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ON THE FUNCTIONS Ci (x,y) AND Si (x, y)*
Tamorsu TSUCHIKURA

Mr. Gennosuke Hara has introduced the following functions?:

Ei (= ix,y) = Ci (%, y) — iSi(x, ),
Ci (x,9) = Sx _g‘i(_i’i_zi)_ dt,

Siten = {; D) 4,

where U, (2, 2y) and U, (2#,2y) are Lommel’s functions of order zero and
one respectively.

In this note we shall establish some relations concerning these functions.
especially Hara’s function « ().?

Formura (1). If Rv > —1, then

J (z) = F((i/-i-l) {1 51/2]1 (2: sin 6) cos™+1 6 4§ }
/2
= 1‘((5+)1) fi—<l, Jena—ryal)
Proor. We shall prove the first part.
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*) Received May 1, 1946,
1) RBETAEE H9% 858

2) In the sequel, we adopt the notations in the book: Watson, Theory of Bessel
functions, 1922,
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The second part is easily decuced from the first part.

Formura (2).

Us, (2¢, 29) = cos t—2y S‘) J1@ys)cos {¢(L—u)} du,
U, (22, 2)) =sint -y ‘: Ji@yu)sin {t (L1—#)} dau.
Proor. By the fomula (1) we have

U, (22, 2y) = Z (--])m (t/’},)‘:m ]Zm(?},)

_2( 1y (¢ yyom .(?f_)l (12 Ji&ya) (- wym)du

el

= Z =01 (2 ) ] 2}’%{)(“ D ‘(;7:;‘75 Ji1Cyn) (L=2%"dau

m=0
igim (l —_— u")“‘?" .

(2m) ! du

= COS # — ZJS J1 @y u) §0(4 Iym

1
=cost—2y | Ji@yu)cos (£ (L~ ) du
(]

Similarly we can deduce the second formula.

Formura (3).
Ci (x,9) = Cils) ~ 29, J.@ya) Ci " (1= )} d,
Si e y) = §i (<) =2\, J1 @) Si {x (L w)} du

Proor. From the formula .(2), we ‘have

N 2 * 1 (Hl—g®
Ci (x,9)=| —%(7—?—21)—&:5 R df—Z_yS at{ ]y =)y,
© 0

= Ci (x) —‘Z_yS:],(Zyu)Ci {x(L=u)}da
The second part may be deduced similarly.
Formura (3.1). Ci(x,0) = Ci (%), S7 (¢, )= 5i(x).
Formura (3.2). Ci(03))=0, Si(s,))="2]o ()
Foruuta (83). Ei (ix, ) = Ei(ix) 2y, |, Ji (v w) Ei {ix (L — )} da
Formuta (4). Ci (x,) = 7 () + Ci*(x3 ), '

where
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1) =740 @) =2 | J: @y w)log (L - ) du

= 1/2 Y, (?}’) “J 0 (?_‘}’) lo_gJ’,
Ci o) = Jo @) logze + 3 (- 11— (5" J = -

The function v (y) is a function due to Hara which corresponds to the
Euler constant v in the case of one variable.

Proor. Applying the identity
: S e X
Ci(x)=o+ logx + Z}l(- 1) @) )
to the expression Ci (x,) in Formula (3), we have

Ci (%) = Ci (%) — ?JS; Ji@y @[y + logx + log (1 - )

x?m(l — u‘?)?m

+ 2 0 T Ty |

= Ci () + (y+ logx) (/@) =) =2 J1 2y s log (L — ) du
+ 2y X Ty |, 1@ = )

=+ logx + 1(— Iym “(me?‘"(lz?) + (v + logx) (Jo 2y) - 1)
~z}:5 J1@ya)log(L— ) du
— (—D=x r (2m)! _
2 ) Ty e S @1

=y + logx))o@) -2 Ji@yalog(t ~ #)du

(=5 Jom 9.

It remains to prove the second expression of y(y). Now we have

1
7

&I

rO)=7Jo@) -2 S: 2y u)log (1 — #)du

© 1 1 i )
=v-Jo@)+ 2ym2=1-,,,—j0 JiCya) s du
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"n +1 1

=ty Jo(?_)’)"‘ 2_}’2 2( I)» ﬂ'(ﬂ+1)‘ S el gy
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e Z (— 1) .}’ W (n + 1) = % Y, (2)’) —Jo (%)’) IOgJ)

n=0

1 1 1
+T+T+'"+;T+T)

3)

= 5 Yo (&) — Jo (%) log y-

Formura (4.1).

2:5: Jign)log (L — #)dt = (’y + log -§—>Ju ®—- YR
= Jo)logz ~ YO )
=2 ?:31(~ 1y —J—’”(’Q .
The proof is immediate.?
Formuia (43). Ci(y3p) = 12 1, @) + = =Y, (2y).

Proor. From (4.1) we have

Z (=1~

h

+
- Jon 29) = T2 e - 5 Yo (2)-

Hence

Ci* () =Jo @) logy + L2 1)) -3, 2y),

from which we have the required, using (4).

Formura (5).

Ci b)) = 5-Yo@) + 217 55 —{;—) Jon@y) =

3) Watson. loc. cit., p.60 (2).
4) Cf. ibid., p.71 (8), p.67 (I).
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+ Shg” cos (2y cosh #) dt,

0

had 41 log *
Si(x, ) = E"(—' 1” ’2’,";1*1“<%> Junt1 (29) + s * ¥ sin (2y cosh ) dz.
Proor. Integrating the identies®

JoCy)+2 g(~ 1)* J:n (*y) cosh (2n£) = cos (2y cosh #),

2 Z.,(“ 1)* Jon+1(2y) cosh ( 7+ 1 #) = sin (2y cosh #)

from zero to log (x/y), we have easily

o”n

2 g () Jn @) = 1@ g (2

Proms
+ 21 (L) T + [ cos@ycoshrydr.
= Y0
£ 1 B+l © 1 ) \.n-}-‘.!
E,(——l)n —ﬁ_—i_—]<Aj> Jom i (2)7) = E)( -1)» 1 (7'”‘) ]fn+1(?;y)

D)

By the former and (4) we deduce the formula for Ci(x,)), and the left-
hand side of the latter is the function 7 (x, y).”

Remark. Let jyn be the positive zeros of J,(x) arranged in ascending
otrder of magnitude, and let

(0 o) =G (i),

Then we have

Formura (6).

Ci(o, ij"'”>=—g_Y°(j°“)°

For example”

5) Cf. N.W, Maclachlan, Bessel functions for Engineers, p.50.
6) Compare the formulas
0 A ®© b4
SO cos (2y cosh £) di =— 3~ ¥o 2)), S) sin (2y cosh £) df= 5/ @),
( .
(Watson, loc. cit., p. 180 (12) and (13)).

7) Calculated by the table of Watson, loc. cit,
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Cs (0, —%— jo,,> = Ci (0, 1.20241) = + 0.80099,

G 0-,_;— ors) = Ci (0, 2:76004) = — 0.53285,

i <0,

}4_ j.,,g) = Ci (0,4.32686) = + 0.43569;,

.................................................................
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