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l Let SI = (aik) be a matrix of a method of summation which transforms
a sequence x = {ξπ} into

(2 1 9 Q .,Λ

when the limit lim^l* (x) exists, we call it the generalised limit. The method

is said to be regular if every convergent sequence x = {ξk} is transformed irίto

a convergent sequence {Λ\ {x)} with the same limit.
The necessary and sufficient condition for regularity of % is given by O..

Toeplitz and T.Kojima as follows.

THEOREM A. The necessary and sufficient condition that the method $

should be regular is that the following three conditions are satisfied simultaneously:

00

(1) Σ \a%k] < M for nil i = 1,2, —, where M is a constant,

(2) lim^Λ = 0 for all £ = 1,V">

(3)
•-χ *=1

Moreover S. Banach established the followingυ

THEOREM B. Let % be a regular method and j 0 = {yϊ\ be a convergent sequence-

If for any sequence {a%) the condition

(4) Σ | α |<<», Σ « = 0 for toll k = 1,2, •••

QO

implies ]Σ ^i^i0 = 0, then, for any ε > 0, /^r^ λ̂ /x/j a convergent sequence x
i = l

•) Received Feb. 23, 1943.
1) S. Banach; Theorie des operations ϋneaireβ, Warszawa, 1933, p. 91.



METHODS OF SUMMATION 65

such that

\Ai (x) -Vi\<e for all i - 1,2, ....

In this paper we shall establish a converse of Theorem B and give its
applications.

2 A converse of Theorem B. THEOREM 1. Let 91 be a regular method and
yo= {*//}# convergent sequence. If for anj[ ε > 0, there exists a convergent
sequence x such that

\Ai (x) -v}\ < e for all i = 1,2,...,

then for any sequence {a%} the condition (4) implies Σ t f i ^ 0 — 0,
i = ί

PROOF. Since Σ I <*• I < °°,

X

(1) f(χ) = C lim ξi -f Σ CLiξt

where x — {ξi} e (c) and C is a constant, is a continuous linear functional
defined in the space (<r).2)

For any monotone sequence OL positive numbers {εj} tending to zero,
there exists, a sequence {χ{, of points of the space {c) such that

(2) \Ai{xj)-vϊ\<eΐ for all /=1,2, ,

On accout of the regularity of 91, lim Ai(xj) == limf*', where Λry = rf )̂

Therefore the sequence {A*(xή} is a point of the space (ή. Let the sequence

{Ai(xj)} be denoted by A {xj). From (2), we get lim A (xή = j o From (1),

we have

)} ^ C lim Ai (XJ) + Σ

Since lim Ai {xj) = lim f i, we get

/ {A (xi)} = C limjj, + Σ «i ( Σ

On the other hand, by Theorem A,

ΣΣ

2) CO is the space of all convergent sequences which is a
norm
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therefore 

f { A  (xi)) = C lirn 5; + I; fi (,x a i a s )  
n-a k -1  i = l  

m 

In virtue of C f f ia ik  = o for all k = I ,  2, .-., we ge.  
i-1 

ahce f (x )  is a continuous linear functional in (c), we get 

'L 

therefore C lirn 7: 3 C aivl -1: C lirn (lim FA). 
n-t o 5 1 1  j -x  n-+m 

From ( 2  ), we have 
lim I Ai (xi)  - 7 ;  1 ~ j ,  
i- x 

therefore 1 lirn EL - lirn 7 ;  , r; Ej .  
7%- id n-. cc 

If we put lirn 77; = vn, then 
n- a 

!im (lim 59 = vO. 
j-ta n-m 

m 

consequently we get 2 ai$ = 0. Thus the theorem is completely proved. 
r -1  

3. Application. Let S (31) be the set of all sequences {A i (x ) )  where 3 is 
a regular method of summation and x varies on the space (6). Then we have 
S (3) c (c). From Theorem B and Theorem 1 we obtain the following 

THEOREM 2. I n  order that the set S (3) should be evevwhere dense in the 
space (c), it is neeessay and sufficient that (4)  implies ar = 0 for all i = 1,2, .... 

PROOF. Necessip. Let yo = {T ! )  be the sequence such as 7; = 1, )7: = 0 
0) 

(i + 1). It follows from Theorem 1 that ( 4 )  implies C aiq: = a, = 0. In the 
3-1 

same manner we deduce ai = 0 (i = 2,3, -.,). 
Suf ic ieng  is evident by the lemma of S. Bana~h.~) Thus the theorem is 

completely proved. 
The method 3 is said to be reversible if for any convergent sequence 

jTi) there exists only one sequence x (convergent or not) such that 

A i ( x ) = ~ i  fo r i= l , 2 , . - .  

9) cf, S, Banach, loc, cit, ,p, 93. 
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Then we have the following

THEOREM 3. Let the method % be regular and reversible* If there is a non*

%ero sequence satisfying (4), then the cardinal number of the set of all linctrly

independent divergent sequences summable by 51 r at least enumerable*

PROOF, In virtue of Theorem 2, the set S (51) is not dense in the space (c)

Therefore there exists a sphere K in the space (c) such that K Π S(Vi) = 0. Let

Xo = {££} and r0 be the centre and the radius of the sphere K, respectively.

Now let us introduce the convergent sequence χn = {£*} such that ξ^ = ξ^ for

n Φ k and ξ^—ξ^-h r where 0 < | r\ < ro Then {χn} are evidently linearly

independent and contained in the sphere K*

On the other hand, since the method % is regular and reversible, all the

sequence jn such that xn~ A{jn) (fl = l,2, * ) are linearly independent. This

proves the theorem.
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