)zw (1)( élg, @'(g@-zg))(rtm&m + Pm)sz'(m).
o3 %7¢))
Therefore,

B, = (87) + (88) + (39) + (40)

_ i(1),i(2), i(3)
;ég%%));géf‘ia)01(1)1:(2)1;(3) [:A‘l(l)( (2)’ , @(1),1:(3)
1),4(2), (3
+ Ai@(i&g, & ,q;(2§¢()3))]
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2 fownolil1) (1)) T

i(l)q:t
a2 a3 1 ) 2 ) ) 3
= Zrimot(l)i(2>t<3>AAi<(11))At<(4)) At<(3))< Egg, v (a,) i( éb )( i ()3)>
(1), i(2)
e "“D““A““( 1) i(1yi2)

where the summation iu the first term has the following sense,
1(1),4(2),4(3) with (1) == 4(2) == i(3) == (1),
a(1l),a(2),a(3) with 1+ a(1l) + a(2) +a(3) =2 and

(41) a(1), a(2), a(3) = 0,
7(8) takes the value (1) in a(1) times, 4(2) in a(2) times, and
1(3) in a(3) times.

Putting (24) into the above expression -

E, = SliofioameAMBAa Z(15) 0 43 I

(12) + 23] % )il )

)

e il i1 i(d)i ) ™
[III] The modlﬁcatlon of ;. TFirst of all, we divide the summation
Sinto 2(f, t==i(1), i(2)) and 2(, t=i(1), (2)) and deseribe i(2)
instead oftt in the first term, then by (23)

1), (2
E, 71)%) s )A Fimeia)i(v)t@)( Egg i E P ; )aus)
10102 +i(5) ( ) p ( 2)
2 et 1o
i(l)*i(z}

In the first term, we divide the 2 into > and > and, in the latter,

1(2)=4(3) (2 <i(3) (2> 4(3)
exchange the letters 7(2) and i(3) one-another. In the second term, we
also divide the > into > and > and, in the latter, exchange the
WD *i(2) i1 <ic2) (D> 4(2)
letters ¢(1) and 4(2) one another. Then, arranging the rows and the
columns in order, we get
i(1),4(2) (1), (3)
, = X [(?( X )a —<. X ) ]
3 zag:mm(a) “%” ITIOIRID] \4(2),1(8) )7 \4(2), 1(3) O

1),4(2
- Z )Aeia)im( §1 ; : 22 9 g ) (T8 + Lunica))

(1) <iC2)

1) =3 S Aol i) 3 1®)

IO+ i 16
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o
g
o

0
— 2 Z AFz(l)eL(l)l(2)2(3)( (9;: gg ) i1y

AW(H==1(2),1(3) ?(z) z(3))

- 2 Aet(ni(")( (1) (2))(1"10)8,(1) + Pi(z)az(:z))

Ly, 1(’)
i(1)'<i(2)

Changing the letters (1), 4(2), i(3) as i(1)—>i(3)—%(2)—i(1) in the
second term, and applying (23), we have

_S a0 (1))

-2 M1 3(2)
Adding this and the third term of (43), and putting (24) into the first
term of (43), we get

. (1),4(2),4(3)
B, =>, > Acmlﬁzaﬂ(zﬂ@)LZ( (2),4(3), 5”8 )”

(3)=EU(2),1(3) (), 17(3)
U2) <iB3)
(1)77(2)77’(") 7’ 1) /”(2)
+ 2" P Z pee(ila)i(5)) T

Adding (34), (42), (44), and the last term of (33), we get
THE SECOND MODIFICATION THEOREM. In case of n=3, we get

* mowry. A oD e
B = lofameMSaBas] (0 S5 5 i0 Y

L7<s

12y
)4(3)#;(1), i(2) &7

(44)

i), i(2), i
+ 200N 8.0y P .
+ BlafamedBagam (150 10 & @il

2 Vi)

+ 2o’ [2( g))” @((2)):@(%;))5

DN N
[ 2 0‘(1) 2y i(1)< gl)”b(l ;2)) Z Gl(l)t(’) (zg];::’ég

iy, i i, iy
103wty 1<

+ ZBi(g) ei(l)J’Fy
i
where the summation is extended over i(k), a(l), j(m) as was described in
(85), (41), (44).
9. In general, we get the following
THE m-TH MODIFICATION THEOREM. In case of n=m-+1, we get
E = 2. .immA MEAS. MG
(1), .., i(uw), i(u+l), i(u+2), o i(m+1) )
(46) {2;( i(2), . ,t(u+l), s, jlu+2)i(u+2),.. ,j(m41)i(m+1) )7

1);-~7 "’(16)7 (u+1)’ 7’(“""0)7 ’ (fm’T:l)
+Z(z(9),,._,@(u—r1), t, o G(ut2)i(ut2), ,](m+1)q,(fm+1))]

(45)

)

2
2



PRINCIPAL IDEAL THEOREM 243

+ P(Em +Bpy + .+ El))
where the summation s extended over
(i) u:O71727"7,rn/7
(it) 4(1),4(2), . ,4(m + 1), with 4(1) = 4(2) = ... F1(m + 1), and
: 1(2) <i(3) <. <i(u+1),0(u+2) <i(u+3 )< S<t(m 4+ 1),
(47)  (iii) a(1),a(2), ..., a(m + 1) with a(1), a(2),...,a(m + 1)= 0 and
u+ a(l) + a(2) + ... +a(m+ 1) =m,
(iv) J(uw+ 2),5(u + 3),..,j(m + 1), taking values i(1) in a(1)
times, 1(2) in a(2) times, ..,i(m + 1) in a(m + 1) times,
and
(48) = 2( - 1) "B, ..i({@AuA?((B"-A?((;))
‘ (1)7 ey 'I'(u+1)) 7’(”’"{'2)7 %(L) )
< i(1), - (1), (ut2)i(ut2), i (k)i(k)
where the summation 18 extened over
(i) w=0,1,..,k—1,
(it) 4(1),...,9(k) with i(1) == 4(2) == ... F=4(k) and (1) < ...
Co<a(u 4 1), 4 + 2) < L < a(k),
(49) (iii) a(1),..,a(k) with a(1),a(2),...,a(k) >0 and v + a(1)
: + ... +alk)=Fk-1,
(iv) J(u + 2),..,5(k), taking values (1) in a(1) times, ©(2)
in a(2) times, ...,i(k) in a(k) times.
Proor. We shall prove this theorem by induction. Assume that we
have already gotten m—1-th modification theorem in this form. We shall
prove that, modifying the expression

u-1 A Q) A a2 m
Zri(l)el(lﬂ(’) L(’m)A Ai((l))Al((’)) AiGmy

(m)

(1), .., t(u—=1),%(u), a(u+l), s a(m)
Z(z( 2), .., w(u), t,  jlu+l)i (u+1),. ,7(m) (’m))

+ ZF:mem e, .. imyA AEYATE AL
2( (1), ... a(u), (ut+l),  i(n+2), oy A(m) >8
ZNi2), i(ut ), oms, jud2)i(u42), ) (m)i(m)
for 0<u<{m, where the summations are extended over all 4, a,j analogously
as was described in (ii),(iii),(iv) of (47), we have
2B, s A AIRALD . A
( i(1), ..., i(u), i(u+tl), i(u+2), vy t(m+1) )
i(2), L i(utl), @, j(u2)i(uk2), | j(mt1)i(n1)

(50)

(51) + Z(— 1) biqy. 1myA" AT AR
(1)ya(u),  i(utl), . i(m)
< (1), ...a(u),j(u+1)i(u+1), .. ,](m)'l,(m)) I

where the swnmations are extended over all 4, j, ¢ as was described in
(i), (iii), (iv), of (47) and (49), respectively. For u=0, or u=m, the
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expression (50) contains only the second, or the first term, and yet we
may prove in these cases as well as in the case of 0 <u<m. This can be
seen easily in the following proof of the case of 0<<u<m. We write the
first and the second term of (50) by (50.1) and (50. 2) respectively. From

now on, we write the summation with respect to ¢ and j simply by >.
a7

In (50.1), we divide the summation > into
‘ t

(50.1.1) Dt =i(1),..,i(m)),
(50.1.2) 2t =i(1)),
(50.1.8) 2(t=14(2), .. ,i(m)) = 2(t = i(u + 1), ..., 4, i(m)).
In (50.1.1), changing the letters ¢, i(u+1), .. , i(m) ast—>i(u+1)—>i(u+2)
—...—=i(m)—>i(m+1), and in addition, taking (23) in consideration, we
get

(30.1.1) = =2 2 ZLefon AN A

i) <. .. <i(w)  diCu+) a,
(u+2)<... <i(m+1)

(i), ), D) Y
i(2), - iw), i(u ),k 2)i(ud), | j(meL)i(m+1) e
where i(u+1)==i(1),...,4(m+1). Although the term A%y is wanting
in the above expression, we can assume that it exists, for AJGY- a1, =0.
We say the process in the following sense, to put the letter i(u+1)
into an inequality (2) <...<4(u), that is, dividing the summation with
respect to ¢(2), .. ,4(u+1) into the following cases,
(1) i(u+1) <i(2) <i(3) < ... < i(w),
(i) 4(2) <i(u+1) <i(3) < ... < i(u),
(i) (2) <i(8) < ... <i(k) <i(u+ 1) <ai(k+1) < ... < i(u),
(iv)  9(2) <i(3) < ... < i(u) <i(u + 1),
and then, we change the letters ¢(2),4(3), .. ,4(u+1) as follows,
(1) 1in case of (i) above, i(u+1)—i(2)—>i(3)—...—>i(u)—>i(u+1),
(i1) in case of (ii) above, i(u+1)—i(3)—>i(4)—.. »>i(u)—>i(u+1),
(ii1) in case of (iii) above, i(u+1)—i(k+1)—.. »i(u)—>i(u+1),
(iv) 1in case of (iv) above, all letters are fixed.
Now, putting i(u+1) into the inequality 4(2) <...<4(u) and, arranging
the rows and the columns in order, we get
(50.1.1) = (= 1) 2 2L amanAUAE - AR

W) W2)<...<i(u+1) a,
(w+2) <. L <t(m+1)
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o
o~
(@]

SR SR IC Il (e

pi(u+1),  i(u+2), i(m+1) >
iQu1)) i 2)i(ulr2), Lj(mr1)i(ma) e
In (50.1.2), after changing the letters ¢(1), ¢(2), ..., 9(u) as i(1)—>(u)
—>i(u—1)—>..—>i(2)—>i(1), we put i(u) into the inequality 4(1)<...
<t(u—1). Then, arranging the rows and the columns in order, we get
(50.1.2) = (= 1) > Db A TNBAR ALY
= 6y e Gy ™7
(53) 1
(i, e, (Shbin).
WL, D01, i m) (b
In (50.1.38), we may assume that t=i(u+1), ..., i(m), for otherwise
the determinants are equal to zero. First of all, we change the letters as
follows, ‘
(i) if ¢t =4(u + 1) all letters are fixed,
(i) ift=d(u+ 2),i(u+ 2)>i(u+1) > i(u + 2), all others
are fixed,

(iil) if ¢t = i(u+k), i(ut+k)—i(u+1l)—=i(n+2)—>...—>i(u+k—1)
—i(u+k), all others are fixed,

(iv) if t=1i(m), i(m)—>i(u+1)>i(u+2)—>...—i(m—1)—>i(m).
Then, after arranging the rows and columns in order, we get

1 1 2
> > > Zrmﬁwm m AV AKDALD | Ay

i) (<., <t(u) i(u+l) a,
<i(m,

LRI ( i(1), .., i(u), i(u+1), oy t(m) )84

i(2); - i(u1), it )i 1), - j(m)i(m) e
Moreover, putting the letter 'L(u+1) into the inequality 4(2) <... <i(u) and
also arranging the rows and columns in order, we have

E: E 1 1
(50' 1. ) 2 Fz(l)ei(lj L(m)A“ A:‘((I)) A’L'((””f;
i) (2 <... <iu+l) a, j
U2 <. <Em)

(55) S, ., i(w), d(u+l), i(u+2), cy (m
’2(%’22;1 4-»:i(u(+)1),j((k)$(k)),i(UwL(.‘Z)ﬂ;(u)wa%),- 7](7"§) ()m) w
In (50.2), we first divide the summation >(r<s) into

(i) >(r <s; r=i(l),..,i(m),s=*i(1),...,9(m)),

(i) X2(r<s; r=1i(1),...,9(m),s = i(1), ..., i(m)),

(i) 2(r <s; r=*=4(1), ..., i(m),s =i(1), ..., i(m)),

(iv) X (r <s; r=1i(1),s = all i(k) such that i(1) <i(k)),
(v) X(r<s;s=i(1),r=all i(k) such that i(1) > i(k)),
(vi) >(r <s; r=1i(2),s =all i(k) such that i(2) <i(k) and

(54)
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1(k) = 4i(1)),

(vil) X(r <s; s=i(2),r=all 1(k) such that ¢(2) > i(k) and
i(k) %= 4(1)),

(viii) 2(7‘ <sj; r=1(l), s =all i(k) such that ¢(l) <i(k) and
1(k) == i(1),4(2), ...,3(l — 1)),

(ix) >(r <s; s=4(l), r = all (k) such that i(l) > i(k) and

(x) 2(r<s;r=i(m—=1),s=1i(m)).
According to (27), each term of (i) is equal to zero. In the case of (ii) and
(iii), writing ¢(m+1) instead of r and s, respectively, and adding them,
we get by virtue of the fact 4,&,,=A4,,&,,
(50' 2‘1> = 2 Z 2 Z Pb(l)el(l)[(2) (m)A ALL’((ll)) A?((%)

[{¢)) z(")< <¢(u+1) i(m+1) a, j
(56) iCu+2)<. 0. <iCm)
2(@(1) . z(u), i(u+1), i(u+2),
1(2), .. @(u—i—l),@(m-i—l) (L),J(u-f-‘)) (u—f—?),

T q’(’n'?}) )Ei ‘m+1)i(k)
o J(me)i(m) R
Analogously, adding (iv), and (v), we get

a(l a(m,
zrz(l)eiu) i(m)A At(l)) Az(m))
15} '(Z)< <l(u+l) a, j
Cu+2)<... <i(m)
m

Z v(1), ..., i(uw), i(ut1), i(u+2), ey 7’(7”’) .
1(2), .., i(u+1),2(1)i(k),j(u+2)t(u+2), ..., j(m)i(m) Eiio-

Also, adding (vi) and (vii),

) 2Fia)et(l)...i(m)AuAlilg)) A

il) 1(2)< <i(u+l) a, i
i(u+2 )<

@(1) oy (w),  i(u+1) i(u+2), ey (M) ) _
2( (2)) o i(ut 1), i(2)i (k)G (ut2)i(u-+2), - j(m)i(m) )i
In general, adding (viii), and (ix),
2, TiBicsy. . aomA DI . ALGD

(1) D <... <i(u+l) a, j
L(u+2)< . <i(m)

1, .., (u), (u+l), i(u+2), oy A(m) ‘
k%;l( 1(2), -1 i(u+1), i) (R, j(u+2)i(ur2), - j(mYi(m) i
Finally, in case of (x), we get
2 Fi(] )ai(l) ’l(m)AuA’i‘((ll)) A?((’,ZL))

(i) i <... <i(u+l) a,
iCu+2)<... <i(m)

k=2

y ooy W(u (u+1 (u+2),
'<i(2), - ?,(u(—}-)l),@(7n£~1)®()m),7(u-:2) (u+9),

.. .:] ( 77;% ()m()m)> i(m=~1i(m)e
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Therefore, adding (iv), (v), .., (x), we get

m-1 m
>
(50.2.2) = > > X Tiabia imAAL.. Al > >

(1) i <. .. <Bu+1) a, J l=1k=1+1

(57) [(u+))< . <i(m)
(1}(1), ey (), i(utl), d(ud-2), ey () )
029, i(ur), iQ)a(k),j (2)i(u2), | j(m)i(m) Joror
(50.2) is equal to the sum of (50.2.1) and (50.2.2), and we shall modify
these expressions as is in (50.1).
First of all, in (56), using the property (22), we get
(50.2.1) = > > X T oAU AGES

i) 7(’)< (L(”+1) im+1) a, j
(58) n (u+5)< m)
-~<@ 1), ... @(u), i(u+1), W(u+2),
©(2), .. L(L6+1), w(m+1)4 (L),j(zo+ ))1,(1e+‘)),

@( m) '
- 7.7( m 71( ”b) L(I»)ai(m-nﬁ

where the term ASGHY does not exist at first, and yet we may write as

above because of the property A;msn@ims,=0. Now, the expression

% (1), .., i(u), i(u+1), w(u+2), 'z,(m) ) o
<=\ (2), .., i(u+1), i(k)i(m+1),5(u+2)i(u+2), . ,](m p(my) )T IRD
may be written as

" a a(m+ (1)7 : ( ) /”(u’ 1) 1’(“+ )
o 256 M) i) O 1,5 D),

()
g (m)i(me) Licnr1
where a(1)+...+a(m+1)=1 and j(m+1) takes the value (k) in a(k)
times. And moreover, arranging the columns in order, it is equal to

Mm—-u— a A%m+ : 1) ’l/(u) ’b(u—l—l)
_ 1 (1) ( 1), ) )
(= 3w e () i e,

; i(m)
yJj(m+1)i(m+1) %icmsr)-
Therefore
(50.2.1) = (= )" 2 2 AT annA"E MG
(1) i) <... <i(u+1) i(m+1) a,
Y+ <. <i(n)
(59) (A1), i(w), i(u+1), . i(m) "
1(2), .. @(Lc—l—l),J(vH—‘)) (u+9),. ,J(m—i-l)@(m+1) dm1):
Now, putting the letter ¢ (m+1) into the inequality i(u+2) <...<i(m),
and, arranging the rows and columns in order, we get
(50.2.1) = (= 1)*"> > ZF,U)G,@) iy DI NG
) i) <. <i(u+1) @,

iCu+2) <... <i(m+1)
m+1

. 1 0 (0 s w(u+1
000 2 =0 i e i,
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Al O ) Y,
VR, F VT I(AHT), G (1) (m+1) JHie
n (50.2.2), by means of the relation (21), we get from (57),
ZF i0icn..amA" AL AG

i(1) i(2H<.. <i(u+1) a,
("+2)< <i(m

z [( (1), .., i(uw), (u+l), (u+2), sy (M) )A s
2 L\i2), - i(u D), i(Di(R), g (ut2)i(u+2), - j(m)i(m) )0
( (1), .y i(w), a(u+l), i(u+2), .., i(m) AS
0(2), - i(ut 1), 6()i(k),j(u+2)i(ut2), . j(mYi(m) )i
Exchanging the letters £ and ! in this first term, and, adding to the second
term, and then, calling the meaning of j in mind, we get

(50 2 2) = z 2 . zrb(l)eb(l) z(m)Au 1A?((11)) Ag((n%)
(1) i&):‘) (<i(u+1)) a,

S0 iy i), i), i)

Zi(2), i(ur ), j(R)i(E), j(u+2)i(ur2), j(myi(m) )

= 2 2 Zri(l)el(l) 1('rn)Au IA?S)) AT

i(1) 1(2) iCu+1 )
<. U+ a,
(61) “n (u+z) << <i(7r2)

((1) oy (), i(utl), i(u+2), oy a(m) )
(2); ooy $ (1), ()i (R, G (w4 205 (u42), - j(m)i(m) )
-> > zr‘z(l)ez(l) A" TTALY AT

i(m)
(62) i) zgi)fq)<<z(u+1) a, j

y, .., a(u), i(ut+1), i(u+2), cy o A(m)
2( i(2), i+ 1), G ()i (k), j(u+2)i(u+2), . ,J(m)%(m)> e
In the first term, the expression (61), changing the letters i(1), i(2), ...,
i(u+1) as i(u+1)—>i(u)—>...—>i(2)—>i(1)—>i(u+1), and then, putting the
letter i(u+1) into the inequality i(u+2)<...<i(m), we get
(_ 1 vl Z Zei(l) l(m)Au 1Ag((11)) A‘il(%)

L(1)< <iu) @, j
iU+ <. <O )

(63) o i(u U oy t(m
G i, i) 2T oo
(50. 2) 1is equal to the sum of (60), (62), and (63).
We now proceed to the calculation of (50.1)+(50.2). Adding (52)
and (60), we get
(50.1.1)+(50.2.1)
= 2 2 azfrz(l)eio)..i(m+1)AuA?((11)) AR

i(m+1)
i) i2)<... <i(u+1)
(u+2)<... <i(m+1)

(1)7“-’ 7‘(“’)7 /"(u+1)7 ll’(u'_l"c)): ey 7’(7”'*'1)
(64) ((2),~ i(ut+l), @ j(u+2)i(ut2), .. ,](m—l—l)’b(’)’n+1)>
—1)> > 2Ty oy ATALE. ALY

(1) WD <... <i(u+1) a, i
U+ <. <im+1)
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( ©(2), .. ,i(u+1), i(u+2), i(m+1) )
i(2), ) iQut1),j(ur2)i(i2), | j(m1)i(m+1) )0
In the second term, using the property (23), that is, Adu,=Mq,0iy, We
get

(—1)*> > > Oy iy AU TAYE A?(%L-:—ll))

[1¢)) :(2)< . <i(u+1) a, j
i(u+2 )< . <i(m+1)

(@il i), i)
i(2), 1 i(ur 1), jur2)i(utre), j(mt1)i(m1) Frodor
Exchanging the lelters ¢(1), ..., i(m+1) as i(1)—>i(m+1)—>i(m)—...
—1(2)—>i(1), and by means of the relation ;. imAim+1,=0, we get
(=) 2 2o AT A

i(1)<... <i(u)
z(u+1) <. . <i{m,

1), ...,1(u W(u+1 ) (m
(glgr' ﬁgugj(wr(l)@(u)ﬂ),- ,J(m() ()M))xmw% anyeme Dy
Adding this to (53) and (63), we get
(= 1) 2_ 261(1)...i(m)Au_lAltl((ll)) Ay
(65) st ey 7
(i i), i
i(1), -y ilu)j(ut1)i(ud1), - j(m)i (m)

where I'= > T,8,.
i=1
Finally adding (55) and (62), we get
- Z 2 2 Fz(l)ei(l)z(l) i(m)Au 1A:'((ll)) A?(%)

i) i(2)<. .. <i(u+1) a,
i(u+2)< . <i(m)

Z( (1), ..y a(u), 4(u+l), i(ut+2), ey A(m) )
o2 \i(2), .y i(u1), (k)i (k), j (ut2)i(u+2). ... j(mYi(m) )0
and this is equal to zero in accordance to the fact described below. For
k=u+s, we consider j(u+s), and if j(k)=1i(p),j(u+s)=1i(q), (p,¢=1,...,
m) we pick up the cases when j(k)=1(q) and f(u+s)=i(p). These two
terms have the opposite sign and cancel one another.
Therefore (50)=(50.1)+(50.2) is (65) and the first term of (64),
and is equal to (51) as was required.
In the case of u=0 the expression (50) is only the (50.2) and the
summation > (r<s) is divided into
(i) 2(r<s;ns=i(l), .,i(m)),
. < s;r=+1(1 ,t(m),s = 4(1), ...,1(m) and
() 2("<UIE) iR i ™)
(i) 2(r <s;r=1i(k),s =i(l), kI=1,..,m).
In the case of (i), all the terms are equal to zero. In case of (iii), the
proof of Furtwéngler’s theorem (Furtwangler [1]) is applicable to our case™,
and is equal to zero in all. There remains only the case of (ii), and we
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get (56) with u=0, and then without (50.1.1), we get (64) with u=0,
that is,

a(m+-1)
2 I1;(1)01(1) J(m+ X)At(l) At(m+1)

Q) i<...<i(m+1) a,

T, @), o, i)
(e 523i8), i Sy 1))

(2), .. 1(m—+1) 1

= (G@)iB), i i Dyicms1))%)

and in the second term, the terms in which j(k)=4(1)(£=2, .., m+1)

are equal to zero in all, for an arbitrary non-zero determinant has one

of opposite sign in this terms.® And the terms, such that one of the j(k)

is equal to ¢(1) is also zero because of the property A;a;,,=0. Therefore,
there remains only the first term of the above expression.

In the case of u=m, there is only the expression (50.1), the first termn

of (50), and we have only the (50.1.1) and (50.1.2), and by a same
method as in (50.1), we have

) 1), i(m) 'i(m-l-])
. TyBicts ioms ( (1), .., , )
(1) %“WZ«WD wfia...nh i(2), .. ,i(m+1),

m— meaf t(1 , v (m
+(=1) 1i(1)<z:<i( )ol(l) i ]<?321g,~ ’bémb L
Puttmov the value of a; into the expression (51), (51'), (51”), adding
w from 0 to m, we get easily the expession (46) and thus complete the
proof of m-th modification theorem.
10. If n=m+1, as is easily seen from the proof of the m-th modifica-
tion theorem, we get

(51')

E= P(EWH-I + Em + ...+ EZ + E])
Therefore

RepuctioN THEOREM 4. Let P be a commutative ring, and M be a P-
modul with generators &;(i<j), &, (1,j=1,..,n) which satify the condition
(18). Furthermore, we assume that there exist elements a;, &, A;) M; and T
whicl, satisfy the conditions (19), (20), (21) and

(25) I'= Zarsgrs;
r<s
then
(66) E=T(E, +E,+ .. +E, =0,

where By 45 as in (48).

§3.

11. We now proceed to the proof of our theorem. As in the case of
n=1, we get I'=0, and it follows E=0 immediately.
As in the case n=>2, putting (25) into (66), we get
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= (TZGa,-.JEr.,-)(E1 +E + ..+ B,
and we shall prove that
grs(E’l + B+ ...+ En) =0,
for each r<s. Without loss of generality, we may assume that r=1, s=2.
We shall namely prove that
(67) E(By+ B, + ... + B,) =0.
First of all, we calculate
61251 - 812‘ % 91(1)3%%”-
As i(1)=1,2, &3-0,0,=0 by (27), we get
612_'51 = 512(6189) + engz))-
Using (22), we get
= 612(‘11A‘21.B§2> - a2A1B§1))~
By means of the property a;A;=0, this may be written as

__ g, |BOB® BB,
- 012 o, o A1 - 612 a, a, lAz

efahd) syl
(68) ’ = 61,2 AXD Aaa)C )

where a(1)+a(2)=1 and J takes the values 1 and 2 in a(1) and a(2)
times, respectively.
Secondly, we calculate

_<I>1—|—<I) (sa.y)
By virtue of (27 ), we divide the summation > in ®, into
i, i2
(i) (1) =1, (2) > 2 @

(i) 4(2) =1, (1) > 2,

(i) (1) =2, i(2) >2,

(iv) i(2) =2, i(1) > 2,

(v) (1) =1, i(2) =2 and (1) =2, i(2) =1.
(For n=2, we only have the case (v)). Now, changing the letter (2)
to ¢(1) in (i) and (iii), we get

(i)+(ii)+(iii)+(iv)

=201 + ol 0i1))

1), 1 -
+ 011(1)&(1)(%13 ,1(1)1) + 0L5(13A1(1)< 51; (1)9>I &
Using the property (22), we got
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== 3 b M1 115) Joo = 24(5: 55 )

i1)>2
1, (1) 2, (1)
+ AlA““<°G(1),1’5(1))0[2 B AZA“"( i(1), 2%(1)> J
By means of the relations A;a;=0

al a(? as 1
=i 7 PO "A“‘D)[A( it

-8 (%;](§<)£}1))al ¥ %( (1), J<f§}<)1>>“2 R A@( <21) de}()ﬂ) !

On the other hand

(V) =0 (3 5) + 8( 1) oo
From (24), we have
(70) A&?'GH =a; — Z AE.?S,.S - ZBL('.')BZ.
r<s
o, 9=, 2
Putting this into the above expression, we get

o w-aZal(t)- 3 (Hhe- b

r<s
@, =1, 2

In the second term, there remain only the cases of r=1, s>2 and r=2,
s>2. Changing the letters to ¢(1) it is equal to

33 (aihy o+ (it oo

2
=2 Bt (i oo + (1 2ifh) oo
a a a 1 2
= 2 2 0125(1)A MA (2)Ai((13))<]: 3(1) ’L(] ))frta)-

WD>2 a, j
The last summation of (71) can be divided into > (¢=1,2) and >, (t=1, 2).
Changing the letter ¢ to (1) in the former, we have

1,2\ 71
— 6. 200 2 (7l o= SR8
9
= 2 2 01‘25(1) (]C (1)>Aai(l) - 01 %i 2>(A182 - AZSI);

(O>2 k=1, 2

using (21) in the latter, we get finally
an( 1, 1,2
*mz»:z gﬂmm AIDAXDA <3>( i), )am) + (9]2(1 2) &

by (23)

Therefore \
(v) = 02, A$<1>As<2>(1’ 2)+ 61 3 )aes

(’ a. al 1 .

O>2), a
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a a2 a 1 “~
-3 B twossonong(} 2 o

Adding this to (69), we get
a1, 2 2
;= 0,3 aroage(p 3) + 0,1 3 e

— 3 > 6 AA <’>A“<’w<3>(1 2 )am)
n>2j, a 7 (1)

— sy ATDAID AT , (1) )
&3O (OEATH

Now we proceed to the computa.tlon of the second term

(1), 1(2
D, =— &, Z 0i(1)i<2>A<4;E1g, ng;).

iay<ien
According to (27), there remain only the cases where at least one of the
1(1),4(2)=1, 2 ; and we get

2,4(2
D, = € Z | o1i(z)A< Ez%) - azt(Z)A(QZ Zg23>} EIZHIZA(‘} g)
Changing the 1etter 1(2) to i(1), and using (22), we get

o= 3 pul=s(E s o3 ()] - (i)

And, as is easily calculated,

o(f )= gt )

g i) ol e

SV

J, #(1)
Therefore
cosgong](H i - (20
) A A A A3
D, L(})E)]“Z:e]zm) ATPAIDAG [( (])) (]> 1(1) %

2
— &0.0(13)
Adding ®, and ®,, we get

- J— a G 44 1 %(1) »
2 6u == 3 S oupaaroag(h2 ) )

WA>2 ha
72). ~ a1 A G2 A 1 (1
) — 3 2 ot btonent(Gr 1) ')

+ 65> A?<%>A¢:<2>(1’ 2
Jie ) J ’ a
12.  In general, we get
Ekem — Zm 1)( 1)u ezm) . DA“A“‘”A“@)A;’(‘]” Ao+

(L2, @(1), oy i(u), (u+1), . i(:,(]li 1) )
i L1, i), )i(ut 1), - j(k—1)i(E—1)
(73) b S 1) nABOMON | NS,
(1 2, 'L(l), (u), i(u+1), . 1(k—2) )
jrani(1), o i(u),g(ut1)i(ut1), . j(k—2)i(k—2)

where the summations X, arve extended over all u, i(r), a(r),j(r) as follous,
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(1), .., i(k) such that

2 <a(l) < ... <i(u),2 <i(ut+l) < ... <i(k);
u=0, .., k;
a(l), .., a(k+2) such that u+a(1)+...+a(k+2)=k;
and j(u—}—l) .y J(k) which take the values

1 in a(l) times,

2 9n a(2) times,

(1) in a(3) times.

ik —1) an a(k — 1) times,
We now proceed to the proof of the above equality (73). Let

('-'1. u)u_( 1)u ! 2 GEZJGZO) i(k)Au lAg((ll)) A;’(‘,f,)

- il i
(74) sy <G

((1),-- sa(u), a(utd),

i(k)
i(1). i), (et Vi(u+1), i (k)i (k)> »

and we shall prove the equality
(75) (*-I.Cw) =FE,_, + Fo,+ G], u-1 T Gz,u + H,_, — u-l(’Ul =1,.

whero

u — (_ 1)u 2 Z 612::(1)_..i(k—Z)AuA?(l)Ag(Z)A?((lz))- . ,A?((,fzz)
2<iN <. .. <) W J
2<i(u+1)< L <i(k-2)
(1 2, @(1), i(w),  i(w+l), ., i(k—2)
Js &, ’l’( ) B 'z(u),](u—l-l)@(u-{-l), = ,](k—Q)/"(k——Q)

(v=0,..,

E:—] = 07
I, = ("‘.1-)" 2 2 01%(1) Li=1 )AuAn(l)Aa(“A"m A:((I::c+ll))

2 <. .. <i(w) a, J
2 <1(u+1) < . <Uk-1)

[(2 yi(1), o, a(u),  (u+l), s a(k=1)

Jyi(1), -y i(u),j(u+1)i(u+1), ., j(k=1)i(k—1)

( i(1), .. ,4(u), (u+1), i(k—1)

~Uridt), o iu),g (et 1)i(ud1), o (k—1)i(k—1)

(vw=0,.

11 = (_ 1)u Z 20125(]) f(k—l)AuAamAamAa@ Aa(k“)

7§§&lﬁ)< (Q(k 1) “J
(1), ... i(u),
(76) l%f—l)’ ‘( (1), i Ci(uy,j(ur1)i(us1), .
o, a(l=1), i(1+1), ’l,(]v-—l)
() LI, L j(k—1)i (k 1)

(u=0,.

Gz,u :(il)u 2 ngm e I)AuAna)AawAn(a) Aaam)

2<i(l)<.. <i(u) @,
<c(u+1)< L <i(k-1)

- o/l 2 a(L), ,i(l—1),4(1+1), ...
(77) Z<—1> ( i(1), W ,i(l—1), (fi(’),) Q:Ezilﬁ,,_,
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It

i D), D)
i) g (e )i 1), j(k—1)i(k—1) )%

(u—‘l?-“)]”—l),
and especially

Gz,o - O,
Gz,k = 07
}I“ = (‘— 12) Zi(l)<~2<i(u) a, j elﬂ(ll..i<k—E)AUA;L(])AEI(Z)A?(%) o A?&?’Zg,
2<iCu+1) <. .. <i(k-2)
(L, 2,40(1), ., i(u),  i(u+1), i(k—2)
2(7', A1), a(u),j(ut D)i(ur), . j(k—2)i(k— 2))8

(w=0,..k—2),
where M\ takes the values 1,2,i(1), .., i(k—2), and especially
H_, = 0,

HLIZ
k-1 k-2

It is easy to see that Z(If 4G, o+ Gy ) and ZEU are equal to the
first and the second term of the equality (73), and thclefom from

E = Zl('—'kelz)u

k k
+ Zl(FM—l + G], u-1 + G'z,u) + zl(H:u—g - H;t—l)

Ma-

:1
k-1

:g 1u"l'.Z(I;Vu'*‘G!]u‘l'GZH)'l' “r— 1+G)L+H

k— 1

X2
ZEH + 2Py + Gy + Gy,

u=0
we have il‘nmedla.tely our equality (73).

13. Next we shall prove the equ(x.litv (75) Property (77) allows in
(74) only the cases where one of the i(s)=1, 2, (s=1, 2, .., k), and we
divide these cases into the following, ’

(i) (1) =12<4?2) < ... <i(u),2 <i(u+1) < ... <i(k),

(i) 2<i(l) <... <i(u),i(u+1) =1,2 <i(u + 2)< ... <i(k),

(i) 9(1) =22 <i(2) <. <i(u),2 <i(u+ 1) < <i(h),

(iv) 2<i(l)< . <i(u)i(u+1)=22<i(u+2) < . <i(k),

(v) #W(1)=1,2<(2) <. <73(u),i(u+l) 2, 2<@(u+2)\ c<a(k),

(vi) i(1)=22<i(2)< . <i(u), i(ut1)=1,2<i(ut2) < <i(k),

(vil) 2<i(l)<... <i(u), i(u+1)=1, @(u+2)_2,2<7,(u+ 3) <. <i(k),

(viil) i(1)=1,4(2)=2,2<i(3) < .. <i(u),2<i(u+1) < .. <i(k),
and it is shown that
(18) (i) + (if) + (i) + (iv) = Ly,

(79) (v) + (vi) + (vii) + (viii) = By + Gyaucs + Gou + Hooy — Hiy

14. The proof of (78). In the caso (i), changing tho letters
/)',(‘_)_,)7 _“,q',(l.f*,) as i(l:)—»'i(k-l)—)i(k-vfz)—x..—‘—)/i(3)-—>’i(2)——>’i(1),We get
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N -1 —1AaQ) A (2 %
(1) = (— 1)“ 2 2016(1)...i(k—1)Au A )A?((1))-~»Ag((k31)
2 <. .. <iu-1) a, j
2iu) <. .. <ik-1)

(1 ,0(1), o, t(u—1), a(u), .. 1(k—1) )

14(1); o itu—1) j(u)i(), - j(k—1)i(k—1)

Using (22), and calling the relat1ons Aja;=0 in mind, we get
(i)=—(=1)*"* > 2 Oy, iy AT TTAIOAIOALD | A 5

2 <. <iu-1) a, j

(80) (1), (1), i(u), ., (k1)
'(1,”5(1)7-v-,i('u—l),j(u)i(u)r SJ(B=1)i(k— 1)> %

Similarly, we get
(i) = (= 1) 3 Db A TMOAOND. A

2<i(1)<... <i(u-1) a, j

(81) 2wy <. <ik-1)
2,1(1), ..., i(u—1), a(u), .. i(k—1)
(2 i(1), -y i(u—1)j(u)iw), (k- 1)i(k— 1)) e

In case of (ii), changing the letters i(u+2), .. ,4(k) as i(k)—>i(k—1)
= 2i(ut+4)—>i(u+3)—>i(u+2),
(i) = (=17 2 Xl ae-nA TACAR AR,

2<iC1) <. . <i(u) )
2 <i(u+1) < . <i(k=1)

(@(1), aa(u), 1, a(u+1), s a(k—1) )
(1), -5 0(u), i1, j(u+1)i(u+1), . ,j(k—1)i(k—1)

Calling the meaning of j in mind,

(i) = (— 1)“ ! 2 201«1) -1y —IA?O)A?((JZ))--~A?$11)
2N <. L <E(u) a,
2<i(u+1)< <i(k 5]
Z (1), .. ,1(w), 1, i(u+1), . i(k—1) ) e
i(1), .. Vi(u), i1, (u1)i(ua1), . i (k—1)i(k—1) )JFte

From (‘70), (19), we get,
(82) Oy, 1k-1yDsEe2 = by, . .ice-15( Do+ DBoEps)
= 011(1)...i(k—1)Aqu
for p,q=1,4(1), .. ,i(k—1); whence
(i) = (=1)** > 201,-0)...i(k_l)Au*A%DA:gf;. AgR,,

2<iC1) <L <) )
2 24Cu+1) <. . . <iCk—1)

1), ., i(u), 1, 1 N k—1
A21<?g1g,~ zgug,%(x)l,J(uriqf}t(&ﬂLl)r ik %(1)%(’0) 1)>A18“"’2’

On the other hand, we get
83) 0= (* 1)u—1 Z zj: 011(1)...i(k—]).Au_.]A%(I)A?((IZ))'- A?((xle)

2<ULY <. .. <Ew) a,
2<iu+1)<. .. <i(k=-1)

S, i), 1, +1 . i(k—1
Azz(zglg %(ug %(X)w(#)y(ug)z(?zﬂ),. NG (1)'»(76) 1))A“"’8‘“’2'

For, from (82),

’ 2(1), ..., v(w), 1, +1
eli(l)"‘i(’c—l) \Zq;. <i21§’-~-: Eu%"b()\’) (f"‘) J(?L:g;b) (1)L+1)7
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wW(k—1
,](lv (1)’11(/3 1))Af<u)gfo\>z
= TS (), i), i(ut1),
=uorion 2 (m{, . z(umm i(w),j(u+1)i(ur1),

i(k—1) ) e
k=i 1) P
and, exchanging the letter A, p in this right side, and transfering this to
the left side, we get our equality (83). Adding (83) to (ii) and calling
the meaning of j in mind, we get
() == (=1)7 2 = Db e-nATACNEG AR,

2<iC1) <. .. <i(w) a,
_— 2<i(u+1)< C<ik~-1)

oy t(u W(u+1
() S e e,

i(k—1) )
o d(k=1)i(k—1) JFroor
k-1 uw
The summation >, is, however, equal to E, for
A=l

: -1 1 1 2 ack
— (= 1) > 2 Brics.. ci-1yA" M SALD. AR,
2<i(1)< <t(u) a, j
240U+ 1)<, .. <LEk-1)

((1) Si(u), i(u+1), oy i(k—1) )
(1), ..i(u), J(X)’L(X) Ju+1)i(u1), g (k—1)i(k—1) JFroo
=0 A=u+1,.,k),

as is easily verified. Moreover, we change the letters (1), ..., i(u), as follows,
if =1, i(1)—=i(u)>i(u — 1)—>..—i(2)—i(1),
if v=2, (2)>i(u)—>i(u —1)>..—>i(3)—>i(2),
if A=, i(1),..,%(r—1) are fixed
i(r)=>i(u)—>i(u—1)—>.. —>i(r+1)—i(r),

if A =wu, all lotters are fixed.
Then, we get

S

2<i(1) <. .. <é(u) A=1 2<i(1) <. .. <E(u= 1) 2<i(71)
. )<£(u+1)< . <ik-1) 2<z(u+l)< L <ik—-
that is,
11 — u-1 u-1A a(l 2 alk
(i) = (= 1) > 2 200y NTAONS . N,
2<iD <. .. <iu=1) 2<i(w) «,

2 iy <R
1(1), .. ,i(u—1), 1, i(u), . i(k—1)
( i(1), - i(u=1);8(w), 5 (u)i(w), . j(k=1)i(k— 1)) o
Moreover, change the letters i(u), i(u+1),...,4(k—1) as i(u)—>i(k—1)—
W(k—2)—> . —>i(u+2)—>i(u+1)—>i(u), and then, putting the letter +(k—1)
into the inequality 2<i(u)<...<i(k—2), we get at last



258 F. TERADA

(ii) = (— 1)u ! 2 zeu(x) R 1)Au IA"(DAH()) . A’i.’((é?n

i<, .. <i(u=1) a, j
’<L(u)< . <ik=1)

Sk 0, i), i, i)
Wﬂ/(l Silu—1),j(ui(u), . j(k—1)i(k—1) )Fioox

As is easily seen, Z_z in the above equality, and, as was done in the
A=u A=1

calculation of (80), by virtue of the relations (22),

(i) == (= 1)* 2 X, A TAIDAIDALD | A
= 2 <. .. <iu=1) a, j
(85) 20 <. iR=1

Z 1, a(1), . ,i(u—1), d(u), .., i(k—1)
i), i(1), L iQu—1),u)iu), (k= 1)i(k—1) ) e

Similml}, we get
(V) = (= 1) 2 Db AU MOACAR AR

: 2<i) < <itu=13, 5
(86) . 20y <. k-1

2( 2, (1), ,i(u=1), i(u), .., ©(k=1) ) o

#(A), 4(1), ., i(u—=1),j(u)i(u), .., j(k—1)i(k—1) 7O
Now, adding (80) and (85), and, calling the meaning of j in mind

we got

(1) + (“ — (_ 1)u -1 2 Zem(l) g ])A‘ lAn(l)An(’)Aa(S) An((lzull))

2<iy<. .. <i(u-1) a.
2<i(u)<... <ik-1)

<1 @(1),A..,1,(u——1), i(u), .. i(k—1) )a
Jyi(1), .., i(u—1),5(u)i(u), .. ,j(k 1)i(k—1) )"
and similarly, from (81) and (86),

(iii) + (iV) = (_ 1)u-1 . 2 26121(1) Lik— 1)Au IAHCUA”O}A"G) A?((fﬂj))

2<i(1)<. .. <i(u-1) @ j
2<i(U)<... <ik=1)

( ,0(1), o, i(u—1), d(u), .., i(k—1) )a
Gy iCu=1) g (uyiu), | j(k—1yi(k—1) )%
Adding above two equalities, we bet finally our equality (78) as was desired.

15. The proof of (79). In case of (v), changing the letters i(2), ..,
i(v) as i(v)—>i(u—1)—>i(u—2)—...—i(3)—>i(2)—i(1), and also the letters
i(u+2), .., i(k) as i(k)y—>i(k—2), . ,i(r)—>i(r—2), ., i(u+2)—>i(u), we
vet

(V)= (=1 2 2o nATAICMONR AR,

2L, <l(u 1) ()
Ziur<..

(1 , (1), 7(LL—1),A, a(u), .. l~7 >
1L,4(1), ., i(u—=1),52,j(u)i(u), . ,y(lc— —2) )2
( I)u 1 2 2 61'&(1) e Z)Au ]Arl(J)An(r)An\s) A:'((;R;)

(87) 72:82)?' R
» , 4 u—l), 2, 1(u) - i(k—2) )A&
< 1,4 1), : @(Lc—l) 12,5 (uw)e (LL) ,J(k 2)i(k—2) ) 1

k-2

1,4(1), .. ,4(u—1), 2 i(u), .
+ w)i(u), ...
,( 1La(1), . i(u=1),i(x)2,j(w)i ‘(“), i(i—2)

!
i) |
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Similary, we get
(Vi) = (= 1) D DOy A TIAIDAIDAID A,

2<i(D). .. <iu-1) a, §
2<iCu). .. <i(k-2)

1,4(1), .., —-1), 2, U - (k-2
(G T B0, e (2wf) 2) )M

<1, 4(1), L, d(u—1), 2, @(u) N
+§(2,7;<1>, —ilu—1),1i(N), j(u)i(u), ..

k—2
i Pets]
Next, we modify the case (vii). First of all, we change the letters
i(k), .., i(u+38) as i(k)—=i(k—2), .., i(r)=i(r—2), .., 4 (u+8)—>i(u+1),
then we get :
(vii) = (= 1) > 2 Ouaiy. A T AICAION A,

2<i(1) <. .. <E(u) s
2<i(u+1)<. .. <i(k—2)

.<i(1) St(u), 1, 2, i(u+1), . (k—2) >
7’(1)y o 7’(’”') .71 ]_.,](U,—}-'l) (u+1)>- 7.7(k Q)@(L ‘))
Calling the meaning of j in mind, we divide this into three parts as was
done when getting (87), (88); that is,

(vii) = (= 1) > zj01250)...i(k-z)Au—1AT(I)A§(2)A?((3)’ A

2<i) <. . <i(w)

(88)

2<1(u+1)< <k —-2)
(1), .., 4(u), 1, 2, t(u+1),
¢ i(1), ) iu), 21, (N2, j(u+1)i <u+1>,
i(k—2)
PRI
< 15(1),444q(u) 1, 2 w+1)
(' 1), .4 u), (7&)1 12 ,](u—l—l)z(u—}—l)
. (k ‘7)
A I

+

A=1

k-2
< (i(1), ., i(w), 1, 2, w(u+1),
+ 2 ()T e i, -
1(k—2
:J(L (9)@(]2 ‘)))AimA»m)er]
The sum S of the first and the second term of this equality is equal to

1 SIAKD AUDAAG)  Aak
(= 1) 2 Z Orsicry. . i AV TA]DPAIOATE L AKD
2y <A1y g
| 20 <. ik

k-2 .
: ' 1, (1), .. ,i(u—1), 2, @(u), ..
(89 250, i1);  Jiu—1), 1 ()i,
. i(k—2)
,](}f‘ 9) (],. 2)>A£()\)612’
for,
S = (—1)*" 2 Oricry. . iy A* IAIDAIONLD AT
(90) 32§Eh’fx><<“’2<k_z> % J
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(i) i L i(ur1),
(1), .. ,4(u), 12 f@(h) ](u+1)@(u+1),

L i(k—2)i (k 9))ASA«A>512-
On the other hand, exchanging the letter N\, u we get

VT, i), 1,2, 1
Z (iglg 2(3%,12 7/(/14)’1,()») .7(“3‘(:1()—];(@2-[-1),
k—2)
’7(70 @(2)%(10 2))A1®A1<A)512

Z ‘(@(1) Si(u), 1, (u+1),
1(1) @(u) 12 ’L()\.)’I,(,u) j(u-l-l)z(u+1),
@(k
Transfering the right side of this equality to the 1eft one, we may havo
ecasily
0= (=1)"" 2 2o A T AOAONE A,

2N <. L <) s
U+ <. .. <iCk=-2)

( DT, L (), 9, i(uat
on S S e,

A<p

A
(k—2
(i Pt

Adding (90) and (91), we get
= (= 1) > 201%(1) - AT TATOAIOAKD AT,

21 <. .. <Ew) a,
"<t(u+J)< . <ik=-2)
j(@(l),u ,4(w), 1, 2, i(u+1),
21y, L i(u), 12§V, 5 (u+1)i(ur1), .

1 (k—2)
52 Yt

and then we get our equality (89) in the same manner as was done when
we deduced (85) from (84).
Therefore
(vii) = (= 1)*7 > ng(l) - A TATPATPALRY A2,

2<i(H<.. <l(u 1 a,Jj
ooz 2 <. .. <UE-2)

( 1, (1), ,i(u—=1),2, i(u), .
= 1,()»),%(1), . @(1&—1) 12,](%) (u), .

i(k—2) )
(92) i (k=2)i(l—2) )Rt
+ (= 1) 2 Z 0]2i(1)...i(h:—2)Au TATOAIOAKR AR,

21 <. L. <i(u) a, j
2<iU+1) <. L L <i(R—2)

Z i(1), .., i(u), 1, 2 i(u+l),
(@'(1), L i(u), i1, i ()2, (u+1)i (1),

Ay n
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. J(L_%2(§Cq,(k2 i 2)) i

In the last case (viii), we change the letters i(k), ..., 4(8) as i(r)—
1(r—2)(r=38, ...,'k), then

(Viii) = (— 1)u—1 2 ng(l)...wh__Z)Au—lAq(l)Asz(‘-')Afil((]S))'”Ag’((écl%

2<i() <., <(uw=2) a, j

(93) 1,2,i(1), 4..MZIKQ)(M—Z),@(u_1) L a(k—2)
(, 2, 4(1), g“ 2),j(u—1)i(u=1), ... j(k—2)i (k= 2))

We must notice the f%t that this occurs only in the cases where u=>2, and
therefore, there exists always the element A.

Now, we calculate the sum of the equality (87), (88), (92) and (93).
Adding the first terms of the equalities (87), (88) and (92), we get

(— 1)1 2 20125(1) i(k—Z)Au_lA;l(DA"ZL(Z)A?((l:?'--A’i,((lfiz)
2<iA<. .. <iu=-1)a, J
2<U<. <ik=2)
(L), ., i(u=1),2, i(w), .., i(k—2) )
@( )y - @(u—l) 12 Jj)i(u), .. ,j(k—2)ik(—2)
Putting (70) into the above expression, we get
'Eu—l - Lu—l - Mu—l:
where
Loa= (=1 3 S aa-sA MOMONE A,

2<i( <... <i(u-1) a,
2<iu)<... <i(k-2)

Li(1), .., i(u=1),2, i(u), .., i(k=2) )
ZGa 1 i, | ias2i(-2) e
a= (=" > Sy - ANTTAIVAIDAID AL,

2<i() <. .. <i(u=1)a, j
2w <. <ik-2)

La(1), .. ,4(u—=1),2, i(u), .., i(k=2) 3.
ST i, e D)
Now, adding (87), (88), (92), and (93), we get

(v) + (vi) +(vil) + (viii) =B, , — Ly, — My, + P+ Q+ R+ 8§,
where L,_, and M,_, were already descmbed above, and

P= (—‘ 1)u—1 2 Zemo) l(k-—")Au ]Aa(l)Au(z)Aam Ai((lf)z)

2 <... <iu-1)a,
2<HU)<... <i(k=2)

, (1), oy i(u—1), 2, i(u), i(k—2)
D i [P NV R L) SO
Q= (=17 2 DB i ATMOAONS A

2 <. .. <iCu—=1),
2<i(w) <. <iCk-2)

r<$

M,

Z( (1), i(u— 1; 2, w(u), ...
o\2, (1), ...i(u—1 1'0,(7\) g(u)vj(u),
oy i(k=2)
D) ) P
R=(=1)"" 2 2o ae-nAACAPALR A,

2<iA) <. .. <icu) “ J
2<i(u+1)<.. . <ik-2)
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(?(1),4.-@(%0), 1, 2, d(utl),
i(1), a(u), i1, i(w) 2, (u+1)i(u+1), .

kE—2

T iy ) R
= (_ 1)u =1 z 2912«1) e Av- IAa(l)Au(2)An(3) A?((,chz)

2<IMN<.... <i(u—2) a,
2 (- 1)< | (k-2

(1 2,4(1), .., i (u— ‘7), w(u—1), . i(k—2) )
12,4(1), . i(u—2),j(u=1)i(u—1), . j(k—2)i(k—2)
We shall prove in the next section. that
(94) Lu—l —S=- G],u-l - Hu—z + P+ Q + R:
(95) Mu—1 = Gz,u + Hu-—ly
and then we have our equality (79) from these two equalities.
16. The proof of the equality (94). First of all, we calculate L,_,.
By virtue of the property (27), there remain only the following cases,
(a) r=1,2, s> 2s=1i(1),..,1(k—2);
(b) r=1i(p), s> i(m),s=1(N) such that i(N) > i(u)..
s = ’i(y), 2 <1 < i(p),r==1(N) such that i(A) <i(u);
(:u’ = 1 k - 2)7
(¢) r=1,2, s=1i(p) (p=1,2,. ,k—2)
(d) r=1i(p), s=i(AN)(Mp=1,..,k—2) such that i(u) < i(N).
In case (a), describing ¢(k—1) instead of s, and then, using the property
(22), we get easily,
(a) = (_l)u_l 2 2 26121(1) k- 1)Au IAMDAG())A"“) A%ﬁ”ﬂ?
e iy S
(1), ..., 2 (u i(u ..
)\212<],@€1g, . @gu— 1), Mi(k—1), j(u)%(u),

i(k—2
o (k=2)i(k— ")) "1y
In case (b), the summation with respect to r and s may be considered
identical with the sum in which
r=4i(N\),s=1i(p); \pu=1,2, k-2
Therefore, writing i(k—1) instead of s, and calling the property (22) in
mind, we get
(b) = ( 1)u ! 2 Z zem(l) JiCk— 1)Au TATDAZE )Aﬂ(u) A’t’((%+1l))
244 <. .. <i(u-1)2<ik~1) @, J
K21 (1), i(u1), i), ...
2 i ioyico), ;<u>'o(ku>, )
sy 0
i) ot
Moreover
(C) = (“ 1)u - Z Zelzi(l)...i(lc—Z)Au-lA(;(])Ag(g)A?((ls)) AT((rBz)

2 <) <. .. <iu=-1)a, j
2<i(u)<... <ik-2)
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k=2
N 1,4(1), ..., i(u—1), 2 i(u), ..
gg;z j, 4(1), .. 'o(u 1), fz()\) j(u)z(u),

1(k—2) e
i (k=2)i(k—2) fe
() = (=1 > Zamn k-7 IA”“’A"")A?(“)’ AR,

2 <. <iCu-1)a, §
2<iCu) <... <itk-2)
1, ..., k=2

) 1,4(1), .., @(u 1), 2 i(u), .
2 (a0, i1 o, i,
’L(L 2) <
e (k=2)i(h— 2)) i
Now, adding (a) and (b), we get
(‘d.) + (b) = ('—' 1)u_1 2 2 zam(l).,.i(lc—])Au_IA?(])A;@)A%S))

2<iD <. .. <iu—-1) 2<ik=1) a, §
2<iw)<.... <=2

a1 4(1), 5 i(u—1), 2, iu),
AR50 o1 -1), 50,

vy W(E—2) )

3 (k=2)i(k—2) )Y
and then, putting the letter ¢(£—1) into the inequahty <i(u) <...<i(k—2),
and finally, arranging the rows and columns in order, we get —G 4,
Therefore, we have only to prove that
(96) —~ S+ (¢)+(d)=—H,,+ P+ Q +R.

S is the expression (93), and, as there exists always the element A
in this expression, we get by virtue of the property (21)
—S= (=17 2 . sw-nA T AIPALPAID. AR,
2<iDI<. .. <tU=2) a, j
. 2HU-1)<... <ik=2)
(97) : (1, 2,9(1), .., 0(u=2),  i(u=1),
,,,Z:u nEi(1), .., i(u— 2),](u-1)@(u—1),

.. (k—2
,7<k( Dyi(l—2) )35
The letter j in the first columns of (¢) and (d) takes the values 1, 2, i(1),
,1(k—2), and, if we write 1, 2, i(1), ...,4(k—2) instead of j, we must
affix the element A, Ay Ay, ...y Aygesy to it, respectively. Therefore, calling
the property (20) in mind, we get
(€ = (=1 2 DB ae-nA T ACMONR ARy,

jsions - -1,
2HC) <. ik~

(1 @(1),.. i(u—1), 2 i(u), ..
S il iw-n\, 4(1), ., i (u—1), &'b()») j(U)m(u),
(k=2
o ’7(]:(_2)7’()]0 2)>(A'“‘)65’7+A£6ni0\))

k-2

Similarly,
(d) = ("' ])u ! Z zem(]) R z)Au IA’[“)A'G)AKD AZ((ALE_')

2<H1Y <. L <Eu=-1) n,
2Z<iu)<. .. <ik—-12)
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SN (Lid wifu-l), . 2 i,
K el oo\, 1(1), - i(u—1), i (N)e (l‘);](u)’b(“):
k—2
’](k%(g)%(])c 2))(Atcu>ei(A>n+At<A> wicy)
Moreover, by the same method as we get the equality (91), we have
(d) = (= 1) 2 Buncy. - A AIONPNLD. . AKE,
2<i(1)<. .. <i(u-1) a, §
I RN LG
'S (1 (1), oy i(u=1), 2 w(u), .
E e aon\, (1)) - i(u—1), (w)E0N), G (w)i(u),
vy (k-2
Then

7.7(k 2)’0(])0 2)>A¢(M-)8m()\)
(C) + (d) =(— 1)u—1

- 1 (2 1(3
Zem..m_nA“ LAFOAIDAID
2<i)<. .. <iu~1) a, §

2<i(u)<. .. <i(k-2)

...Ag},ﬁgz).[’g: (1 i(1), ...

A=1 9=1,24CD),.. ,i(k-2) "7,’1:(1),
(98) yt(u—1

i(u), .. i(k—2)
_ (U~ 1)1(*)@(7\)3(@ i(u),

i (h—2) i (k—2) Joron
Li(1), .. i(u—1), 2, i(u), ..
+,\§=1:,,=1,z,ia>,...,t(k—2)£=1’2<77’1;(1)’" i(u—1), &(N), J(ql,)q,(u),...

(k—2)

:IﬂZj(k—Q)i(k—Q))A«DE&J.
k~2 u—1
In this first term [(c) + (d)7,, the summation >, is really >, and therefore

)
E A=1 A=1
it remains only in the case of u>2, and then, there exists always the
element A,

We can prove that

[(0) + ()L -8

- H,,
- (" 1)u_1 2 20 126(1). . mc—z)Au 2Aa(l)Aa@Aa(f)) A?((lf)n
(99 O L
: li'g”“‘z(: L i), i(u—1), i(w), .
2 (i), 00, i1 govion,ditn,
.. k—2
052 P
For, by virtue of (21), .
U— u—-3 Al a(2) A C3)
[(C) + (d)]l = (”‘ 1) 1§<@El))<...<i<u—1)§6w(1)'"i(k_Z)A Al >A2 At(l)
<uw<..

- <ik-2)

k-2 1, 1',(1),
"'Agk(’?z’>'|:;\§1: ,,;lzig.:..wc z>(77’ (1), ...
Ji(u—1), 2, i(u), . i(k=2)
(100) ST o0, s, i 22 e?
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—’“‘2 (1,7}(1), s t(u—1), 2 w(u), .
< ,\1,0(1), ., i(u—1), JO)TON,G(w)i(u), .

A=1ln

vy (k— 2) )
SIS (1), ..i(u—1), 2, ’J((IC)Q) (k—2) )"0
g,t < (), (1), . i(u—1),j(M)a (M), j(w)iu), ...

vy W(k=2)
Sy by oo
and, by the same reason as we have got (85) from (84), the first and the
second term is equal to

u-32 u-1 A a(l) 2) A\ (3 k.
(=1 2 . aw-n A TAIOAIOND  AKD,
2<U<. . <i(u—2) a, j
2<t(u-—l)< <tk-2)

, e 1 9,0(1), .
[‘:v;=1,2,i(l),2. i(k=2) Ao 1<.()")7 7, 'i(l);
’b(u 2) 'L(u—l) q',(k—2)
= e
z ‘), .. o u—2 a(u—
T, gz’(k—z) T, z(’?; £ (1), .. ’b(u 2) J(% 1)'1/(u-—1),

i(k—2)
L E=2)i(k—2) )% |
and, adding —8 to this, we get —H,_,, and then, our equality (99).
The second term of (98) is equal to

1 1 1 2 3 (K
( - 1)u 2 201%(1) k- Z)Au A”( )Ad( )A"(1)> A?((IcEZ)
21 <., <i(u-1) a,
2<iu)<... <i(k-2)

k2] q,(1), -y i(u—1), i(u)
[Z( 1,419, .., i(u— 1),@(7\)2,J(u) (u), ...

W(k—2
) (k( Q)i()]c—z))Atc)‘)E»m
k-2 ]_,’5(1), q,(u,_l) ’b(u) /
+A=1<2,i(1), oy i(u—1), 1@(7\),](u)’b(u)’
o i(k—
3.7(75( 2)z(k ‘)))Am\) &

e 1, (1), .., i(u—1), 2 i(u),
F2Z2 2 i), il1), - i(u=1), 50 (0), 5 (u)i(w), -

vy (k=2 )
,](k( 2)%()’6 2)> “*’e”i"f)J,
and the first and the second term are P and @ respectively.
Therefore, we have our equality (96), if we prove that R is equal to the
sum of last term of (99) and the last term of above ; that is

- 1) / 2 3 ack
= (=1 > D0ty acu-nAIPAIDAID AW,
2<iy<. .. <iu=1) a,J
2<iCu)<. .. <i(k=2)

wos 52201, i(1), o, di(u—1), i(u), .
P Z;l(w),m*),.. TR AN
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vy (k=2

1, (1), ., i(u—1) ’“’2 )2) Sl
Ll , 4 5 4(u—1), 2, u), ...
+A («J(m i(1), .. s i(u—T1), vi(r), j(w)i(u), ..

e 1(k—2)
i ith—9) et
We shall prove this now. Using the methed by which we may easily
deduce (84) from (85), the right side of (101) is equal to
(-1 2 2w aa-nMOAPAE AR,

2N <. L <E(w) 2 J
2 iCu+1) <. .. <i(k—2)

_[_ Au-3’ -.i’:c—?(@ug, ..... yifu), 1, 2, i(u+1),

A p=1 v=1, 2

2 (1), o i(u) (M), (i), G (u+1)i(ut1), .
.. k—2
ik 9))%8f<~

R Ji(u), 1, 2, i(u+1),
+a 221 (), (N, (w)i(w),d (ut1)i(u+ 1),

. i(k— 1
Sy ot
To avoid the eomplication, we write
(=D 2 Xl aa-pA T AICAIOAR A,
2<i(1) <., <i(w) a, j
2<Uu+1) <. <ik=2)
simply by >, and the determinant
<z’(1),...,fi(u),1, 2, i(u+l), oy i(k—2)
H1), 28 g e D), i 2i(b—2))
simply by (pg, rs). Then, calling the property (21) in mind, our
expression is equal to

1, ..., k=2 1, ..., k=2
2[ g; (V)2 (N) 5 Jo (1) 1 (B) ) Eicurieny + g vgz(”’i()‘):js(l")i(l"))‘-\tcz\)gvim)]-
We divide this expression into the follovﬁng ’
(i) ji=12 (i=1,23);
(i) =12 ja=1(1),. ,i(k —2);
j,_12 Ji=1(1), .. ,i(k — 2);
js =1(1), ..., i(k — 2);
(iil) gy =14(1), .., i(k = 2), jo=1(1),...,1(k — 2);
and we shall prove that

(102) (i)=R
(103) (ii) =0,
(104) (iii) = 0,

and then, we have our equality (101) as was required.
To calculate the expression (i), we divide it into three parts
(1°) 1f], 1('0_1 2,3) and v=1, then, we have

S[TS 00, 100 M+ 2 (WO, 10|
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L. ok-2

=2 2 (Li(N), 1) ) As(Asiguion + Diansuiaw + BiusCionrn)

by virtue of the property (20).
@) if jo=

2, (1=1,2,8) and v=2, then, these terms vanish by the same
reason.

Therefore, there remains only the following terms.
(3°) jlzl,j2~2 5h=2,j=1; js=1,v=2; j;=2,v=1; and then

) , k-2
(1)=3]"3 2 (1300, 2 (1)) A
1, . Ir
+ ; (%(7\)’1@(/“))A1Azeccm()\)
A<p
1, .. k=2
+ 2 (L(N), 20 () ) BoBiEiicu
1, . k 2

+ 2 (20 (M), 13(8) ) Ao J

, k=2

and the sum of the first and the second term is 2 (1i(N), 2i(p))
A A iy and, from (20), we get
1

(1) =35 i), 260 At

= R.
We have thus the equality (102).
Next
g -2
(1) =3[ 8 T 30409, 100 A eFnon
1, 2., k=2 k—?.
+ Z(’b(f (A), vi (1)) AAuetigminn

A<p v=1,2 £=1
k-2 72
+ Az; < 22 (vi(N), o( )@'(#))A«A;Atc&)‘gv«w]

Exchanging letters 7\, in the second term, we get by (20)

(1) =33 k:m 04, )5 (4)) (B s + Do)
=33 p ;mw (8)i()) Ao
SZ3 S0, 1)) Beoatacn

b G0, ) s

Finalg,o'

(iii) = 2 é_ Z(i(f)i(x); ’5(77)";(/"))Ai@)Af(n)efc;L)i(A)-
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Putting the letter £ into A <u, we get
1 .. k=2 ’
(i) = 3 X ] (0N, 1)) Ao
+ (i(w)i(N), @'(’7)’5(5))At(u>At<n>5t<$>t(A)_
+ (2(M)i(w), i(”)’i(f))Ai()\)Ai(n)Ei(M)i(E)]
+ Z )\Z@.,Z ((p)i(n), ":(’7)";(14))Aicht(n)‘gt(u)im;

and, putting the letter » into the inequality A <u <& in the first term, we can
easily see that there remains only the terms =N\ or n=pu or n=§¢. Therefore

(i) = 2 20| GE0N, (Vi) Ao
+ (0(p)i (M), 5(N)0(E) ) BunyBicpicurion
+ ()i (), 1(#)5(E) ) AugyBicesyEicurions
+ (EIN), i(8)i()) M |
+ 2 EL ; (a(m)i (), 0(7) (1)) BicuyBicnEicuricnn
and, putting » into A<gp in the second term, and then, adding to the first
term, we can easily show that (iii)=0 from (20).

17. The proof of the equality (95). To prove the equality (95), we
divide the summation with respect to ¢ of the expression M,_, into two

parts,
(a) t=1,24(1),..,i(k— 2),
(b) t==1,2,4(1), .., i(k—2).

Then the part (a) is really the expression H,_,.

In case (b), we change the letter ¢, i(u),...,i(k—2) as t—i(u)—
i\w+1)—>.. . —=i(k—3)—>i(k—2)—i(k—1), then, by (23)

(b) = (= 1)** > > 2012«1) - A ATPATDALLY - AFEHY

2<i1)<.. <i(u 1) )2<z(u)a

2 iCu+1D<..
1,4(1), ..., 1, ) 1 vy (k-1
) ','I',((l)), . ’:((:j 1)) @(u) ](Q:g—ul-i;@()u-l-l),‘ ,](k( 1),1/()]0 1)>ai(u).

Puttting the letter 4(u) into the inequality 2<4(1)<...<li(u—1), and,
arranging the rows and columns in order, we get really —@, ,. Therefore,
we have the equality (95), as was required.

As was described before, we have the equality (73), since we had
proved the equality (94) and (95).

18. From the equality (68), (72), and in general (73), we can prove
by induction that

B + B, + ... + EE)EIZ

k-1
= Z Z 2( - 1)u+]61zt(x)...i(k—l)AuA?mAg(Z)A?((s) A?((/:”f))

=0 2<i(<. .. <i(w) @, j
vei(u+1)<. .. <ik—
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(1 ,2,4(1), . a(u), (u+1), oy t(k—1)
jreil1), i), (ut1)iu+1), (k= Dilk-1))

—the first term of the equality (73).
On the other hand, it is easy to see from our proof of the equality (73)
that E,-&, is equal to the second term of the right side of the equalily
(73) only, where n is the number of the generators & of the group H/@'".
Therefore, we can conclude that

B+ B+ ... + By)épn=0,
as was expected.

REFERENCES

(1) Prof. Tannaka indicated me that it is not necessary to reduce our
theorem to the case of p-groups. For, the generators of & may be
considered as u(&) with ¢=1. (Schuman [1])

(2) This Reduction theorem is also due to Prof. Tannaka. My original
proof started from Reduction theorem 3, and in §3, I had to add
the treatment with respect to A.8; besides &,, although this can be
seen easily. '

(8) In this paper, I use the letters i(1), 4(2), ..without notice under
the condition i(r) =14(s) for r=s.

(4) By the same reason as in (5) below, the A-product AfY.. Aimsb of
this expression 1is equal to ARID.AIGHS as in the paper of
Furtwéingler.

(5) When j(2)=4(\), we consider j(N), and if j(N)=i(u), we consider
j(p), and so on. Then we get a permutation (2,\,p, .. ,v,..,v), and
from our assumption that j(k)=1(1) for all k=2, ...,m+1, this contains
a cycle (v, &, &, .., €1, Eryv). In this case, we take a determinant
which corresponds to the inverse of this cycle, that is, (2, A, u, ..., v, &,,
£y .. 5 & E,v). Then this determinant is either equal to the former,
and is equal to 0; or is equal to the former with negative sign, and
also the parts of A-product in the former and latter are equal.

(6) In the case of n=2, we get only the first and the second term.
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