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1. Introduction. A Hankel determinant is one of the type

(1.1) Δ = | β i + j | (ί,y = 0,l, r),
where {#*} is an arbitrary sequence. It follows at once that

(1.2) Δ - |Δ<+'flbl (f,y = O,lf . . . . . r ) ,
where

Δflr« = β»+i - *,», ΔrΛ». = .Δr^Om+i — Δ'-'Λ*,.

(See for example [4, § 51]). Now suppose the a% are rational integers such
that

(1.3) Δra0 = 0 (mod Mr) (r > 1),

where Λf is some fixed integer. It follows at once from (1.2) and (1.3) that

(1.4) Δ Ξ O (mod Af*r+1>).

Indeed (1.4) holds when the at are rational numbers that are integral (mod
M) and satisfy (1.3).

We shall now construct some examples of Hankel determinants of
Bernoulli and Euler numbers that satisfy congruences of the form (1.4).

2. Euler.numbers. The Eider numbers Em may be defined by means of

e* + e~* ~ £E'» ml •

It is well known that they satisfy Rummer's congruences:
r

(2.1) 2 ( - iγ- (ζ) E,Λ+Sb = 0 (mod ff) (in > re),
β 0

where/> is a prime ^ 3 , g ^ l and pe~ι{p — 1)|&. For proof see for example
[5, Chapter 14]. Hence if we put

at^ Em+a (f = 0,1,2,,..,),

it is clear that (1.3) is satisfied with M = pe we may therefore assert that

(2.2) |£»+<i+j»| Ξ 0 (mod ^ c ^ o ) (i,j = 0,1, . . . . . r )

provided m^re.
Somewhat more generally, the numbers E^} of order k defined by [6,

p. 143]

—V = i >̂ ^
ΪΛ = 0Λ = 0

where ^ is an integer 2> 1, also satisfy the congruence (2.1) so that



(2.3)
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= 0 (mod p^r+ι^) (i,./=0, , r),

provided m^er. For k =3 1, (2.3) reduces to (2.2). A like result holds for
the numbers C<*° defined by [6, p. 143]

2 V _

Additional examples of the same kind are easily constructed.

3. Bernoulli numbers. The Bernoulli numbers Bm may be defined by
means of

X «^S r> X

They satisfy [6, Chapter 14]

(3.1) y*( - lΓs(r) —*m = 0 (mod per) (m > re),

f* \s/m+sb
where as above pe~\p — 1)|^; in addition we must assume p — 1 \ m. Hence
if we put

a, = Bm+ιb/(m + ib) (i = 0,1,2, λ

(1.4) implies

(3.2) = 0 (mod />-<-o) ( ί | y = 0,1, -. -, r),

provided m > re and /> — 1 \ m.
A result like (3.2) for the determinant \Bm+<a+j)i>\ can also be obtained.

Indeed Nielsen has proved [5, Chapter 14] the congruence

(3.3) =

provided p — l\m and w > ^r. Hence modifying (1.4) slightly we get

(3.4) \Bm+«+jy>\ = 0 (mod p^r-o} {ij = 0,1, -. -r),-

provided ^ — 1 f ^ and wz > ̂ r.

The condition p — l\m may be waived in certain cases. Vandiver [7}
has proved the congruence

(3.5) 2 ( - V ' S Π ZW)P-I = 0 (mod ̂ " ^

where w > l ; r ^ l , mΛ r<p — 1. This result evidently implies

(3.6) |flo»+ί+ΛP-i| Ξ O (mod/)^"1)) (ι,> = 0,1, . . . .r),

provided /w>l, m + r<p — 1. The writer [1] has extended (3.5) in several
directions. We quote two such extensions. In the first place
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<3.7) ^ < - Vr~S (r\<m+'Xp-» Ξ 0 (mod

where m > 1, r > l , w + r ^ ί — 1 , and

we remark that CΓ^P-D is integral (mod £). It evidently follows from (3.7)
that

(3.8) kcm+ί+jxp-nl Ξ= 0 (mod p«r+») (i,/ = 0,1, .. ..r),

provided wi > 1, m + r>p — 1.
Secondly we have

7*

<».9) 2 ί - l y - (r) Bm+Sb = 0 (mod **-*),

where (£ — l)pr-ι\b,p — 1| m, tn> re, and /Ϊ = β for ir < £ (except perhaps
when y = £ — l, ^ = 1 and ^ = 2), while for r ^ p, h is the least integer >
(r^ + l)/ί. In particular therefore (3.9) implies

<3.10) \BΛ+«+JV,\ = 0 (mod p*r-») (i,y= 0,1, ..,r),

provided m>re, r<p—l. For ^ = 1, (3.10) evidently includes (3.6).
Turning next to the Bernoulli numbers B™ of order k defined by [6, p.

143]

we quote the results [2, Theorems 5,6]

where

- 1)... .{m - A + 1);

<3.12) V ( - I / - ( r ) β%lsb = 0 (mod AC-*)»).

In both (3.11) and (3.12) it is assumed that

(3.13) A < ί - 1 ; m φ θ , l , . . . . . A - l (mod p - 1); m > re + k.
<Note that the condition m => rb + /J in Theorems 4,5; 6 of [2] may be replaced
by m > re + b.) In (3.12) it is also assumed that r>k.

An immediate consequence of (3.11) and (1.4) is

<3.14) I Γgί ( I + Λ* I EBO (mod p*»») (ί, 7 = 0, . . . . , 1, r),

provided (3.13) holds. Making use of (3.12) we get

<3.15) I Bfil^ I s 0 (mod ^<r-w-»+D) (/,7* = 0,1, . . . , r),
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provided (3.13) holds and r > k. For r < k we can only assert that the left
member of (3.15) is integral (mod p).

4. Coefficients of the Jaeobi elliptic functions. Not only the Euler
and Bernoulli numbers satisfy Rummer's congruences but certain other
sequences as we'll. In particular if

oo

sn x = sn(#, u) = 2 Am{u)xm\m!

denotes the Jaeobi elliptic function, then it is familiar that the Am(u) are
polynomials in u with integral coefficients. The writer has proved [3] that
the Am(u) satisfy the congruence

(4.1) 2 ( - l r * ( s ) A*r{u) A + <*-'> (*> = ° r m o d *r> (^ ̂  r) '

and indeed

(4.2) 2 ( - lY's(r)A^-s)b^-^(u)Am+s^) - 0 (mod p») (m ̂  βr),

where /> > 2, pe~ι{p — l)\b and w is an indeterminant. Both (4.1) and (4.2)
are to be understood as meaning that after expansion each coefficient in the
left member == 0. Hence modifying (1.4) slightly it is clear that (4.2) implies

(4.3) \Am+«+Mu)\ = 0 (mod p«v+») (ij = 0,1, .. ...r),

provided m ̂  er. In particular if we put u equal to a rational number c

which is integral (mod p) and let am = Am(c), (4.3) becomes

In the next place if we define βJiu) by means of

then /βm(«) is a polynomial in w with rational coefficients. Then we have

<4.4) 2 J ( - I)'-* ( r)^( r- s ) & '^-1 ) p(«)τm + s δ(w) s 0 (mod^0,

where

(4.5) (P-DPe-ι\b, p-l\m, m>er,

and

τm(u) =

We have also

<4.6) V ( - iγ-s(r)A^s)b'^-υ(u)βm+s,(u) = 0 (mod

provided (4.5) holds. It evidently follows from (4.4) that
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(4.7) \τm+β+Mu)\ ~0 (mod #"(r+i)λ

while (4.6) implies

(4.8) [βm+«+jAu)\ = 0 (mod p*nr-i))}

where in both (4.7) and (4.8) it is assumed that (4.5) holds.
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