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ON THE FUNCTIONS Ci{x,y) AND Si\x\ y)*>

TAMOTSU TSUCHIKURA

Mr. Gennόsuke Hara has introduced the following functions1*:

Ei (- ixry) = Ci (x,j) ~ iSi(x,y)>

where LF0(2/, 2y) a^d U1(2f>2ji) are LcmmeΓs fmctions of order zero and
one respectively.

In this note we shall establish some relations concerning these functions,
especially Hara's function γ(j/)*£)

FORMULA (1). If ftv > - 1 , then

(sd = TMT) ί1 - Z \?Ji k dπ 0) cos

PROOF. We shall prove the first part.

( ! ε s t o "> c o s " + ' ' •* -

*) Received May 1, 1946.

2) In the sequel, we adopt the notations in the book: Watson, Theory of BesseJ
functions, 1922.
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The second part is easily decuced from the first part.

FORMULA (2).

C/o (2/, 2j) = cos /— 2^ P • JΊ (2; u) cos {/ ( l - « )} du,

Uι (2/, 2y) = sin / - "y \X

o Jλ (2V u) sin {/ (l-u)} Λ*.

PROOF. By the fomυla (1) we have

Uo (2/, 2β = Σ
m-0

1 JΛiyu) ( i -»*

*;

= cos / — 2y \ /j (2y u) Σ (— l ) w W~\\ ^u

= cos / - 2j ^ J1 (2y u) cos {/ (1 - u )] */«.

Similarly we can deduce the second formula.

FORMULA (3).

S i ( x , y ) = S i ( x ) — 2y \ y r (2y u) S i ί x ( 1 — u ) } *

PROOF. From the formula (2), we have

Γ ^ 0 ( 2 / ; 2V) j f COS t J o f j f / / } V ̂ ^ ^ l*VU *• // 7

= Ci (x) — 2y I J i (2)'») C/ {x{l — u )} Λ* -

The second part may be deduced similarly.

FORMULA (3Λ). Ci (x, 0) - Ci (x), J7 (x, ) - i*/ (x)

FORMULA (3.2). Ci (*> j ) = 0, Si (-°',J;) = ^ J o (̂ y)

FORMULA (3.3). JB/ (/x,j) == Ei(ix) — 2ŷ  \ J i (2v ft)jB/ {/x (I

FORMULA (4). Ci (x,j>) = 7 (y) +Ci*(xjj\y

where
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(2y ») log (i - «) du

a* (χ,j) =i»

The function γ ( j ) is a function due to Hara which corresponds to the
Euler constant γ in the case of one variable.

PROOF. Applying the identity

a (*•) = y + logx + Σ <-1)- -ΰ£-

to the expression Ci (x,y) in Formula (3), we have

a (χ,y) = a (A ) - 2j jj , (2j,«) [ 7 + log x + log α -

= C; Oί) + (r + log x) (/„ (2j) - 1) - 2jr J ^ , (2j «) log (I - « ) du

= 7 + logx + Σ (- 1)- I S ^ r p ^ + (7 + logx) (Jo(2y) - 1)

^ (-l)-^ r
+ έ v <V) Γ(2W) L

(y t log x)Jo (2y) - 2y J J, (2j «) log (1 - «") du

It remains to prove the second expression of γ(j) Now we have

7 0 0 = Ύ-JΛ2J) -2y j ; {2yu)\og(l - u)du

= 7 'Jo f
- - -- '- ^0
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— Σ(-iv —

Σ ί— i ) Λ y , l v

— / ~ l v r — Ψ \n Λ 1) = "ΊήΓ— Yo I

7Γ , r

FORMULA (4.1).

-ζ ( j ! θζ/> log (i - /-) dt = (γ + log - | - ) ; „ Cζ) _ -J- y 0

The proof is immediate.0

FORMULA (4.2). C; (j \j) = 4 ^ J , (2j») + -g- π Yo (2j).

PROOF. From (4.1) we have

1)" -έ"J- - j

Hence

C/* M == Jo (2J) logj + y +

4

l θ g J J , , (2j) - -J-

from which we have the required, using (4).

FORMULA (5).

3) Watson, loc. cit., p 60 (2).
4) Cf. ibid., p.71 (8), p.67 (I),
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°y cos (2y cosh f) dt>
o

Si (x,β = Σ (-1)" 2 « τ r ( i r ) >•+* (?y) + J y sin (2y cosh /) Λ.

PROOF. Integrating the identies^

00

J,, ty) + 2 Σ (- ψjiu ( » cosh (?»/) = cos (2j; cosh /).

2 Σ (- l)ni2n+i (2y) cosh ( Λ + 1 /) = sin (2y cosh /)

from zero to log C*r/y), we have easily

Σ (-1)- 4

+ Σ (-1) -^- (~rίnβn (2y) + J108 »" cos (2y cosh /) Λ

flog Λ -

\ y sin (2y cosh t)dιf.

By the former and (4) we deduce the formula for Ci (x, y)y and the left-

hand side of the latter is the function Si (x>y)^

REMARK. Let jϋ)n be the positive zeros of Jo (x) arranged in ascending

order of magnitude, and let

Ci (θ. -ir-jvn) = lim Ci (x, Λ—jo,n)

Then we have

FORMULA (6)

For example7)

5) Cf. N W Maclachlan, Bessel functions for Engineers, p.50.
6) Compare the formulas

Γcos (,2y cosh /) dt = — -^~YQ (2>), Γ sin (2y cosh 0 Λ=-y-/o C2y),

(Watson, loc. cit., p. 180 (12) and (13)).
7) Calculated by the table of Watson, loc. cit.
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Ct (θ, -g-yo i) = C* (0, l 20241) = -f 0 80099t

Q (0; - 1 ~ ; 0, 3 j = Ci (0,2 76004) = -̂  0 5^285,

d f 0, -4-y o,s) = Cί (0, 4.32686) = + 0.435698,

Tόhoku University, Sendai.




