ON THE FUNCTION ¢ — (¢]— _%.

TAMOTSU TSUCHIKURA

(Received January 29, 1951)
Let @ be a positive integer = 2, and put
1

where [¢#] denotes the largest integer <¢. We shall consider the expres-
sion

~
> fiat) (N=1,2....).
1=0

If a= 2, A.Khintchine [2] proved that

N .
. _ ) o _
(1) llrp_)iup <§f(2’t)>/(Nlog log N)'* = 1/4/2

for almost all £. On the other hand J.F.Koksma [3] proved that for a
positive integer a = 2

~

(2 f(alt)>/(N3/2(¢(N))”3) = 0(1)
=0

and

tim inf (3 /(@) | (N9 (V) = 0
=0

N->eo

for almost all #, where ®(n) is any given positive non-decreasing function
of integer # = n, >0 such that
Z—Wl(n) <o and (n+1D =1+ K/n) p(n) n=mn),
K being a conveniently chosen positive constant, and v (#) denotes any
given positive function of the integer m = n, such that Yy(#) >0 as n - .
The purpose of this note is to furnish more precise results than these
estimations of Koksma, and a related theorem.

1. THEOREM 1. If @ is a positive integer = 2, then for almost all t, we
have

.
. / . a+ L 1)z
(2) lulr\}_)bsoup <§f(alt)>/ (Nlog log N)'/? = (G(a — 1)> ,

téﬂalt) =2y (e +L).

(3 lir}}xinf

Proor. If we consider the decimal representation of a real number
t, in the scale of @, then every digit can be regarded as a function of #.
Hence we put



ON THE FUNCTION ¢ —(£] — 1/2 209

Ly BD | &)
t=1[t]+ p + Z + ...
Every &(f) has its value region 0, 1, 2, ...., a —1; and clearly {&(@)}

forms an indepenent system in the sense of M.Kac and H, Steinhaus. If
we put

(4 &) = &) — (@a—1)/2 (k=1,2,....),
then {8.(¢)} is also an independent system and has the following properties :
(5) 18:()] < (a—1)/2 for all ¢ and &,

1
6) f Su(t)dt = 0 for all &,

, 0

1

(7) f 8i(t)dt = (a* —1)/12  for all k.

In fact, by (4), |8 =<(a—1)—(a—1)/2=(a—1)/2;

1

1 a-1
a—1 1 a—1
0

k=1
0

and
1

1 2
f&‘f-(t_)dtzf(&;(i_)— “gl)dt

0

. ) 1 X y
= j &it)dt — (a—1) f s(tydt + (@ P L
0

n—1

a-1
_ 1 2 a—1 (a—1y _a—1
=@ =k o 2kt =g

By the law of the iterated logarithm of Khintchine and Kolmogoroff
[4], we see immediately from the above properties that

=

=1

1/2

(8) lim sup (2 B(0)) [(Nlog log Ny = (5-1)

for almost all ¢.
Now we have

) =t—[t]— 5 = > &b _ .

k=1 ak
o 8u(1) a—1~ 1 1
- g Ja‘ + =3 g? 2
SR
k=1 a‘/

and obviously 8;.+:(%) = &(a't) for every positive integer k2 and I, we have
then



210 TAMOTSU TSUCHIKURA

N oo 7 N oo
1=1 1=1k=1 & 1=1 k=1
= N 3~ (t) ‘{V" k" - 8}+1(t)
N l2=1 k=1 (::1l+l - <£ =1 + kglz ak+]
_ o Sui(t) |, @Vt Srar(t)
- 1 28"'1(” g a+7c+l a_1h§] a1
N+1
_ a av+! - O(t)
_a—l zs"'(t)—_a a~1k=§+2 a
or we may write
al < 1 aV+! - Bk(t)
(9 Z‘fmw)——:f}}sk(t)— T+ E 5
=0 k= k=N+2
say. -Clearly we have
‘ ail_’l‘f(t) ‘ = 2(5?1_ 1y for all ¢,
and by (5)
a* a—1 <= 1 _ 1
(10) 1Q.(t)] = 2—1 3 k;\]ﬂ zF = 2(;:'1“)

for all ¢. Hence from (9)

(11) Zf(alt) =

=0
Combining (8) and ( 11) we have the relation (2) for almost all £.
On the other hand as we see easily (or see e.g. [1])

N+1

N+1
11m 1nf 2 8k(t)’ =0
for almost all #; and then we get by (9) and (10)
N+1
lim mf]Z/(alt)‘ 1. {hm inf 2 S 1)+ |7(E)] + - }
= (ol + )

for almost all #, and (3) is proved.

2. We shall add a category theorem.

THEOREM 2. Let X (N) be a function defined for every positive integer
N such that X(N)->0 as N> . Then for every 1, except perhaps for
a set of the first category, we have

(12) 11m 1 Sup <2f(a‘t)>/(NX(N)) , 400,

=0
Proor. In virtue of the relation (11) we may replace f (@'t) in (12)
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by 8/(t), for we may suppose that NX(N)-> oo as N > o, Put
N
on(t) = (> sl(t,)) / (NX(N)), (N=1,2,-...).
‘=0

We may find easily a sequence of positive integers {INV;} such that
N, < N;< --..5> o and 2/ < N(1 —XYV*(N;)) (i=1,2,-...), that is,
13y NX(N;) < (N; — 20)X*(N;) (i=12, --..).
Denote by A the set of all ¢ € (0,1) which are not of the form m/a*
(m, k being integers). For p =1,2, .., let E, be the set of all t€ A
for which |ex(t)| < p for all N; and let E be that of all £ € A for which
an(t) is bounded in N. Then clearly E = | E,. If E is of the second

»
category, so is the set E,, for some p,. And E,, is closed in A in virtue
of the continuity of 8.(%), ¢t € A. Hence E,, contains an interval / of the
space A.Let #, € A be the point whose N;-th digit in the decimal representa-
tion in the scale of @, is 0 (i = 1,2, ....) and other digits are all @ — 1. Then’
by (4) &(tp) = — (@—1)/2(k = N,,N,, ----)and §,(¢t,) = (@ —1)/2(k & N;;1i
=1,2, ....); and we get by (13)

2 S.(tg)

=0
= A5 L (N - 20/C(Ne - 2i%0(ND) s i oo,
Since there is a point #; € 7 such that the difference £, — ¢, is a-adically
rational, we see easily that

[ G-AV((tU) l =

JCNX(ND)

lim lo-Ni(tl)l = ]._imlO_Ni(to)l = oo,
i—>co o0
which contradicts the fact t, « I E,,, Hence the set E is of the first
category, q.e.d.
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