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1. Introduction. Let (X,3B, m) be a measure space such that X is a
set, B is a Borel field of subsets of X, and m is a o-finite measure defined
on B. A single valued transformation T of X into itself is called measurable
if the inverse transformation 7-! sends every set of B to a set of B. The
measurable transformation 7T is called non-singular (with respect to m) if
A € B and m(A) = 0 imply m(T-1A) = 0. Throughout this paper it is assumed
that all sets under consideration are in B and the transformation 7' is measur-
ablea nd non-singular. A measure u defined on® is said to be invariant under
T (or T is said to be measure-preserving with respect to u) if W(T1A) =
w(A) for every set A. Two measures A and p defined 'on B are called
equivalent if A(A) =0 implies w(A) = 0 and the converse. A set A is called
an invariant set if m(TA — A) + m(A — T-1A) =0.

We define the following statements.

(I) There exists a constant K such that

n-1
0< lim sup%z-zm(r—iA) < K-m(A)
n i=0
for every set A of positive measure.
(') There exists a constant K such that
n-1

lim sup —111 > m(T-*A) < K-m(A)
» i=0

for every set A.
(II) There exists a sequence of sets {X;} and a constant K such that

XcXc...., X=X, mX)<o (G=12....),
Jj=1

and

n-1

0 < suplim sup— S m(X;(T-'4) < K - m(A)
v n v=0

for every set A of positive measure.
(II') There exists a sequence of sets {X;} and a constant K such that

xcxc...., X=\UJX, mX)< o (§=12....),
Jj=1

and

n-1

sgp lim sup %EMX_}“ T-tA) < K-m(A)

=0
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for every set A.
(B) For any function f € L(X, D, m)" the limit

n=1
Fix) = lim%Zf(Tix)
n 1=0

exists almost everywhere on X and f c L(X, B, m).
In the following, we use the notation f(g etc.) which denotes the limit

n-1 n=1

y 1 . . e
function of the means —’11 _5_ A Tix) ( n E 9(T'x) etc. )m case the limit is well
=0 i=0

defined.

In case m is finite, N.Dunford and D.S.Miller [1] have given in their
joint paper a necessary and sufficient condition® that Neumann’s ergodic
theorem holds, and as its consequence led the statement (B) from this
condition. Hereafter F.Riesz [3] has given another proof of the latter and
proved that, even if m is not finite, the above condition with a certain
additional restriction implies (B) (see Corollary of Theorem 1 in §2). Recently
C.Ryll-Nardzewski [4] has shown that the statement (II'), which is weaker
than (II) formulated by S.Hartman, is equivalent to (B) and that, in case
m is finite, the statements (II), (II') and (B) are equivalent to each other.
However a part of the former is not quite right in case m is not finite.
In fact we can construct a o-finite (but not finite) measure space and a
transformation for which (II') holds and (B) does not hold (see Example 1
in §3).

The main purpose of this paper is to work out that each of (I) and (II)
implies (B), and (II') does not necessarily imply (B).

2. Generalization of Birkhoff’s ergodic theorem. Let A(A)= A(A,
{A}x=1,3, -...) denote a decomposition of the set A such that

L)
A=\A, ANA=0@F=D).

k=1

Let us put for every set A
1

(1) a(A) = sup 2 lim sup 1 zm(T"Ak),
A Cax) » L giry

where s%) denotes the supremum for all decompositions A(A) of 1A and
(

2 means to sum up with respect to all sets A;s of the \decomposition
(4:k)

1) The notation L(X, B, m) denotes the class of all integrable functions with
respect to the measure space (X, B, m).

2) Numbers in square brackets refer to the references at the end of this paper.

3) The condition reads as follows : there exists a constant K such that for any
set A

%Em(T-‘A)qun(A) (n=1,2,.....).
i=0
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A(A) = A(4, {Ak}lc-l,‘z, )

LemMA 1. If the statement (I') holds, the non-negative set function o defined
by (1) has the following properties :

(i) @ is finitely additive;

(ii) a(A) < a(T-*A) for every set A of finite measure ;

(iii) a(A) < K-m(A) for every set A;

n—1

(iv) a(A) = lim sup L Zm(T"A) for every set A.

1=0

Proor. Proof of (i): Let us suppose that
N
A=\JAa, AnNA=0G=*j).
j=1

Let & be any positive number. Then, for each j, there exists a decom-
position A(A/, {A,fc}kzl,z,....) such that

n-1

a(A)— . < > lim sup— >, m(T-tA)).
N <ff'7c) " E
Combining all A(4’)’s we get a decomposition A(A, {Allk1,s,....;7=1, 2,
, N), so that it follows
n=1
za(Af) —&e< 2 > lim sup Zm(T tAl)
J=1 Jj=1 (4FKk) 1=0
) 1t
= 2 lim sup- - Zm(T'iAi)<a(A)
(4:k, ) i=0

On the other hand, there exists a decomposition A(A, {A}i-12,-.--)
such that

n-1
3 a(A) —&< X limsup - Zm\T ‘Ag).
(4:k) =0

Let us put
= ANA k=12 ....;7=12,....,N).
Then, for each j, the collection of sets {Aj}r-1,».... gives a decompo-
sition A(A4’, {Af},,l, 2, ----), S0 that we have

-1

> lim sup_- Zm(T“A,c) = > lim sup - zm( T-iA})

(4k) C Ak, j) =0
) =
=3 > lim sup - Em(T"Af)< Ea(Af)
j=1 (4}k) J=1
Thus by (3) and (4) we have
N
(5) a(A) — &< S a(Ad).
j=r

Since &€ is arbitrary, (2) and (5) imply
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a(A) = Da(A).
Jj=1

Hence it follows that « is finitely additive.

Proof of (ii): If A is a set of finite measure, then for each 7 the set
T-'A is of finite measure. Further, to a decomposition A(4, {Ai}r-12----)
there corresponds a decomposition A(7T-!A,{7T-'Ai}i-12,....). Hence we can
easily show the property (ii).

The properties (iii) and (iv) are the immediate consequences of the
definition of «.

C Ryll-Nardzewski [4] has proved the following

LEmMmA 2. Let (X', Y, u) be a measure space, and let T be a transformation
of L(X', %, u) into itself which has the following properties:
@) if fix) = g(x) almost everywhere (w), 7‘[(x) = fg(x) almost everywhere
(»);
(ii) T is additive and homogeneous ;
(iii) if f(x) is positive almost everywhere (u), 7‘/(:6) is also. Then T is a
linear operator of L(X', %, p) into itself.

We shall now prove the following theorem whichis a generalization
of Birkhoff’s ergodic theorem.

THEOREM 1. The statement (I) implies the statement (B), but the converse
is not true.

If m is finite, three statements (I), (I’) and (B) are equivalent to each
-other.
Proor. (I) > (B): We put for any set A of finite measure

B(A) = lim a(T-"A).

This definition is justified by (ii) of Lemma 1.
Let B be a fixed set of finite measure, then the non-negative set function
B(ANB) of variable A has the following properties:
(i) BANB)< K2-m(ANB) for every set A;
(ii) B(ANB) is completely additive as the set function of A;
(iii) B[T-(ANB)] = RA(ANB) for every set A;
n-1

(iv) B(ANB) = a(AN B) = lim sup—nl* > m[T-(ANB)] for \every set A.

i=0

Proof of (i): From (ii), (iii) of Lemma 1 and (I), it follows that for any
set A

BANB) = lima[T-"(ANB)]

lim %za[ T-(ANB)]

i=0
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n-1
=lim sup%ZKW m[T-(ANB)] = K*- m(A B),
n i=0
which is the required.
Proof of (ii): From (i) of Lemma 1 it follows that B(ANB) is finitely
additive as the set function of A.
Let {A.} be any sequence of sets such that

A DAD...., f\A,,: 0.
n=1

Since B is of finite measure, m(A,\B) tends to zero with 1/x#, so that,
from (i), B(A,NB) tends to zero with 1/#n. Thus B(ANB) is completely
additive.

The properties (iii) and (iv) follows evidently from the definition of 8
and (iv) of Lemma 1.

Now we choose a sequence of sets {Y;} such that

X=\Y, iN¥i= 0+, m¥)< oo (k=12 ....).
k=1

Let us put for each set A

v(A) = D BANY).

Then the non-negative set function y has the following properties :

) y(A) < K- m(A) for every set A;

(vi) o is an invariant measure on B;

(vii) vy is equivalent to m;

(viii) y(A) = m(A) for any invariant set A.

The property (v) is the immediate consequence of (i) and definition of .

Proof of (vi): From (ii) it is evident that y is a measure on 3B, so that
we shall prove only that v is invariant under 7. Since Y;’s are of finite
measure and hence, from (I), 7-!Y;’s are also, it follows, from (iii),
that for any set A

vA) = 2 BANY) = D BIT-HANY)]

k=1

L
-

8

L B(TANT-'Y:N YY)

1

-~
n

M:

B(TANT-YxNYY)

LM EM

Ll

=1

= 3 AT-ANY) = ((T1A)

Proof of (vii): It is clear that m(A)= 0 implies y(A) =0, so that we
shall prove the converse.
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Let A be any set of positive measure. Then there is a set Y;, such that
the set AN Y3, is of positive measure. From (iv) and (I) it follows

¥A) = SIBANY) = BANY.,)

= lim sup%Z m[T-(ANYw)] >0.

i=0
Proof of (viii): Let A be an arbitrary fixed invariant set. If A is not
of finite y-measure, it holds obviously
v(4A) = m(A),
so that we shall consider the case where A is of finite y-measure. Then from
(vi) and (vii) it follows that  is a finite invariant measure equivalent to m
as the measure on B,9. By Birkhoff’s ergodic theorem, for each fe€ L(A,

n-1

B4, v) the limit function ﬁx) of the means ‘71; Z f(T'x) is defined almost

1=0
everywhere (y) on A and 7‘6 L(A, By, ). Since m is equivalent to v, the
function?is also defined almost everywhere (m) on A. Let T denotes the
transformation of L(A,B,,v) into itself defined by
Tf=f

for each }7 € L(A, B4, ). Then T has the properties (i), (ii) and (iii) of
Lemma 2, so that T is a linear operator of L(A, B4 ) into itself. Let us
now suppose that A(B,{B;}x-1z,..-.) is a decomposition of any subset B of

A, and let @z and @sp,’s be the characteristic functions of B and By’s, respe-
ctively®. Then it holds

N
[ |#s0) = Spmia|ay >0 7> ),
A | k=1
so that from the linearity of T it follows
~ N ~
f I Psx) — D pu%)
4 k=1

N~

Since Z¢Bk(x) is monotone-increasing as N increases, we have that
k=1

dy = fl?'(q)zs(x)— égllsk(ﬁf))ldv‘)O (N > ).

k=1

> %) = @alx)
k=1

almost everywhere (y) on A and hence almost everywhere (m) on A.
Therefore, by Fatou’s lemma we have

4) The notation B, denotes the Borel field relative to the set A (that is, B4 is
consisted of all subsets of A).

5) In the following we employ the notations %4, ?p etc. for the characteristic
functions.
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y(A) = EB(A ny) = Ea(A ny.)

l=1

oo n-1

=S sup X hmsup'—ZW.[T ANY )]

7= nY)) “n¥ k)

2 sup > llmsup Ef@Amlk(T.x)dm

YY) anre

g sup f lim mf — 2 punrp(Tix)dm.
l “n¥y (AnY ) Yy

= 2 sup , f¢(4nyl)k(x)dm
1=1 “nry (AnY ®) Y

o o -
= ZJ @anr, (X)dm = f(pA(x)dm = fldm = m(A).
1=1% i 4
Thus the proof of (viii) is complete.

Next let us suppose f € L(X,®B, m), then by (v) we have f € L(X,B, ).
Hence from Birkhoff’s ergodic theorem it follows that the limit

n—-1

Fix) = hm—z f(Tix)

exists almost everywhere () and then almost everywhere (m) on account of

(vii), and furthermore f € L(X, B, ). Since the limit function f is an invariant
function, it follows that, for any pair of real numbers a and b, the set {x;

aé?(x)< b} is an invariant set. Hence, from fe L(X,%B, ), (viii}, and the

definition of the integral, we have easily ?e L(X,B,m). Thus it was proved
that (I) implies (B).

It will be shown by Example 2 in §3 that (B) does not necessarily imply
aJ@).

Next we shall prove that, in case m is finite, the statements (I), (I')
and (B) are equivalent to each other. We have already proved that (I)
implies (B), so that it remains to prove that (B) implies (I’) and (I’) implies
{@.

(B)-> (I’)»: Since m is finite, we have, by Lebesgue’s convergence the-
orem, (B) and Lemma 2, that there exists a constant K such that for any
set A,

lim sup-_- 2 m(T-*A) = lim sup— 2 f oA T'x)dm

'l=0 i=0 X

6) The proof of this part is due to Ryll-Nardzewski [4].
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n-1

< | lim sup% ZQ).l(TLx)dm = f ;A(x)dm <K f pAx)dm = K - m(A).
X " i=0 X X

which is the required.
(I') > (I) : Since m is finite, we can show that for any set A

®6) Y(A) = B(A) = lima (T-"A).

Let us now suppose that there exists a set A such that
n-1
m(A) >0, limsup = S'm(T-A) = 0.
” 73
Then it is easy to see that for each positive integer j

n-1 n-1

limfup %Em[T—'(T"A)J = limnsup %Em(T_iA) =0.
Hence from the definition of a it follows
D a(T-"A)=0(#n=012....).

Let us put

A=\ 1A
i=0 ‘
Since, in the present case, « is a finite invariant measure and ZDT“ZT,
it follows that A is an invariant set. Thus we have

Y A) = m(A) = m(A) > 0.
On the other hand, from (6) and (7), it follows

WA= AT A)= F(A)=0.
i=0 i=0

This contradiction shows that if A is any set of positive measure, it follows
n-1

lim supLZm(T"A) > 0.
n n =0

Hence, from (I’) and the above inequality we get (I).
Thus Theorem 1 is now completely proved.
ReEMARK 1. The statement (I) implies that for any set A of positive
measure
n-1
lim inf L S'm(T-44) > 0.
n n =0
In fact, let A be any set of positive measure, then we can choose a
set Y such that 0< m(A N Y) < oo. Then it is easy to see that for each
positive integer j
. 1 n-1 -,
hmnsup;{Zm[T (ANY)l

i=0
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n-1

= lim sup + S'm[T-(T-(ANY)] S K-mT-(ANY)]
n i=0

Thus we have
n—-1
lim sup % Zm[ T-(ANY)I< K-inf m[T-(ANY)],
n 1=0 J
so that
P - .
lim inf Sim(T-1A) = 151f m[(T-(ANY)]

1=0
n-1

> _11? lim sup% g:m[T"(A ny) > o.

By the above remark, the proof of Theorem 1 may be considerably
simplified, but our method of proof of Theorem 1 enables us to prove
Theorem 2.

REMARK. 2. The question of whether (I’) implies (B) or not is still open.

The following result due to F.Riesz [3] follows immediately from
Theorem 1.

COROLLARY. If there exist two positive constants K, and K, such that for
any set A

n-1
K, -m(A) < %Zm(T“A) =KmA) n=1,2,....),
i=0
then the statement (B) holds.
Next we shall state the theorem which is a modefication of Ryll-Nardze-
wski’s theorem [4].

THEOREM 2. The statements (11) and (B) imply the statements (B) and (I')
respectively, but the converses are not true.

Proor. (II') > (B): This implication is proved similarly as Lemma 1 and
Theorem 1, so that we shall sketch the proof.

With respect to the sets X/s in (II), we put

i 1<
a*(Ah) = I — X;NT-A
(A) = sup S(Ep(;k; im sup — gﬂ:m( N x)

for any set A. Then the non-negative set function a* has the following
properties :

(i) ax* is finitely additive;

(ii) ax(A) < ax(T-1A) for every set A;

(iii) a*(4) < K-m(A) for every set A;

n-1

1
(vi) ax(A) = sup lim sup;Zm(X ;N T-A) for every set A.
E " i=0

We put further for any set A
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BHA) = lim ax(T-"A).

For any fixed set B of finite measure, the non-negative set function B8*(AN
B) of variable A has the following properties:

) BANB)< K2m(ANB) for every set A;

(vi) B(ANB) is completely additive as the set function of A;

(vii) BHT-1(ANB)] = B(ANB) for every set A;

n—-1

(viii) B(ANB) = sup 11m sup L Em[X,ﬂ T-/(ANB)] for every set A.

i=0

Finally we put for any set A
7HA) = lim BANX)).
J

Then the non-negative set function * has the following properties :

(ix) v«(A) < K*m(A) for every set A;

(X) y* is an invariant measure on 3B;

(xi) y* is equivalent to m;

(xii) y*(A) = m(A) for any invariant set A.

From the properties (ix)~(xii) of y*, it is easy to see that (I) implies (B).

(B)-> (II')” : From (B) and Lemma 2 there exists a constant K such that
for any sets ¥ and A of finite measure

n-1
lim sup-— - 1 Zm(YnT {A) = lim sup~~2 [rpA(T‘x)dm

IOY

[ lim sup~~2 AT x)dm = [ ;A(x)dm =< f ;A(x)dm

=K { @Ax)dm = K-m(A),

which implies (II).

It will be shown by Example 1in §3 that (B) and (I’) do not necessarily
imply (II) and (B), respectively.

By use of Theorem 2 we shall prove the following two theorems.

THEOREM 3. If there exists a finite invariant measure equivalent tom, then
the statements (II), (I') and (B) are equivalent to each other.

The assumption of the theorem cannot be omitted.

Proor. Theorem 2 shows that (II) implies (B) and (B) Implies (II'), so
that for the present purpose it is sufficient to prove that (II’) implies (II).

Let A be any set of positive measure, w a finite invariant measure
equivalent to m, and {X} the sequence of sets in (II’) Then from Birkhoff’s

ergodic theorem it follows that the limit function @4 of the means of Pais

7) The proof of this part is due to Ryll-Nardzewski [4].
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®) . [ = wa

defined almost everywhere () and hence almost everywhere (m), and that
Since u is equivalent to m and m(A) > 0, it follows u(A) >0. Let B be the

set {x; @i(x) >0}, then, from w(A) >0 and (8), it follows w(B) >0. Hence
we can choose a set X, € {X;} such that w(X; NB) > 0. Since m is equivalent
to p, it holds m(X;, NB) > 0. Thus we have

n-1 n-1

sup hrn sup — 1 Zm(X NT-"A)=lim sup 1 Em(X«.,ﬂ T-'A)
4=0" =0
n-]

= hm sup- 2 [ p(T'x)dm = f lim 1nf lEqu(T‘ac)dm

=0 X] ‘10

= [54(x)dm >0.
T,
Combining (IIY) and the above inequality we get (II).
From Theorem 2 and the fact proved above, it follows that the assu-
mption of the theorem cannot be omitted (cf. Example 1 in § 3).

THEOREM 4. If X is the wunion of countable invariant subsets of finite
measure, then the statements (1), (I’) and (B) are equivalent to each other.

The assumption of the theorem cannot be omitted.

Proor. Theorem 2 shows that (II) implies (B) and (B) implies (II), so
that for the purpose it is sufficient to prove that (II’) implies (II).

From the assumption there exist the invariant sets Y,s such that

x=\JY, YinY,;=0G=*7), 0<m¥)<oo (j=12....).
j=1 .
If we define the set function B* as in the proof of Theorem 2, then it is
easy to see that, for each j, B is a finite invariant measure on By , and is
equivalent to m as the measure on BY;.
Let us now put for any set A

WA = ZBHANY)/2ZBNY ).
J=1

Then it is clear that p is a finite invariant measure on B equivalent to m.
Hence we obtain the conclusion by Theorem 3.

It follows, from Theorem 2 and the fact proved above, that the assu-
mption of the theorem cannot be omitted (cf. Example 1 in §3).

REMARK. Theorem 3 is essentially equivalent to Theorem 4.

In the Proof of Theorem 4 we have shown that the assumption of
‘Theorem 3 follows from the assumption of Theorem 4 and the statement
(Il), so taat for th2 present purpose it is sufficient to show that.the assu-
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mption of Theorem 3 and the statement (B) imply the assumption of Theorem
4.

Let B, denote the class such that sets of B, are the invariant sets of
finite positive measure and are mutually equivalent. Since m is o-finite, the
class B, is at most countable. Let us denote by ¥ the union of all sets of
By, then the set X — Y must be a set of measure zero or an invariant set
which has no invariant subsets of finite positive measure.

Now let us suppose that X — Y is not the set of measure zero. Then
there is a set A such that

AcX -7, 0<m(A)< .
Since ®. € L(X, B, m) and (B) holds, the limit ¢, of the means of gu is
defined almost everywhere (m) and ;.4 € L(X, B, m).
On the other hand, let x be a finite invariant measure equivalent to m,

then from Birkhoff’s ergodic theorem it follows that g is dsfined almost
everywhere (u) and that

9 f TPA(x)dll» = p(A).
p.q

From m(A) >0 we get u(A) > 0. Hence, if we put B = {x; a,(x) > 0}, then
from (9) and w(A) >0 it follows w(B) >0, so that m(B) >0. Then there
exists a positive number & such that the set {x;a,, (%) > &} is of positive
measure. Since @, is the invariant function and @, € L(X,B, m), the set {x,

;A(x) > &} is an invariant set of finite positive measure. This contradicts
the assumption for the set X — Y. Hence X — Y is the set of measure zero.

Thus we can conclude that X is the union of countable invariant subsets
of finite measure.

3. Counter examples. We shall now show by example that,in case m
is not finite, (B) does not necessarily imply (II)and that (II') does not
necessarily imply (B).

ExaMPLE 1. We shall start from the measure space (X,%B, u) and the
transformation T constructed by P.R. Halmos [2; pp. 743-744].

Let us define the collection of the linear intervals J,;’s in the (s, #)-plane
by

1 1 kE=01,....,2¢1-1;
= s —_ << — [ ) .
e = {60 o S5< 2"} (n=0,1,2,-... )
Let (X, B, 1) be the measure space such that X is the union of all [,;’s, B
is the class of the Lebesgue measurable subsets of X, and p is the ordinary
linear Lebesgue measure on B. Let 7, be any one to one, measurable,

measure-preserving (with respect to u), and ergodic transformation of

U]’W onto itself (for example, the transformation T is defined by

n=0
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Ty(s,0)= ({s + 6},0), (5,00 €\_JJno,

n=0
where @ is a fixed irrational number and {s 4- §} denotes the fractional part
of s+ @). Further, let us define a transformation T by
k =0,1,....,271 _2; )
=0,1, 2
= Ts,0), if (s,2) € Jn,z"“_] (n=0, 1, 2, sl
Then it can be proved that T is a one to one, measurable, measure-prese-
rving (with respect to u), and ergodic transformation of X onto itself (see

2D).
In the following, by x we denote the point (s,?) of X simply.
From Birkhoff’s ergodic theorem it follows that for any function f &

LX,B ,u) the limit function ?of the means of f is defined almost everywhere
() and F€L(X, B, p).
Since fis an invariant function and 7 is ergodic, the function f(x) is

constant almost everywhere (w), so that fe L(X, B, p) implies that f(x)
vanishes almost everywhere (u). Hence, for any sets ¥ and A of finite
measure, we have

T(s,t) = (s,t + 1), if (5,8) € Jup

n=1

lim sup—- 1 Z,LL(Yn T-*A) = lim sup "2 f oTix)dp

i=0 i=0%y

n-1

@ ~
= fhm sup— 1 quA(T‘x)d,u f¢4(x)d/.b = 0,
so that the statement (II) does not holds.

On the other hand, since p is invariant under 7, the statement (B) is
the immediate consequence of Birkhoff’s ergodic theorem.

Thus we conclude that (B) does not necessarily imply (II) (see Theorem
2).

Next we define a new measure m on B as follows:

m(A) = w(A))[2n + 12 — 11, if ATy (n=0,1,....),

k=0,1,. 2’”1—2)
_.012

Then it is obvious that m is a o-finite (but not finite) measure equivalent to
p, and T is measurable, non-singular (with respect to m) and ergodic. We
shall now show that the measure space (X,%,m) and the transformation T
have the following properties:

(i) the statement (B) does not hold;

(ii) the statement (II’) holds.

Proof of (i): Let us put

f(x) = 20 12(n + 1)t — 11/2(n + 1)%, if £ € Jo"* ey 8 =10,1,2, - ),

= p(A), if Ac]n,,c<
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= Ll 2BL 2.
= 27412 + 121 — 1), if ¥ € Jor (k 0,1, ,2 2 ,)‘

n=0712 ...
Then we have

f fxdm = > f fx)dm + 2 ”% f f(x)dm

n=03, gn+1_; k=0 7,
= g(%)(z}ﬂ’zmﬁv 1)
+ nzu §2<2(n+12):21““ ) )'<2}“>
- 2(n+1)“ =

n=(0
so that fe L(X, B, m).
On the other hand, it holds that for each »

)+ ATH + - + AT %)
2n+1 273+l 2n+1
Tt @ 1) T 2w 1p@—1) T am R 1)

(2r+1 — 1) terms

272 + 12 —1] _ ohuy
2(” + 1)2 - 2 ) X< ]M,O)

and further to any point x of X there corresponds a positive integer p(x)
such that

Tp(:c)x c U ]n,o'
n=0

Hence we get for any x of X
n=1
lim sup~—- L Zf(fo) = 1.
=0
If we suppose that (B) holds, then we have

n-1

A%) = lim — 2]’(1 ¥=1

almost everywhere (m) and?é L(X, 23, m). This contradicts the fact that m
is not finite. Hence (B) does not hold.
Proof of (ii): It is easy to see that for any set A of finite measure
2 m(A) = W(A) < .
By (1) and (2) we get that for any sets A and Y of finite measure

n-1

lim sup %Em(Y NTA)=
" i=0
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Since the inequality in (II) holds evidently for any set A of infinite measure,
the statement (II’) holds.

Thus we conclude that (II’) does not necessarily imply (B) (see Theorem
2).

In the connection to Theorem 3 and 4 we note that the following
properties can be easily shown:

(iii) there exists no finite invariant measure equivalent to m;

(iv) X has no invariant subset of finite measure.

Finally we shall show by example that, in case m is not finite, (B) does
not necessarily imply (I').

ExaMmpPLE 2. We define X,B,u, T and Juz (k=0,1, .... 21 —1; =0,
1,2, ....) as in Example 1. We introduce a new o-finite measure m on B
such that m is equivalent to x, and for any set A

and \
) (Ja0) = 0, (AN Jn,0) 2 }I(A NJno) (B=10,1,2, ..--).

In fact, it is easy to construct such measure.

Let us suppose f € L(X,®B, m), then by (3) and (4) we get f € L(X, B, p).
Hence we get similarly as in Example 1 that the limit function 7 of the
means of f is defined almost everywhere (m) and?(x) vanishes almost every-

where (m). Thus the statement (B) holds.
On the other hand, if we put

oo
A = U Jﬂ,2n+1—ly

n=0
we have
(5 m(A) = p(A) = 1.
Then from (4) it follows that for each »
g+1_g

S+l

Lo Svmr iz 2 S mT )

2n+1 pyory = 2n+1 =
> 1 m(T—a"“—n] nel_y) = _l_m(] )= oo
= gur1 n,2" T -1) = on+1 7,0 ’
so that
1 n-—1
(6) lim sup;Em(T—iA) = oo,
n i=0

By (5) and (6) we have that (I’) does not hold.
Thus we conclude that (B) does not necessarily imply (I’) and then (I)(see

Theorem 1).
Finally I have to express my cordial thanks to Mr.S. Yano who gave

me valuable remarks and advices.
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SUPPLEMENT

The results of the present paper were sketched in the /preliminary
report, S. Tsurumi, On ergodic theorems, Proc. Japan Acad., 30(1954) pp.
331-334 in which the sentence misinserted in lines 16-17 of page 333
should be omitted.
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