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1. This paper concerns the problem proposed by O. Szasz2): is the
series Xancos nt continuous at t = 0 or uniformly convergent at t = 0 if
2 an converges and nan -> 0 ? Answering this problem we prove the following
theorems.

THEOREM 1. There is a sequence (an) such that nan -> 0, 2αrw converges
and the series

(1) IξβftCosftέ

does not converge in the neighborhood of t = 0.

THEOREM 2. There is a sequence (an) such that nan -> 0, (1) converges for
all t, but (1) is not continuous at t = 0.

THEOREM 3. There is a sequence (an) such that naΛ -> 0, ^an converges
but (1) is not uniformly convergent at t = 0.

Theorem 2 is proved by Hardy and Littlewood3> for sine series. For
cosine series, proof is similar.

Another problem of O. Szasz is negatively answered as follows :

THEOREM 4. There is a seqnence (an) such that

where sn = aλ + a2 + + βΛ #w<i /> is α positive constant and that (1) zs wo/
uniformly convergent at t = 0.

2. Proof of Theorem 1. The series

Σ ( _ i yι cos 2^^
Λ

 { ~ l ) 2nlog(2n)

does not converge at t = τr/2, and then there is an integer w2 such that

Σ - _ τ\n cos 2 ^ 7

2r« <ni

at ί = π/2. Similarly, the series

Σ / ivn C O Scos Ant
An log (4«)

O Some trigonometrical series I, II, III will appear in the Journal of Mathematics,
vol. I, No. 2-3, 1953.
2) O. Szasz, Bull. Amer. Math. Soc., 50C1944).
3) Hardy-Littlewood, Proc. London Math. Soc., 18C1918).
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does not converge at t — zr/4, and then there is an integer n2 such that

Let n3 and ?/4 be integers such that

Σ (-••

2 f-iy

Further the series

* cos 2nt
2«log(2w)

cos Ant
An log {An)

s cosδwί
8rclog(8w)

does not converge at t — 7t/8, and then there is an integer nh such that

xn / n« cos 8nt
8n log (8n)

Let n6, nΊ, w8 be integers such that

cos 2«<

2n log (2«)

- Λ v» - c o s 4 w /

v ; 8nlog(8w)

Thus proceeding we can determine (nk). Putting

/r. Λ\ " ^ ^ / i\« COS2^£

consider the series (n0 = 0)

+ 5(1? 2; 0 + s(2, 3; t) + s(3, 4; ί)
+ 5(1,5; t) + s(2, 6; /) + s(3,7; t) + 5(4, 8; /)

Writing out each term as a sum of cosines, we get a cosine series where
there are no overlapping terms. If we denote this by Σ an cos nt, then nan

-> 0 and Σ<2« converges, since we can take nk > 2fc. Thus the theorem is
proved.

3. Proof of Theorem 2. Let

= αxpexpexpy
.and
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Evidently nan -> 0, and 2 ctn converges. For, if we put

snhτc = 2 a*> (nj<k< nJ+Ί
n3 <«gfc

then

SnJt* - OU/nj log nj) = o(l)

by Abel's lemma and by 2 sinζnπfj) = O(l/ sin (π/f)). Since Σj
converges, 2#» converges.

Similarly, the series

(2) 2 On cos nt

converges for all / Φ 0. For putting

SnhS) = 2 a* C O S nt>

we have, for π/j< t/2,

s,Λ» = 4 ^ ^ {cos„(, - 5-) + cosn(t +

= O(l/tnj log n3).
Thus we get the convergence of (2), whose sum we denote by fit).

On the other hand,

"7" ~1
= /i + Λ,

say. Now

/i > \ 2 iΓioV« > 1 ( lo2 ι°S nJ+i ~ loS log n,) > e\e -

for large y, and since

= O(Jk/nk log «J
for A * y, we have

/. = o(j 2 */«» log %) = o(/).
^ fe=l /fe

Thus /(π-/i) = /"] + Λ -> °° as y -> oo, and hence the theorem is proved.
Theorem 3 and 4 may be proved by the above example.

4. Finally we can show that a theorem due to O. Szεsz is best possible.
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Szasz' theorem reads as follows:

THEOREM. // , for a δ (1 > δ > 0),
in

^^m (\av\ — av) =• O(w^)

and
n

s» = 2 * , =O(l/logfi),

then Σβ« is (R{) summable.

We can prove that δ cannot be replaced by 1 in the theorem. In fact
we have

THEOREM 5. There is a sequence (an) such that

2 \°Λ - °(nϊ>
v=n

n

sn = 2 a»= °^ι l o s n )
and 2βM is not (R{) summable.

PROOF. Let

1 . nπ /
log n log log n n<

where HJ is the sequence defined in the proof of Theorem 2. Then, as in the
proof of Theorem 2, the limit

lim 2 — s i n nt

does not exist. Verification of other conditions is easy.
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