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1. R. P. Boas [1], G. Sunouchi [2] and B. Sz-Nagy [3] have proved the-
foliowing theorems.

THEOREM I. If an ψ 0 and g[x) = Σan cosnx, then a necessary and suffi-
cient condition that Σan/ny converges, is that xy~L g(x) € L for 0 < 7 < 1.

The same holds for sine series.

THEOREM II. If g(x) is positive and even in \x\ < π and is decreasing in
(0, π) and (an) is cosine coefficients of g(x), then a necessary and sufficient con-
dition that Σ\an\/nΎ (0 < 7 < 1) converges, is that xy~λ g(x) € L.

The same holds for sine series.

These theorems give the condition that absolute convergence of Σan/ny

is equivalent to absolute integrabilίty of g(X)lxι~y.
We prove theorems, replaced absolute convergence and absolute integr-

ability by conditional convergence and Cauchy integrability respectively,
wholy or partially. Our theorems are closely related to those due to R.P.
Boas [4] and S. Izumi [5].

2. THEOREM 1. Let 0 < a < 1 and

C 0 S nX'

If x"'1 fix) is absolutely integrable, then the series Σan/na converges1^.
The same holds for sine series.

This theorem contains the counter part of Theorem I.
For the proof we use a lemma, due to R. Salem [6J, (cf. Zygmund [7]).
LEMMA 1. Let 0 < M< N, 0 < a < 1 and O^t^π. Then there is an

absolute constant C such that
,N

(1) J
cos ut , sr\ cos nt

PROOF. It is sufficient to prove (1) for non-integral M and N. Let the
integral and sum of (1) be / and S, respectively. If we put

f («) = [«] + 1 / 2 («Φl, 2, . . . . ) ,

then

o Γ cos ut ,P/ λS = / — - — dξiu) .

1) R. P. Boas [1] has in fact proved the theorem for the case an ^ 0 .
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Further writing X(u) = u — [u] — 1/2, we get

= [«?!*.*<„)]* - f(-fj cosutX(u)du

say. Now

Finally, since #(«) ~ — - ^ » w e n a v e

_ £ >ri 1 Γ sin ^*sin 2πnu ,

n = l J

where the inner integral is less than C/MΛn in absolute value, and then |T 3

^ C/ilf05. Thus we get the required inequality (1).
We shall now prove Theorem 1. Since

We have

2 Γ*
= -ξr I f(t) cos ntdt,

0

2 C*f,+J^ cos nt
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2

say. By Lemma 1, we get

<Iι + hi

\h\ S j ^ J \f(f)\dt = o(l) (M-> oo).
0

Writing

0 0 it/L

we have

du

o

which is o(l) for sufficiently large L, and

7C/L Mt

fψ) iMt<ξ<Nt),

which is o(l) for sufficiently large M =
Accordingly, Ix + /a = o(l) as Λf-> oo, and then Σajn" converges.
Proof for the sine series is quitely similar.

3. THEOREM 2. Let 0 < # < 1

2 β » c o s WΛ:

/ / Έfln/n" converges absolutely, then fit)^'1 is integralle in the Cauchy sense.
The same holds for sine series.

This theorem contains direct part of Theorem 2.
Let us prove Theorem 2. We have

n/M

/ jgr^On COS fit

*/iV

n/M */Jf -

I f(t)t^dt= / -jgr^
7t/iVΓ

Σ an I cos w

W = l •/
N

nτt\M

cos u

τt\N n%\N
CO CO CO OO

_ ^ On I cos u , _ ^ an I cos u

n=\ J n=l J

= /i - / . ,
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say. We write

261

N-l

r COS
\Sy\ ί COS U

where sn = 2 ^ ^ Since we can suppose that sw->0 (#-> °°), the second
v = l

term of the right side is o(l), and the first term is

f
\Sn\

nι-<*

Hence 7I |2 = ^(lj1^ By the absolute convergence of ^an/na and boundedness
w

of the integral I —γzτά~~ du, we get h = o(l). Since we can similarly prove
V

that /2 = o(l), f(t)ta-1 is integrable in the Cauchy sense, which is the required.

4. THEOREM 3. Let 0 < a < 1 and

c o s n x

// Έ,an/n" is convergent and
CO

(2) 2 -Π Γ̂ m a x oo)

where sn = a, then f(t)t*~ι is integrable in the Cauchy sense.

The condition (2) is satisfied when an/na ψ 0 or an =
generally when

more

max jίL* γj<X>
(M->oo).

For the proof of Theorem 3, it is sufficient to prove IιΛ = o(ϊ) and

t , = o (1) in (2) in the proof of Theorem 2. / M = o(l) is already proved.
Now, in the sum

1) In the proof of /i = o(l), ordinary convergence of 2 an/n" is used- If its absolute
convergence is used, the proof becomes simpler. But this proof is used m the proof
of Theorem 3.
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/
COS U

— ϊz ir du is a simusoidal function of v, and takes extremum value at

(k + 1/2) (ft = 1,2, . . . . ) . If we put
co 3Λ r/2-l <*> ( £ + 3 / 2 ) 7 ^ - 1

/M = Σ = Σ + Σ 2 =Λ
then

IΛIS cos u

JZ.-JΓ m a ^ 2 an

n"

for k > 1 and Jo may be similarly estimated. By (2) we get 7i,a = o(l). Thus
we get the theorem.

5. THEOREM 4. Let 0 < a < 1 and
CO

fix) ~ JZΛ ®n cos nx.

If fφjt01"1 is integrable in the Cauchy sense and

(3) max
krt\M

dt = 0(1) (Λf->oo),

then the series Σajn* converges.
(3) is satisfied when f(t) = o(l/ία), or more generally when

fcje/JΓ

(M->oo).

Let us now prove Theorem 4.

-fp(D*/ cos ut
ί/Zί

say. By Lemma 1,72 = o(l).

C O S ^ , _ Γ « Λ , Γ C O S

0 N
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say, and

^r+f-,,,+,,,
Λ/JΓ

say. We have

0

7 ί /Φ

it/M Mt
itflM M-2 JJc+Z\ l)itlM

/
M-l

— Jo -Γ ^ j

say, where

l/fcl ^ - T ^ niax
tι-* -

i (fc + l/2)Λ/Jf

for 1 <; ̂  ^ M — 1. We get similar estimations for Jo and /JJ. Thus we get
by (3).
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