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1. R.P.Boas [1], G.Sunouchi [2] and B.Sz-Nagy [3] have proved the-
following theorems. )

THEOREM 1. If a, 4 0 and g(x) = Sa, cosnx, then a necessary and suffi-
cient condition that 3 an./nY converges, is that x'~' g(x) € L for 0 < y < 1.
The same holds for sine series.

THEOREM II. * If g(x) is positive and even in |x| < = and is decreasing in
0, 7) and (as) is cosine coefficients of o(x), then a necessary and sufficient con-
dition that 3\a,|/n* (0 < ¢ < 1) converges, is that x'~! g(x) € L.

The same holds for sine series.

These theorems give the condition that absolute convergence of 3 a,/nY
is equivalent to absolute integrability of g (&)/x'~7.

We prove theorems, replaced absolute convergence and absolute integr-
ability by conditional convergence and Cauchy integrability respectively,
wholy or partially. Our theorems are closely related to those due to R.P.

Boas [4] and S.Izumi [5].
9. THEOREM 1.Let 0 < a <1 and

f(%)~ > a, cos nx.

n=1
If x%-1 f(x) is absolutely integrable, then the series 3 an/n® converges®.
The same holds for sine series.

This theorem contains the counter part of Theorem L

For the proof we use a lemma, due to R.Salem [6], (cf.Zygmund [7]).

LEMMA 1. Let 0O<M< N, 0<a<1land 0t =<n. Then there is an
absolute constant C such that

N N
j cos ut cos nt

S du—

@

nr
Proor. It is sufficient to prove (1) for non-integral M and N. Let the

integral and sum of (1) be I and S, respectively. If we put

Eu) =[u] +1/2 (#%1,2, ....),

then

S:f cosuut dE@) .

1) R.P.Boas [1] has in fact proved the theorem for the case an =0.
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Further writing X(#) = v — [#] — 1/2, we get
N
S_71= f cos ut axXw)

[pgs ut ) f (cos ut X(u)du
M

[ cos ut f ( — ) cos utX(u)du
o

f (cos utY X(w)dus

- T2 - T3 )
say. Now
IT,| =C/M7,
N
| T §af Lﬁ%‘l [X(2)|du < C/M®.
M
Finally, since X(#) ~ — 2 Sin27znu e have

7
n=1 n

N
T, =t f sinut 5 ndu

M

lh i 1 fN sin ut-sin 27 nu du

@
pr} u

p/a
where the inner integral is less than C/M“n in absolute value and then | T3]
< C/M*. Thus we get the required inequality (1).
We shall now prove Theorem 1. Since

=2 f F(#) cos nt dt,
We have

- = —2 = ff(t)cosntdt

n=M n=2M

N
2 cos nt)
= [ro(Z 5 )
0

R N
-2 Jf f()dt f oS
_ 2 j‘f(t)dt[f cos ut. ut 4 2 cos nt]
n=M

M
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=2 +0,
T

say. By Lemma 1, we get

T f F@®ldt=0@)  (M>oo).

11=f f f =TI+ Lz,

/L

Writing

we have

Mt

[I14] < f "/LLf(t)lz“-ldti f - du
0

7|L
<c f @)t dt,

0
which is o(1) for sufficiently large Z, and
£

Ix,2= f 'MDLH_I dtf cos udu

Mot
/L Mt
1 ["Ife
O(Wf V%)lrdt) (Mt < E < Np),
w|L

which is o(1) for sufficiently large M = M(L).
Accordingly, I, + I, = o(1) as M - o, and then 3 a,/s® converges.
Proof for the sine series is quitely similar.

3. TuEOREM 2. Let 0< a < 1 and

(%) ~ > au cos nx.
n=1
If Sa./n® converges absolutely, then f(t)t*~! is integratle in the Cauchy sense.
The same holds for sine series.

This theorem contains direct part of Theorem 2.
Let us prove Theorem 2. We have
/M

/M dt oo
f f(t)ta_l dt = f F_szan cos nt
n=1

x|N /N
o0 7| i " o nw|¥M
Qn COS n an COs %
= > | =R dt= S
(2) x|V ne|N
_ Qn COSs # _ (229 Cos u
nwn/M n/N
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say. We write
N-1 o

I, = Z +2 :Il,1+11,2‘
n=1 n=N
N (n+1)n/N | (N=1)m|M
COS % COs u
T2 < 2 [sal e du‘ + syl S a-du
=t na N (N=1)=|N

n

where s, = 2%’ . Since we can suppose that s, >0 (#-> o), the second

7
v=1
term of the right side is o(1), and the first term is

N-2
2> [sal
n=1

(n+)z/N N-2 1-a

[ n = 11 (4F)

nr|N

2
1 IS4
= NEZ;‘E% = o(1).
n=1

Hence 1,,; = o(1)V. By the absolute convergence of 3 a,/n® and boundedness

of the integral f COIS,? du, we get I, = o(1). Since we can similarly prove

that 7; = o(1), f (2)t*~1 is integrable in the Cauchy sense, which is the required.
4. THEOREM 3. Let 0< a < 1 and

=

(%) ~ > an cos n.

n=1

If 3 an/n® is convergent and

@) 2 s [Sm — Se] = 01) (M > o)

kMSm <(lc+1)M

n
where s, = Ea,c/ k®, then f(t)t* is integrable in the Cauchy sense.
k=1
The condition (2) is satisfied when a,/7n*y 0 or a, = o(1/n'~%), more
generally when

m
G

= o(1/k*(logk)?) (M - ).

max e
kM=m <(k+1) | oy 1

For the proof of Theorem 3, it is sufficient to prove 7,; = 0(1) and
Iis=o0 (1) in (2) in the proof of Theorem 2. I, = o(1) is already proved.
Now, in the sum

Qs Cos u
Is= 2 '717 '——'—‘ul_w du,
n=N
nwe|N

1) In the proof of I;=o0(1),ordinary convergence of 3 an/n® is used. If its absolute
convergence is used, the proof becomes simpler. But this proof is used in the proof
of Theorem 3.
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cos u
f R e du is a simusoidal function of »,and takes extremum value at

(B+1/2) (k=1,2,. ) If we put

3N/2-1 o  (k+3/2)N-1 o
111—2 > > > =Jot+ 2>
n=N n=N k=1 n=(k+1/2)N k=1
then
- [/ . COS u
n
l]k, § nu, ul—m d
n=(k+1/2)N
(k+1/2)N
m
Qn
= —7%_1:“— . ‘)max h“_
(k+1/2) NSpus(k+3/2) v n=(k+1/2)N

for £=1 and J, may be similarly estimated. By (2) we get /,» = o(1). Thus
we get the theorem.

5. THEOREM 4. Let 0 < a < 1 and

,
f(x) ~ 2 a, COS 7x.

n=1

If f(#)/t%"1 is integrable in the Cauchy sense and
: E/g
dt|=o(l) (M- oo),

tl—w
kr|M

then the series S, an/n® converges.
(3) is satisfied when f(#) = o(l/t’”) or more generally when

(3) 2 Y k) USES(L+1)1Z/

k=

h/g
= [ Bt = ol M%) (M > o).
s k I.,;t/ﬂ!<§<(k+l)7t/M
kr|M
Let us now prove Theorem 4.
N T
Z‘ZZ = 2 2 1“ff(t)cosntdt
n=M =M
— iff(t) z COSs m‘)dt
a P n=M

3 N
2 cos ut
2 f 1) dt f S UL
0
—-2~ff(t)< cosm‘ _f E.O_S_’ﬂd )dt
L n=M

0
=L+ 1 N
say. By Lemma 1, I, = o(1).

L= f f()adt f COS UL g — f fit)at f ALy
0 0 N

-+

N4
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say,
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= 11,1 - 11,2 ,
and
7| M T
Il,l = f + f = 11,1,1 -+ 11.1,2 ,
0 )M
We have
t m‘cosv
D = J;( )_dt f 8P gy = o(1).
0 Mt
11,1,2 = ]trl(tl dtf C()Sl)dl)
/M Mt
3n/2M M-2  (k+3[2)x|M rvz
-[ =2 ]
/M a1y (M-1)2)n/ M
M-1
=h+ 2T+,
k=1
where
£
A @)
=<
Il = k® (k+1/2)z/lx!r(1§aé(k+3/z)z/ﬂ f - dt
) | (k+1)2) )20

for 1<k=<M—1. We get similar estimations for J, and Jix. Thus we get

T,z

(1]

[2]
31
[41
5]

[6]
[7]

= o(1) by (3).
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