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§ 1. Introduction. On the absolute convergence of the Fourier series,
Bernstein1* has proved the following two theorems*

(1. 1) If f(x) e ϋ p a (a > 1/2), then the Fourier series of f(x) is absolutely
convergent*

(1. 2) Iff(x) is continuous and the series

converges, where «(δ) is the modulus of continuity of f(x), then the Fourier series
of f(x) is abosolutely convergent*

On the other hand Salem has proved the following theorem, which is the
generalization of well known Zygrnund's Theorem:

(1. 3) If f(x) is of bounded variation and the series

converges, then the Fourier series off(x) is absolutely convergent*
As the generalization of theorems (1. 2) and (1. 3), Szasz*> has proved the

following theorem:

(1. 4) Iff(x)tLP(l^p^2) and the series

converges, then the Fourier series of f(x) is absolutely convergent', where

*> Received Aug. 25, 1949.
1̂  S. Bernstein, Comp. Rend, de Paris, 199 (1934).
2) CK Szάsz, Trans. Amer. Math. Soc , 42 (1936).
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and 1/p + 1/p' = 1.

Our object of this paper is to prove the following two theorems. The

former is the analogue of Hysloρ's8) Theorem, that is,

(!• 5 ) Vf(x)ε U (1< p ^ 2) and the series

(1) Σcop (l/n)/n*+1lt"
f » = l

converges, then the Fourier series off(x) is \C,h\-summabley where

cop (h) B suj

— 1 < δ < 1/p.

(1. 6) 2//(ΛΓ) eLP(p> 2) and the series

(2) Σ ω

converges, t h e n t h e Fourier series of J ( x ) is \ C , h \ ' S u m m a b l e , where — l < δ <

1/2 -1/p.

§ 2. Proof of (1.5). Let /(x) ε U> (1< /> g 2), 0 < δ < 1/p and

(3) f(x) ~ - g - ô + Σ U* cos»ΛΓ + έn s innx)^"ΣAn (X).Σ
If we denote by σB

n(x) and τ*n(χ) the (C, δ)-mean of (3) and the sequence

{nAn (*•)}, respectively, then σδ

n (x) — σj_χ (x) = τ£ (ΛΓ)/».

Consequently for the proof of (L 5) it is sufficient that

converges a.e., or

Σ Γ \τ*Λx)\n-'dx<

Since

^ n {x) = ~^— ί* ^ (/) cos nt dt,
7ΐ JO7ΐ JO

3) J.M.Hyslop, Proc, Lond. Math. Soc , 41 (1936).



ICl-SUMMABIUTY 53

1 _ \ φ(f)\ .J>j nA*.-1 cos (n — k) t Λ- 2J kAi'1 cos (n — k) t

oo n

- -1- - ^ J* <?(/) {̂ Σί Λ^J" 1 cos {β-k)t+ Σ /M^-1 cos (« - /έ) /

s 4 - -if ίPn {x) + ^ ( x ) ] — ) r ~A\
 Rn {x)'

say, where

and

y!) (/) is an even function of / and 1/« P» (x) is its «-th Fourier
coefficient. Consequently for any h > 0,

( Σ IP« (x)sinnhl*')^*' g^4 J* Iφ{t + b)p{t + b) -<p{t -b)ρ(t -b)ψdt

-^-φ U - b)\P \ρ if + A) ;# dt

h)-p(f-h)\*\φ(t-h)fdt

=s α(x)+ £(*),

say. Then

J* α ίx) Λ ^ ^ J'^ΛΓJ* l/(x + / + -δ) - / ( x + / - A) I* \ρ {t + h) \* dt

+ AP J* rfx j* \f(x -t-b) -fix -t + b)\P\p(t+ b)\P dt

S Ap ζ ωP 06) \p[f+b)\Pdt£ ΛP ω* (h) \] (t + BjΓ* dt ^ ApωPβ

J*β(x)dxίS AP \*odx( j * h +\l)\pit+?h)~p(t)\P :φif) P dt = βχ+ β2,

say.
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A f 2h)\P + \p(ή *)\φ

s Aρ S*
and

Consequently,

00

(* ( Σ I P« (Λ ) sin nh ψΎr dx S ί* a (x) dx+\*β (x) dx

( «#

Let us p u t /ξ» = n 2-<λ+J>, t h e n

!»•( Σ

±\*iP»(x)\n-*dx=±

f* 2-ίλ+«

;( Σ Σ .-o

00

λ l
2-Cλ+ \ ι p

)

ZΞΛP(K+ L), say

Since, by the hypothesis, «-(δ+1/^') ω/,(l/«)|0, the convergence of Σ /r c δ + x *">

ωp (l/») is equivalent to that of Σ2λ2-λ(θ+1ί>'> α>/> {π2~k). That is, the series K

converges. On the other hand, by / r ( δ + l ί > ' ) ωp(l/n) = 0(V»),

ωP
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P"> 2 λ ^ + : δ - -

0 0 .
λ = l

From above estimations 2 ί Pn (x) I #~δ converges a.e., we can also prove
that 21 Qn (x): /rδ converges a.e., by the same way.

Now

R« (x) I n~ι g ^ /rδ I Γ 4- Ap rrδ

Γ M ;̂ δ /"3 dt ί*| ̂  (/) |

t-1 ωp {t)dt cop ( i ω nr

00 00

Σ Γ γn (x) rr1 dx^ApΈ rr1 Σ ω/, (ijm) rrr1

< 00 .

And

Ap «-<1+δ) (* ω/, (/)

T2f* ωp{t)t~2dt.
J l W

t-" dt

Σ Γ δn (x) «~J dx^Ap Σ /r2 Γ ω̂  (/) dt
f»=l J° I » = 1 Jl «

00 X

+ APΈ «-(1+δ) (*, β># (/) ί-(1+δ) dt + ̂  Σ « - ' (* cop (ή t-- dt.

00 « co M

g ^ + Ap Σ*r- ( 1 + δ ) fΣ ω̂  (\!m)M*-A + APΈn-f|Σ ωp (!>/))
n=i \w=i / w=i \w=i /

00 O) X X

^Ap + Ap^Σωp [\!m). m*-1 Σ ^~o+δ) + -^^ Σ ωp. (I'/;/) Σ »-'
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and 2 I Rn (x) \ <nh^Λ converges a.e.

§ 3. The case - 1 < δ g 0. Let

X,

j{x) Σ ^ ' " ,

and

GO

Σ nh~Ύ p' ωp (L/«) < oo (0 <; δ < 1).

Following the Szasz argument, we have successively

Σ \cv\P' = (H{ωp(\/n)γ),

X 00

Σ 1 <•»[ ns = o f Σ β8-1 *' «ί (1/*)) = o (i).
ni \i /

^ Ap + Ap Σ ω* (l//») /ar1 g ^ + Ap U ω/> (l/j») /»-<«+ι,*'> < 00.

Consequently

= O nδ+1 P ωp (1/n)) = O ,2-ί z^5"1^1 P ro/> I

Consequently the Fourier series of f(χ) is |C,~δ|*summable by a theorem
due to Sunouchi4)-

§4 Proof of (l 6). If we use the PersevaΓs relation, in stead of the

Hausdorίϊ-Young inequality in the proof of (1.5), we can quite similarly prove

Tόhoku University, Sendai.

4) G. Sunouchi, Journ Math. Soc. Jap., 1;2 (1949).




