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Let k be a field of characteristic p >0, and K = k(sj, , v θ a purely-
transcendental extension field over k. We denote by σ the automorphism
of K induced by acyclic permutation σ : s( -> sι-i (/mod. ^w). The object of
this note lies in proving the fact that the fixed field L of σ is also a purely
transcendental extension field over kι \

We prove it by construe ing a system of generators of L/k which are
algebraically independent over k. In the construction we take several systems
of generators of K/k and obtain, finally, a system (Vϋ, , Vn-Ί, vly ...., vpn-n)
which is transformed by σ in the following manner:

( 1 ) σ Vj = Vj+fjiy0, .. .., K,-i), j = 0, .. .., n - 1,
σVt =v,, * = 1, . , ί n — Λ,

where/XΛb, , ΛΓJ-I) means a polynomial which arises in the /-th principal
component by the computation of Witt's vectors (E. Witt [3])

When we have proved the existence of such generators (1), the seeking

generators for L/k are constructed as follows: Since

σ(K 0 , . . . . ,F l l -,)=:(F ϋ , . . . . ,y n - 1 ) + l,
the component Ft of the right side of a relation

(Vo, . ., vn-,y- (Vo,.. ., Vn-i) - ( F 0 ; F i , . . . . , F ; . , )

belongs to L. Hence,

L = ^ ( F U ; . . . . , F w _3, ^i, •. •, ̂ . - n ) c : L,

(K: L')>(K: L).

Vo, . . . . , ] / „ - ! are algebraic over Zr and ^ ( F o , . . . . , Fw_ τ) - K is a cyclic
extension field over L of degree at most pn (E. Witt [3]),

Therefore, Z = Z' = ^(Fo, , Fn-i, fα, , υPn-n). As Z is a field with degree
of transcendency pn over k, the pn generators

FQ, . . . , F w _] , ^i, . . - , Vpn-n

are algebraically independent over k. Furthermore, in the following const-
ruction we may take a system of polynomials in 5,, , v> as the seeking
generators of L/k.

1) The original problem which we have heard of from Prof. C. Chevalley, was
the case for any field k of arbitrary characteristic and K=k(xlt ,xp) with ρ=5,
and was already established in [1] and [2]. It is not yet solved for p which is not
equal to the characteristic of k.
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Thus the problem is reduced to the proof of the existence of generators
with (1). In order to construct them, we take, at first, a new system of
generators2) (tλ, . .tP

n) of K/k which are transformed by σ as follows:

CONSTRUCTION OF GENERATORS WITH (4). The elements

/the index
Considered modulo

P*^ (i + μ — 1\ /the index of sz+μ is to be(5) U " έ ̂  * -2 / ί+μ C

satisfy (4). In fact,

μ = 0

As the determinant of right side of (5) is 1, st are also linear forms in tim

Therefore k(s1} - . .., spn) = k(th , tpΛ), so that U are seeking generators (4).
From these t t, we now construct a new set of generators (m) on which

the automorphism σ operates as follows :

I uh i^P -f 1,

Ui + (upo+1up+ι . Upj~1+j)p~1

> i = p1 + 1

In the following, for convenience' sake, we distinguish two kinds of letters
capital letter Uj means ut with i = p] + 1, and small letter ^ f means always
2/j with index *=*=/>'' -f-1, 0 S / < w (which is invariant uuder σ):

Uγ\ __ . * ~~ '" "''£()* _ T = n<Pn in number,

(β r)

CONSTRUCTION OF GENERATORS WITH (6'). Putting Uj into its own place

2) The existence of such generators are informed by Prof. T. Tannaka and Mr.
S. Takahashi, independently. Mr. S. Takahashi has proved it employing the Jordan's
normal form of linear transformation without giving the concrete form of tu
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in the series {ufr with / = p + 1, and arranging ut in the order / = 1,2,3,
. . . . we shall construct them by induction on /. By the construction we do
more precisely

(7) u

τ\

where at € k{uu . . . . , ^ί_i)3) a L,
<8) Bι is a polynomial in Z70, , Uj over &>υ , «*-i)3) c: Z of grade

i - 1,4)

and
(9) for f Φ ί J + l the coefficient of the term Ujf° Up (0 <; ak < p) of grade

z — 1 is not zero.
Firstly we put

Uv = tι, UQ = — ^2,

and assume that we have already succeeded to construct the generators up
to uι, Uj+i with, P + 1 ^ i^_Pj+1. We shall prove a lemma concerning the
terms in Bι.

LEMMA For any term U%° Up of grade G^i—1, not equal to (Uo

U^'1, there exists a polynomial P(U0, , Uj) of grade g G + 1 with
coefficients in the prime field such that

<10; Up.... Up = (σ - l)P(Uo, - , Uj).

Furthermore the term C/f° Up (0 ̂  &c < p, 2 A ί * = G + 1) appears in

the polynomial P(U0, , Uj) with a non zero coefficient, when C7*° Up

= ί/7° • • Z7f' (0 < 5fc < ^ ) .
PROOF. Induction in the grade. Since 1 = (σ- — 1)Z7OJ we assume that the

lemma is true for terms of grade less than m. Then we define an ordering
among terms of grade m:

(0) U«» Up < ί/f .. . Up if a5 = βh . . . . , a,+1 - &+ ι > Λδ < ft.

Next, we use induction in this ordering. The first step of induction is devided
in two cases. The first term in the ordering is £/J\
1. When m φ — 1 mod. p,

Hence, collecting terms after the third in a polynomial C,

3) Strictly speaking, this means k( ,Uk, ,), k SΞ i — 1, & Φ />Z -f 1, I <j +
1. By distinguishing the capital letters Uj and the small letters u^, these restrictions
^Φ/>1 + 1 can be carried out automatically.

4) We define the grade of V*o V*s by the number α0 + &\p 4- +ajj>} and

the grade of a polynomial by the highest grade of its terms. '
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where C is a polynomial in Uo of grades less than in — 1. By the assumption
of induction for m, C = (σ- — 1)C, C is a polynomial of grade less than m.
Therefore

(ID ϋ j - - C«r- 1 ) [ — ^ 175- + C ].

The polynomial in the right side is of grade at most m+l.
2. When m Ξ= — 1 modi, we put m=pq—l. Then,

) = (UP + l)*-i (Z7i + ί/^"1)

+ tfg*-1 + (* 7 ^σyci-υ-i +

From the same reason as in the case 1,

(12) U^ = (o- - VfLUS«-»Ui + £> ]

where the polynomial in the right side is of grade at most m -f 1.
Now, we assume that the lemma is already proved to be true for terms

of grade m which are placed before U%° • • • Up in the ordering (0), and
prove the lemma for £/*° Uf*.

When a0 = = a3 = — 1 mod. p, we have a0 = . . . . = a5 = p — 1?

because 2 α:fc/)fc = ί — 1 <;/>7"+1 — 1. This term arises only when i = p:>+\ and

it is the exceptional term of the lemma. We may put accordingly

ao~ . . . . =alc_ι = - l

α:*; Φ - 1 mod. p, 0 s ^ < y y

«/ = P(Qι + 1) - 1, O^ίs k- L
Then,

rrrPio TTpqk-lTTafc+l τfk + 1 rfrt

σlU U U Uk UJ\
= (£7?

(13) x ( Z 7 ϊ + (D ru---.C^-i)p-1)e*+1

x (Ϊ7* + I + (ί/o -ut f-vr™- -.(c/> + «70 -.

....UJ + E,
where E1 means the sum of remainder terms and they are of grade at most
m and placed before (<x0, , aό) if grade are m. Therefore, from the
assumption

(14) E/yo.... uf* = (σ - D [ ^ 1

f : - 1 ί ^ - • ^ S - 1 ε/?*+1 t/Γίί1 ^ +

In the right side, the polynomial is of grade at most in + 1.
In the above deformation of U£° Up into the form (10), if any one

of exponents in U"° Up is greater than p, each term of grade m + 1 in

5) Since i — l^m = pq —l,q^>lf we see i ^>ρ. When i = p, then m = p —1,
and it is the exceptional case of the lemma. When i >ρ, the (p 4- l)-th term 6^ was
already constructed.
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the polynomial P in (10) contains an exponent greater than p. In fact, it is
obvious for U™ by (11), (12). As, in the right side of (13), each term of grade
m in E contains an exponent greater than p, the assertion is proved by
induction in the ordering (0).

When we deform if** iff*, 0 <fcck < p, into a form (14), each term of
grade m + 1 in Ef contains an exponent greater than p, because each term
of grade m in E in (13) also contains such exponents. Therefore, in the
relation (14), any term in E' cannot cancel with the first one.

Thus we proved the lemma.

Now, we continue the construction of (6').
From (4) and (7)

(15) (σ - "

In both cases the right side is polynomial in [/0, , Uj of grade i — 1 over

k(uι,.... ,U/c, )4), k <; /, with non-zero coefficient for Uff*- iffi, 0 <: ά^ <

P> 2 α ^ f c = i— 16) In particular, when / = p+ι the coefficient b{ of (Z70

'•UJY'1 is not zero. Since all coefficients are invariant under σ, applying

the previous lemma, we may deform the right side of (15) into the form

(σ- - 1) Bi+jiUo, ' - , Uj), except for the term (Uo . Uj)1'-1 for i = p+\ i. e.

64 Φ 0, z =

Bi+1 is a polynomial of grade i with non zero coefficient for Uψ.. ..

0 ^ A; < P, 2 ^ = L T h e Π

«/ + l = ti + 1 - Bt + 1(U0, "", Uj), i φ j

C7J+1 =
 τ

b tt+1 - ~Bi+1(U0, .. .., ί/,), ί =

satisfy the conditions (6'), (8) and (9). Thus we have completed the const-
ruction of all Ui, Uj. Obviously, they generate K over *, k(u, U) = k(t).

To construct (1), we utilize some properties of Witt's vectors over K.
Let x0, Xι, , yo,yι, be variables over K. The addition of two vectors
(x0, xlt ) and (yo,yι, ) is defined by polynomials :

where gλ(x,y) is a polynomial of equi-grade pi in xυ, , χt^ y0, 1

6) When i Φ / > J + l , it is obvious by the condition (9). For i = pJ + 1, the term
is U with non zero coefficient I/at.
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yι-{^ over prime field kϋ. Furthermore, the coefficient of (x0, , Xi-Up~l JVo *#
(ji{x,y) is ( — 1)*.

PROOF. We shall deal with vectors over prime field R of characteristic
€ and use "sub-components" # ( 0

<17) *«> = ** + ί*/" 1 +••••+ £***.

The addition (16) over K is induced by addition over R defined by sub-
components (17),

(18) (Xo'Xl' •••') +(^o,^i, '•••)
- (Λb +J>o,*i+JΊ + *i(*θO, ••• |* ( 0 ) +3> ( 0 ) , * ( 1 ) + J > α ) , ••••),

Λί(ΛΓ, 3?) is a polynomial with integral coefficients and reduces into gι(x, y)
modulo p. It is sufficient to prove the assertion for these ht(x,y). (17) (18)
show

-so that,

- M P - pyf

-t- ί*(Λc + yι + Λι)* - ί'Λ?' - p

It is obvious that hi+Ύ is equi-grade ί<+1, when all hk are equi-grade p6, k
^ z. Furthermore, as the term, which contains Xι exactly, arises only from

P\xι +yi + hγ, the coefficient of (*υ -ΛΓ^-^O in (19) is -

— 1 times multiple of that of (x0 Xi-i)p~1y0 in h(x,y). Since the assertion

is true for hΛ(xd,yd) = >-χ— 2 ( ^ ) *o3;o~ι'> we may complete the proof by

induction on f.

When we calculate about vectors of components in K, we may put them
into (16). Therefore, we put (yo,yτ, •) = (1, 0, ) = 1 into (16), then

) + 1

where A(x) is a polynomial in x0, •• ••, ΛΓί-! of grade jp* — 1 and contains the
term (ΛΓ0 Xi^y-1 with coefficient ( — 1)*.

CONSTRUCTION OF GENERATORS WITH (1). We take pn — n elements uΊi ••

7) This means that gι(x,y) is a polynomial with terms x<*o tfίϊ1 yζ^ ' -ytίΐ1,
ί-l ί - l
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• , upn as Vi, ,Ppn-n, with a suitable renewing of indices. As for Vj with

(1) σVj = Vj +/XFo, •• - , Fj-O, / = 0, . - ,Λ - 1,

we may define inductively as follows

(21) F ° = U°>
• VJ^ £JUS + Hj(Uo, , £/,-_,), θ, = ± 1,

when JHXC/Ό, , Uj-i) is a polynomial over prime field k0 of grade at most
p1. Assume that Ffc, k^j are already defined, then

(σ-l)Uj+ι= (UO UJY-1

(2 2) = £χ W W - ΆiUo))*-1-' "(Vj - Hj{Uo, - -, tΛ-O)2'-1

= <?!•••• £jKFpF, F ^ - i + # W 0 , . . , £/,-l7 Fo, , Vj)].

Putting (21) into Hf, we deform it into a polynomial H" in Uυ, , Uj of

grade less than pί+1 — 1. As (Fo F^)*"1 is not in H>, the exceptional term

(JJo UJY'1 of the previous lemma can not appear in H". Indeed, a term

in Hr is

Putting (21) into it, it is reduced into

£/•-•• ί/^ΐ1 ^° ίftC î + ^C/0))β l (£JK; +

in which each term has an exponent less than p — 1 for one of Uk, * , Uj.

So that, (E/o UjY~ι

y does not exist in Hn. Hence, applying the previous-

lemma we have

where Httr is of grade at most p1+l, and collecting it to the left side,

(23) (σ - 1)[UJ+1 + H'»(Uo, "•', Uj)] = ^ £ / F 0 , . . . . , F > - i .

On the other hand, in the polynomial

/}+1(Fo, , Vj) = ( - iy+ i(F 0, , F;;)*-i + 7(F0, . . . . , Vj),

there is no (Fo, , F,)29"1 in the remainder /(Fo, , F, ) We put then (21)

into / and reduce it into a form (σ — 1)J"(UO, , Uj), where ) " is of grade

at most p'+1 — 1. It is really possible from the same reason as above.

Transfering / to the left side

(24) {σ - l)J''(Uo, - > ,Uj)= / J + i (Fo, , Vj) + ( - i y ( F 0 , , VjY'K

From (23) and (24) it follows,

(σ - Dte- <9; F, + 1 + €τ • -ajR'" + ( - iy + VΊ = ( - iy+1/}+i(F0, , Vj)..

So that we may define

vj+L = εΊ - • -ej( - iy+iuJ+1 + fx •£/ - i y + i f l w + / '

where ^ / / r , / " are of grade at most pj+1.

Thus we completed the construction of (21). Obviously k(V0, Vn-τ}

= k(Uo, , Un-i), and ^ , Vj are generators of ϋC/̂ .

In the above construction, (4) are linear forms in 5, (60 are rational
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functions in (4), (1) are polynomials in (β'); and the seeking generators of
L/k are polynomials in (1). If we insert a new set of generators (4') of K/k

(40 -. {t(/tit i = 2,....,p»,

between (4) and (6'), then (6') may be defined from (4') by

(70

where dh lies in prime field k0, and B\ is a polynomial over kύ{u^ , #ι-i).

The final generators of L/k are, then, rational functions in st in which

denominators are powers of 2 S i = #i Therefore, multiplying a suitable

powers of v1} to ^3, , vpn-n, Fo, •• : Fj, we may take polynomials of 5l7 ••
",sp, as seeking generators for L/k.
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