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1. Let φ(t) be an even integrable function with period 2π. Lebesgue's
convergence test of the Fourier series of φ{t) at t = 0 reads as follows [1]:

THEOREM. / /

(1)

and

(2)

/ \φ(u)\du=o(t) as t->0

lim f
β 0,

then the Fourier series of φ(t) converges at t = 0.

The condition (1) was generalized by S. Pollard [2], J. J. Gergen [3], G.
Sunouchi [4] (cf. [5]) and many other writers. On the other hand the condition
(2) was generalized by S. Pollard in the form

(3) lim limim f*
->Q J

d t β

The object of this part is to show that the absolute value sign may be
omitted with some modification1 >.

2. THEOREM 1. Let φ{t) be an integrable function. If (1) holds and

(4)
" / •

t+2k*ln

n -> oo, then the Fourier series of φ{t) converges at t = 0.

PROOF. We may suppose that φ(0) = 0 and φλ(π) = 0, where

φ(u)du.

Then2>

1) When this paper is written up, Prof. G. Sunouchi let the author know a paper
of H. E. Bray, Rice Inst. Pamphlet, 1953, which is in the same direction as this paper
but the result does not overlap. He shows that sin 1/ί does not satisfy the condition
(2), but its Fourier series converges to zero at t = 0. One can show that sin ljt
satisfies the condition (4).

2) Sn(x) is the nth partial sum of Fourier series of φ(t) at t = x.
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2 [ m [ ncos

o

[ m [ ncosnt sin nt

o
*/n

j /
0 τt\n

say. By (1), Zj = o(l). After Salem [6]

L
0

say. We may suppose n odd, and then

Λ-2knjn)
5:

n 1Γi t

say. Then

2kπ/n

/

O-ΓTIT «./,«, (M-l)/2 J>-+H*--*-i)*in

SMdu+ ^ / Γ yi(iί - π/*

"" " / + (2k - l)π/n J '

J J~~ΰ

Γ Ψ^M) _ Φi(u "" ̂ /^) _ yitf + 2kπ/n) φ(t •+ 2k — 2)π "I
L u u-π/n t + 2kπjn Ύ+(2k-l)π/n \ d u

n J
n _ , ) / 2 ί+2(*+l)«/2

t+2kτc/n

= Tail — /212

Now

n*J cos ^ / 2 1 1 d/ = n*J cos
o o t
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=* o(l)cos ntdt- J ^^
0 l+TC

by (1). The integrand of /2Ϊ2 is

φλ(u) __ φι(u - π/n) _ φι{
/ t ,t + 2&τr/rc £ + (2k —

(t + (2k -l)π/n + «)
2kπ/n)(t + (

/ + 2kπ/n

Ψι(t 4- (2fe ~ l)τt/n) - φλ(u) \ κ κ

(2k -1)*/*

We get

cos ntdt/

</» ( n - l ) 2 « + 2(fc+l)τr/n

cos ntdt 2 / ^ ^
0 fcaEl t+2fcτt/n

/•*/» - (»-l)/2 Γ t + C»+l>*/» Γ */» (»-D/2 „ 7 χ

J *.i 2/ !^*-.(/ * 2 £•!•) "
0 fc = 1 ί + 2A,τf/w 0 * " 1

by (1). Further
(n-D/2 J

I/

*/» (n-D/2 J+2C*+l)*/n

cos ntdt ^ I Kk2 du
0 fc=sl ί+2fcτr/ra

-*/» ( Λ _ 1 ) / 2 e+(tt+i)*/n

= w2 I cos 9tf Λ V 1 ^ - y - I » ι W
0 * = ι ί+2jfc*/n

- ^! (ί + 2*Λ /») + <PiV + (2* - l)τrln)]du
which is less than, in absolute value,

0

thus we have proved 73i = o(l).
Concerning 722, estimation may be similarly carried out and we get 722

= o(l), and then
h = In + 722 ̂  0(1).

Hence the theorem is completely proved.

3. From the proof of theorem 1, we get the following theorem:

THEOREM 2. If (1) holds, then a necessary and sufficient condition that the
Fourier series of φ(t) converges at t = 0, is

/

*/* (w-D/2 Γ*+2(fc+l)*/n

coβnttf V f ?W-y(t^WgI^ = 0
ϋ Λ ~ 1 t+2Jctcln
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(2) implies (4) and (4) implies (5). Hence the necessary and sufficient

condition (5) does not seem to be non-interesting. But it is of course disirable

that the condition does not contain the terms cosnx and sϊnnx.
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