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Y. Misonou, in his preceding paper [3], has studied the direct-product
of arbitrary PΓ-algebras generalizing the notion due to F. J. Murray-J. von
Neumann [4] for factors of type I. It is defined as follows.

Let Λj and A2 be W*-algebras on Hubert spaces HΎ and H* respectively.
Then the direct-product Aτ (g) A2 of Aτ and A2 is denned as the weak closure
(in the algebra of bounded operators on HΎ x Hd of the algebraical direct-
product Aλ © A2.

The main purpose of the present note is to clarify the relationship
between Av*, A3* and (Ax (x) A3)*, where A* denotes the set of all σ-weak
continous (ultra-faiblement CDntinue) linear functions on a W*-algebra A [1],
and as its application we shall prove Y. Misonou's Theorem 1.

Let AΎ and A2 be W*-algebras on Hubert spaces Hλ and Hλ respectively,
and let Ax (x) A2 be the direct-product of Aτ and A2 on Hi x H%. Moreover,
let ili*, A2* and (Aτ (x) A2)* be the Banach space of all cr-weakly continuous
linear functionals on AΊ,A2 and A^A* respectively, then

(Aτ*)* - Aj, (A2*)* = A2 and ((A1 ® A,)*)* - Aτ(^A2

as Banach spaces (cf. J. Dixmier [1]).
As in [6], we shall denote the operator bound

ill 2 χt x y* Ji (^ ^ -A-!, yι € A2) by a I 2 ^ x ^ ), therefore its associate norm
ί=l ^ ί = l /

oί' is denned as follows (cf. R. Schatten [5]):,

where sup is taken over all expressions 2 ^ x JVί€ Ai 0 A2 that is, α'-norm
ΐ = l

is a functional norm.

Then our aimed theorem is the following

THEOREM 1. Ax* x *Ά2* = (Aτ (g) A2)*.

We shall devide the proof into two steps.

LEMMA 1. AL* 0 A2* S (A: (x) A2)*.

PROOF, φ 6 A^, ψ ^ A3* imply the following representations [1]
OO CO

φ{χ) = Έ < hx, h >. Ψ(y) = Σ < viy, VJ >
ί-l J.I
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oo oo oo oo

where 2 : h Λ 2 Γ?« lίa» 2 'I VJ ί!a, a π d 2 w '!3 a r e a 1 1 finite Therefore
i=i i=i

and

and similarly 2 ?« x 7̂.? 2 a r e both finite, and, since Aτ 0 A2 is weakly
«̂

•dense in AL (x) Λa, φ x ψ can be extended onto Aτ (x) A^ preserving its
representation; then φ x ψ ζ (Aλ (x) A3)*.

Since an arbitrary element of Aj* 0 A2* is a linear combination of the
elements of the form φ x ψ, we complete the proof of Lemma 1.

LEMMA 2. A^ 0 A2* is α'-dense in (Aτ ® -As)*.

PROOF. Let φ bs an arbitrary element of (A1 (x) A2)*, and let its repre-

sentation be φ(.) = 2 ^ Ui'> Vί > > w h e r e 2 !! u>- i2 a n (^ 2 ίiVt 2 a r e

ί=i i=i i=i

Now, if an arbitrary small positive number £ is given, then there exists
an integer n0 such that

(2 "t
Wo

Put φ'(.) = 2 < ut"» ^ > o n

a\φ -φ')= φ - φ' s f 2 %i:2)1 / 3( 2 i »«I* ) i ; a

Since {ui}, {vi} are elements of Hι x Hi and Hi 0 Hi is dense in Hx x Hi,
Pi <lf

there exist 2 ξ) x ?j, 2^1 x vi s u c ί l

J = l fc=l

Pi

\ Ui ~ J£*ξj x ξj."

(i =1,2,....,no)

' Vi — 2 Vk x
 *?J!

^where λ = m a x ( ] Ui , • Vi :).

Now define the functionals
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7*0 , Pi v JH

and Φo(.) = 2 ^ ( 2 %) x ?j )#' 2 ^ x Vk > >

then clearly φo( ) ^ ^ i * Θ A2*, and

" 0

2 < U - 2?}

l j :!»«i! + Σ

vi - 2 ^ x Vic S c/3 + 2 λ < 5 / 3 ^λ + 2λθ/3woλ = 6. Q. E. D.
fc = l 1 1

COROLLARY 1. Let C{H) be the set of all completely continuous operators

on a Hilbert space H, then

(C(Hτ) x »C(Hi))* - C{HλY x «>C(Hi)*.

PROOF. Let F(Hf) be the full operator algebras on Hi, then F(i£)* are
trace classes of operators on Hi\ and moreover F{Hi)* are conjugate spaces,
of C(Hi) (t = 1,2). And finaly by [6]

am x «'C(m = C(JΪ x ̂ 2),
therefore by our Theorem 1,

[C(Hτ) x "C(iί>)]* - C(i7i x ^ ) *
x ίΓ2)*

x *>F{m*
x«>C{m*. q.e.d.

THEOREM 2 (Y. Misonou [3; Thm. 1]). £έtf Ax ^ α W*-algebra on Hilbert
spaces Hτ and Kλ and let A2 be a W*-algebra on a Hilbert space HΛ and iζ>.
Then the direct product of Aλ and A2 on H± x Hλ is algebraically *-isomorphic
to the one of Aj and A> on Kτ x Kλ.

PROOF. Aτ*, A2* and α-norm are determined by algebraic characters of
A] and A>i} and therefore α'-norm is determined algebraically. Now let A3

(x) A2 = A on Hi x H> and Ax ® A2 = B on /Γx x ^L2. Then by the above
mentioned facts and by our theorem A* and JB* are isometric as Banach
spaces.

Now, by our Theorem

A = (A*)* = (A14s x *Ά2*)*

£ = (β*)* = (Ax* x α/A2*)*.

Therefore, by identifying the elements of A and B as functionals on Ai* x
αΆ2+, we have the isometry between A and B as Banach spaces.

While by a Theorem due to R. V. Kadison [2 Thm. 14], the Banach space
isometry between two W*-algebras, is a direct sum of ^-isomorphism and
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anti-*-isomorphism.

Now, the above-described isometry between A and B contains clearly

Ax Θ A.2. in the #-isomorphic part. Since Aτ © A2 is dense in A, the proof

of Theorem 2 is completed.
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