NOTES ON FOURIER ANALYSIS (XXV):
ON THE (C|-SUMMABILITY OF THE FOURIER SERIES®

By

Nosoru MaTsuvama

§ 1. Introduction. On the absolute convergence of the Fourier series,
Bernstein? has proved the following two theorems.

(1.1) If f(x)eLipa (& > 1/2), then the Fourier series of f(x) is absolutely
convergent.

(1. 2) If f(x) is continuons and the series

@«

I
converges, where w (8) is the modulus of continuity of f(x), then the Fourier series
of f(x) is abosolutely convergent.
On the other hand Salem has proved the following theorem, which is the
generalization of well known Zygmund’s Theorem :
(1. 3) It f(x) is of bounded variation and the series

£

2 o(1/n) s

n=1

converges, then the Fourier series of f(x) is absolutely convergent.
As the generalization of theorems (1. 2) and (1. 3), Szasz? has proved the
following theorem :

(1.4) If f(x)e Lt (1 <p<?2) and the series
S i 00 e
converges, then the Fogrier series of f(x) is absolutely convergent; where

o (1= S | Anf (s 1) 2 dxf

WSt=h

*) Received Aug. 25, 1949,
1 'S. Bernstein, Comp. Rend. de Paris, 199 (1934).
2) O. Szisz, Trans. Amer, Math, Soc., 42 (1936).
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and 1p + 1)p = 1.

Our object of this paper is to prove the following two theorems.

former is the analogue of Hyslop’s® Theorem, that is,
(L.8) If f(x)eLt (1 < p <2) and the series

0%
(1) 2 p (Un)/n+1i#
converges, then the Fourier series of f(x) is |C, 8|-summable, where

wp )= 9B, ([ 1/ (e + N—f ()P dx)

0=t=h

and —1 <8 <1/p.
(1. 6) 1f fx)eL? (p>2) and the series

(2) 21 wp (1/n)/n+12

The

converges, then the Fourier series of f(x) is |C,8|-sammable, where —1 <8 <

1/2—1/p.
§2. Proof of (1.5). Let f(x)eL?(1<p=<2),0<8<1/pand

(3) f(x)~~12—ao+ §<ancosnx+ bnSinﬂx>Ei;)An(x).

If we denote by o2 (x) and 73 (x) the (C, 8)-mean of (3) and the sequence

{nAn ()}, respectively, then o3 (x) — o3 _, (x) = 73 (x)/n.
Consequently for the proof of (1.5) it is sufficient that

(-]

()| /n

n=1
converges a.e., or

L
ZS |78 () | 5 doe < o0
n=1J ~m

Since
An (%) =.L,, S: @ (#) cos nt dt,
)= | o) 2 A — Ry costn— B¢t

3) J. M. Hyslop, Proc. Lond. Math, Soc., 41 (1936).
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g Sﬂ o(?) g Aé-1cos(n— k)t dt

1
(4
1 (= S -
—-—%r— ] g (%) {kgﬂ_lnfli-l cos(n —k) ¢+ éjkAi‘l cos (7 — k) t} dt
1

1

4 S' @(t)p () cosntdt + — - A—g S: @ (?) q (?) sin nt dt

T A Jo
1 1 x o ~ n B
= A ) (%) {k=2n+1”A’s' lcos(n— k)t + %/«Ag 1cos (n -- k) t} dt

S
. ;777 [Pa()+ On ()| — -1 Aa Ra (),
say, where
pH= é A1 cos kt,
and
g = é) AS-'sin kz.

@) p(» is an even function of ¢ and Y«Pa(x) is its #th Foutier
coefficient. Consequently for any 4 > 0,

(g | P () sin 7b 1?')1’"" <A S:' P+ hp @+ B —p(t—h)pt— byt dr

=\ lot+h—pb—hpipt+ b2

+ AT p+ D —pl— Dol — b2 dr
=a(x) + B(x),
say. Then

I

S a () dt < Ap " dx

0

[P (T \f et 24 D= flct £ = Byie1p G + By dr
+A,,S‘ de \"foc—t— ) —fle— 2+ B)? |p (¢ + b2 dt
(

0

0

,,S‘m B+ bt dt < Ap b (/])S (¢ + by dt < Apot(h),
(r B(x)dxsmg”dx(g [Vipte+on—poyr orrdi=pi+ B

0

say.
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Brsap | de |’ 166 +2ne +1p0) »)ip() b dr
S|, 0212 9t Ap 02 (),
and
B = Ap S:dx 5: bt =20 (g (1) 2 df < Ap bt S: wp (£) 248 df,

Consequently,

S: (El [ P (x) sin #h ]p-)pwp- v Sﬂa () de + Su 8 (60) d
SAp b D)+ Ap b? ( b () 79 dp.
Let us put 4 = » 2-+9 then

oA

(= Paar)?

n=2"141

< Ap o (z2-O4D) 4 4y 274040 S: 20D b (7) $=#HO dy,

ZS Pn(.x)ln‘adx~2< 2 WACIRrY

n=1 A=l )A 1+
b 2 1. 2 1p
” N\1:p*
=SS )" (X oaw)lax
A=LION A1y n=2"141

=4 é [S: ( '227\ | Pa () !1:-)1’/?‘]1/9  2=Mp-DIP e

n=or 141

= Ap Z 2-M@- 1 1»{ Ap o (m2-OHD) o _4,2-p0+D S 2-04D) o (?) #2049 g¢ }

; 14
< Ap ;lep (2~ 1) 22G-1D) 4, ;glg—mm p+1)<g’; 2—(A+])w£ (#) 20D d;))

= Ap (K + L), say.

Since, by the hypothesis, #-(4+1/#" oy (1/n) { 0, the convergence of X p-¥+1#?
wyp (1/n) is equivalent to that of Z22-2G+18" gy (z2-2). That is, the series K
converges. On the other hand, by #~®+1#) wy (1/4) = o (1/n),

S AL
( - PD b (1) dt < A z W= b (1/n) S A mHD-3 5 A2tHaps-D,

ne=1 "1
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@
L=A4 Z 2-A (841 p) QA28 1)

A=1

o0 xr
= A Z M14+8-8-2p-19) < 4 2 AB-19) & o,
=1 =1

From above estimations X'Pa(x)!#-% converges a.e., we can also prove
that 3 On (x) #% converges ae., by the same way.
Now

‘Ra ()| 578 < Ay n—S} [o7 [+ Arn2| {7 1= () + 84 (9, say,
S: v (x) dx < Ap n? S: " w8 11 dy 5: Lo (1) dx
<A S:}" 14t (S: o) ? dx)l ?

<A Sz" t1wp (Nt < Ay Eﬂ wp (V/m) m.

> S ¥n () n 1 dse < Ap Z ﬂ'llz wp (1/m)

n=1

=A gn~:+s-4 pmz;n w0p (1) 7) m@H1 D) £ o0
And
[ sntamrae s, (" nd {7 10y ar
+ Ap S: ns de:”fq,(t)j;—(HS) At + Ay S: 4 doe S:zn, o) s
sSApn? S:” wp () dt + Ap w+® S:” wp (£) 0D s
+ AP w27 op (1)1 dr.

> S:,a,. () wides A D Sf”wp (t) d

n=1

+ Ap 2 /S Sﬂ, wp (£) =D Jr 4+ A, Zﬂ*" y wp (H) t2dr.
=1 1n n=1 in

n

SAr+ Ap 2 =+ <2 wp (U m) m- ’> + A4 Z = <\4_, wp (1 ;/z)/

m=1

SAr+ Ap Z op (Uni) w1 Z n=CH ADZ wp (1) Z "

w=1 nw=n
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@®
=Ap+ Ap 21% Wmym < Ap + Ap Z_ 0p (Lm) mm@+1#) < o0,
m= m=1
Consequently
i T
>, ( [Rn(x) ! n D gy <
n=1.0
and | Ry (x)| /#’+' converges a.e.
§2. The case —1<8§<0. Let
/(x) ‘2 O eiﬂt,
—-%

and
@

D wp(ln) <0 D=8<1).

n=1

Following the Szasz argument, we have successively

2 el = 0 (p (),

v=n+1 \y=n4{1

2n
=0 <7;5’*“1 ? wp (1/’71)) =0 < Z -1+ 2 oy (‘,’v)).
v=n+1

gim L yd :O(Zns—lp’ w?(l/ﬂ))—:O(l).

n=1

Consequently the Fourier series of f(x) is |C,~ &|-summable by a theorem
due to Sunouchi®.

§$4. Proof of (1.6). If we use the Perseval’s relation, in stead of the
Hausdorff-Young inequality in the proof of (1.5), we can quite similarly prove

(1.6).

Téhoku University, Sendai.

4) G. Sunouchi, Journ. Math. Soc. Jap., 1;2 (1949).





