ON THE METHODS OF SUMMATION OF INFINITE SERIES*

By
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1. Let A =(air) be a matrix of a method of summation which transforms
a sequence x = {&} into

{A; (%)), A (%)= 1;:21 airkr, (/=1,2,3,-)

when the limit lim 4: (x) exists, we call it the generalized limit. The method
=00
is said to be regular if every convergent sequence x = {&} is transformed irito

a convergent sequence {.4; (x)} with the same limit.
The necessary and sufficient condition for regularity of ¥ is given by O..

Toeplitz and T.Kojima as follows.

. Tueorem A.  The necessary and sufficient condition that the method U
should be regular is that the following three conditions are satisfied simultanconsly:

@®

(1) ; lai! <M forall i =1,2,---, where M is a constant,
=1
(2) lim g2 =0 for all k=1,2,-,
4>
(3) lim X g = 1.
t-x k=1

Moreover S.Banach established the following®

Tueorem B. Lez A be a regular method and y, = {n]} be a convergent sequence.
If for any sequence {ai) the condition

(4) _Zl!ao‘|<°°, leaiaik=0 Jor all k=1,2,
= =

o0
implies E an® =0, then, for any € >0, there exists a convergent sequence x

*) Received Feb, 23, 1943.
1) S.Banach; Théorie des opérations linéaires, Warszawa, 1933, p.91.
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such that
1A () —nf | <e Jor all i=1,2, ...
In this paper we shall establish a converse of Theorem B and give its
applications.

2. A converse of Theorem B. TuroreM 1. Le# U be a regular method and
Yo = {ni} @ convergent sequence. If for any € >0, there exists a comvergent
sequence x such that
[Ai ()= | <e  foralli=1,2, .,

then for any sequence {atiy the comdition (4) implies f‘__”:am; = 0.

Proor. Since Z Jats| < o0,

i=1

o«
(1) flx) = Clim& + 2 aif
i =1
where x = {£i} e (¢) and C is a constant, is a continuous linear functional
defined in the space (¢).?

For any monotone sequence o1 positive numbers /ej} tending to zero,
there exists a sequence {xj, of yoints of the space (¢) such that

(2) [Ailxs) - nf|<ei forall i=1,2,. .,

On accout of the regularity of ¥, hm Ai(xi) = hm £, where xj= E7).
Therefore the sequence {Ai(x4)} is a pomt of the ﬁpace (¢©). Let the sequence
{Ai(xj)} be denoted by A(xj). From (2), we get llmA(,Xj) =y,. From (1),

we have
f{A(xj) = Clim Ai(xj) + ;1 o Ai (x4)-
Since }im Ai(oj) = im £, we get
FLAG) = Climel + DS ant] )
On the other hand, by Theorem A,

D2 el a1 E S M- |- 25| et
1=1k=1 =1

2) (c) is the space of all convergent sequences which is a Renach enarca with +ha
norm | x|=1ub.|§il,
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therefore

f{Ax)) = C},I_I.r: &+ ’gl: El (; amih}

In virtue of éa;m =0 forall £=1,2, -, we ge’
f{A (i)} = C},l_rg«fi.
dince f(x) is a continuous linear functional in (¢), we get
ljijf:f {A ()} = f (o),

therefore Clim#0+ 3 a;7) = Clim (lim &)).
i=1 j

n->x0 jox Bo>®

From (2), we have
lim| A; () — 7} | < e,
1> x

therefore |lim £/ — lim »{, ‘g &j.
n—-x n—>x
If we put lim %% = 7", then
n—-@x
lim (lim Ez') = 7’

I fH>x

consequently we get ZG’M? = 0. Thus the theorem is completely proved.
1=1

3. Application. Let 5 (%) be the set of all sequences {A4i(x)} where % is
a regular method of summation and x varies on the space (r). Then we have
S () <= (). From Theorem B and Theorem 1 we obtain the following

TureorREM 2. In order that the set S (W) should be everywhere dense in the
space (0), it is mecessary and sufficient that (4) implies ai=0 for all i =1,2, .

Proor. Necessity. Let y,= {79} be the sequence such as 7)=1, n0=0

(7 +1). It follows from Theorem 1 that (4) implies Zl.'am‘;= a,=0. In the

same manner we deduce ai=0 (; = 2,3, -+)).

Sufficiency is evident by the lemma of S.Banach.® Thus the theorem is
completely proved.

The method % is said to be reversible if for any convergent sequence
{n;} there exists only one sequence x (convergent or not) such that

Ailx) = for i=1,2, .

3) cf. S,Banach, loc, cit, ,p, 93,
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Then we have the following

Turorem 3. Let the method W be regular and reversible.  1f there is a non-
gero sequence catisfying (4), then the cardinal number of the set of all lincarly
independent divergent sequences summable by W ic at least enamerable.

Proor. In virtue of Theorem 2, the set § () is not dense in the space (¢).
Therefore there exists a sphere K in the space () such that K N S(%)=0. Let
xo={E)} and 7, be the centre and the radius of the sphere K, respectively.
Now let us introduce the convergent sequence x» = (£#} such that &2 = £ for
n+kand £ =F) + r where 0<|r|<r. Then {xs} are evidently linearly
independent and contained in the sphere K.

On the other hand, since the method % is tegular and reversible, all the
sequence j4 such that x» = A(y») (#=1,2,-~) are linearly independent. This
proves the theorem.
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