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Let

be a function analytic for r = \z\ < 1. If for some λ > 0, the integral

— 7£

remains bounded when r -> 1, the function f{z) is said to belong to the class
Hκ. If λ > 1, a necessary and sufficient condition for the function f(z) to
belong to the class Hκ, is that the real part of the series

is the Fourier series of a function of the class L\
H. C. Chow [1] proved that, if f(z) € IP ( K λ S 2), then for almost

every θ
n

2 Io- -'W-/(«")!'= o(»>

where a > 1/λ, 0 < ^ λ / ( λ - l ) and σ- (̂ ) is the w-th (C,α)-means of the
series

In the present note, we shall prove a more precise theorem:

THEOREM. If f(z) € Hκ (1 S λ < 2), *λe»

Σ I *t-\β) -f&") 15 = <Kn), a. e.

where a = l/λ; 0 < # < λ/(λ - 1).

The proof of this theorem depends closely upon the argument of Zygmund
[2]. The following lemmas are proved in the cited Zygmund's paper. For
the sake of simplicity, we write by f{0) the real part of f(etθ).

LEMMA 1. Lit f(0) be a function of thz class L\\ > 1), and let U(r, ff) be
the Poisson integral of f{0). If

/ W)\λdt
0

lμ\θ\ for \θ\
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then

(1)

and

(2)

where 8 = 1 — r.

f \U(rt)\κdt

LEMMA 2. Let S be an arbitrary perfect set of positive measure and of
period 2 π, and let φ{ff) denote the function equal to o in © and to d if θ
belongs to an interυal contiguous to (£ and of length d. Then for almost every
point θ € ® the integral

J M a + 1 au

is finite for any positive number a.

LEMMA 3. L?t U(r, θ) and V(r, θ) be the Poisson integral of f(ff) and the
harmonic function conjugate to U(r,θ) respectively. Iff>0, then

-fψV(r,ψ)\ <L ^-Wr.Ψ),

where 8 - 1 — r.

PROOF OF THE THEOREM. Let S be a perfect set situated in the interval
( — 7Γ,π) such that

i rθ+lh

\j \Au)
κdu for θ € ® and \h\ <,π.

We can assume for simplicity that the point θ = 0 belongs to ®? and we
investigate for θ = 0.

Let

and σ*(0) ba the w-th (C;α)-m^ans of the power series of f(eίθ). Further let

. . _ „ _ 1 " _ ,

and

Then we have

i = σJ(0).

and applying the Hausdorff-Young theorem,
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q\t«\q rvq

where z = re** and p = g/(tf — 1).
Let δ = 1 — r, and by lemma 3

ί — I
\2πJ

if a * l/p

where

Without loss of generality, we may assume /(#) > 0.

If Pr{ψ) is the Poisson kernel, then

Since I/a = λ ^ 1, applying Jensen's inequality, the last term is less than
Λ It

C) —^MΨ) I nu)Pr{ψ ~ u) dudψ

-It -It

-Tt —Tt

which we decompose into four integrals, extended over the four squares

It is sufficient to consider one of them, since the other may be estimated
simillarly. For instance, let us consider the integral

ϊrff-ff+ϊr+ff
0 δ δ /2

= S

say. If we put

^ ^ f f / = Mr, u) + B{r, u),
0 0 2S

then, by the inequalities

and lemma 1, we obtain
δ

A(r, u) S C/χΛ (*-v«)8-«p Γ
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Since in the interval 0 <Ξ μ S δ, 2δ g ψ <Ξ π,

we have, again making use of lemma 1,

2δ

arid hence
8

( 4 ) Sι(r) ^ C ^ - i δ - Λ * / /* λ(w)^

o

The inner integral of S2(>) is

/

/ Π
0 0

by Holder's inequality. From lemma 1, the last expression does not exceed

αδ/2 W/2 2-pα

+ J )
0 δ/2

2-pa

g Cμp"~ιδ up«~3 (hs^r \

:̂ *» \s μ O Cv

Since β = 0 is the Lebesgue point of fκ{u), we^obtain

*̂ 2\» / r̂ *: ^sμ ό I ' r CLU

δ

(5) ^ Cμpa-1δ3-2paμδ-2+poύ

Concerning the integral S3(r), we have

S(r)-cf /λ(M) rf»Γ*
U/2
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u{r'
δ Λ

{since 0 < I/a <; 1 by Holder's inequality)

S C I ^ ~ Up-ιι«(r*, u) du

say, where © (δ) is the portion of ® contained in the interval (δ, 7t) and
g(δ) = (δ, TT) - g(δ). Since

ί/(r3

; α) g C/A05 for ^

we obtain by lemma 1

< : Cμ06pB1~a>p.
The set ^(δ) consists of an enumerable sequence of intervals A = (#*, W,
and hence, applying lemma 1 to the function U{r2, u), we get

bi pαe-i

iJ U*p J U«p

8 δ

<Ξ Cμ**^1-**^-

Thus we obtain

7T

S:^lCμ?"δ1-pΛ +

orTmore generally
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J \u\pa J
— it

Since pa — 1 > 0, by lemma 2

J -%r-^<o°'
— It

and we can prove (see Zygmund [2])

r j ^ ^ + θiKu + θ) du<cx>

J \u\p«
-it

Put r = 1 - l/(» + 1), then

V'-Ku

by lemma 2.
Therefore by Abel's transformation,

a.e.

in which we can raplaca O'n) by o(n), using the argument due to Zygmund
[2]. Thus we have proved the theorem completely.
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