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1. Let

be a function regular for r = \z\ < 1. If for some p > 0, the integral

J I
remains bounded when r -> 1 — 0, the function /(^) is said to belong to the
class Hp. If P > 1, a necessary and sufficient condition for the function /*(z)
to belong to the class Hp, is that the real part of the series

is the Fourier series of a function of the class ZΛ
Throughout this paper we put

Sn(f, θ) = Sn{θ) = 2 C^> *»</, θ) = *«(fl
v = 0

^ 2 ^f? for a > -
and

i n

T%(f, θ) ΞΞ T«(<9) = ^J5 2 A ^ - ί ̂ "W f 0 Γ

71 v=0

where

Then we have <(0) = » {σ«Jβ) - «rί_jW} = αίcr--1^) - σ*(0)}.
A. Zygπnmd [6] has proved the following theorem:

THEOREM A. *> Iff{z) e H,

f
*) Aί,,5, C, denote constants, which are not the same with different occurrence..
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1I2

Bj

f { ^ l ^ ! ! } ' " dθ <L Cμ [f W«->|d»} , 0 < μ < 1.

H. C. Chow [1J has extended this theorem in the following form:

THEOREM B. If f(z) belongs to Hp (p > 0), then the series

j ? \τ«(θ)\*

converges for almost all θ, where a = IIp or a > 1/p according as 0 < p ^ 1
or 1 < p S 2.

In this note we complete Theorem B in the type of Theorem A. We
prove firstly

THEOREM 1. Iff(z) e H*> φ<p^2), then

where
a = Q +-$)/ρ and δ > 0 .

THEOREM 2. If f(z)e Hp(0 <p^ 1),

*

J
where a =

From these theorems we prove

THEOREM 3. #/(z) eHp (0<p^ 1),

ί sup |«r30)| \* Λ S A , , . / \A*°)\* dθ,

where a > 1/p — 1.

THEOREM 4. Iff(z) (£HP (0<p< 1/2),

f SUD |β K«| Γ dθ^ AP I nog*\f(e«)\dθ + BP,
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f ί Γ μ

sup WtW\ c
» dθ \ , 0 < μ < 1,

where a = 1/p — 1.

Theorem 3 is a generalization of results of Hardy-Littlewood [4] and
Gwilliam [2j. Theorem 4 settles a conjecture of A. Zygmund [7J. Concerning
his another conjecture [7], we prove the following theorem:

THEOREM 5. If f(z) e Hp(l <p^2), then

where a = Up.

THEOREM 6. If f(z) € Hp (1/2

I { sup dθ<B,
/

dθ,
{log (n + 2)yi" I

-It - 7 t

where a = 1/p — 1.

But there is discrepancy^ between Theorem 6 and Zygmund's conjecture.

2. For the proof of these theorems, we need the following lemmas.

LEMMA 1. Iff(z) € Hk(k ^ 1), and

ifi = sup
0<|Λ| <τi

du

then

dθ.

Further if f(z) ^ Hι and k<2,

f <ή(β)r dθ :

-It —JC

This is proved implicitly in the Hardy-Littlewood paper [5].

LEMMA 2. If q/(q -l)<L2<,q and μ = (2 — q)/2q, then

1 f [^ 1«"
2^r J I ~ J

This is a particular case of a Hardy-Littlewood theorem [3J.

LEMMA 3. Iff(z) € if, and we put

\ sup (1.— r ) 2 |sn((9)|V2w ί =/f W,
I 0<r<l J ^ J

*> See addendum at the end of the paper.
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J i/f {θ)\dθ<AJ \f{^)!log- \fe*)\dθ + B,
-it -it

f \f; (θ)\^dθ S α I J \f(e*)\dθ Y, 0 < μ < 1.
-it ~

PROOF. Since the function (1 — r)rin has a maximum at r = 1 — l/(2w + 1),
we have

Hence

sup (1 - r)
1/2

.1/2

From Theorem A and a well-known maximal theorem, we get the
lemma.

LEMMA 4. Iff{z) c i/2, αwd w£ put

then

f \f?(θ)\2 dθ^Al IΛ^I*

PROOF. The proof of this lemma is analogous to that of the above
lemma.
Since

we have
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<n*(n + l)log(n + :

By the well-known result [6], we get

J \f(e»)\*dθ,

which is the required.

LEMMA 5. If fiz) is zeropoint-free and flz) = gz{z\
then

where a is a positive number.
PROOF. Since fiz) = g\z), we have

and then

Thus we get

rt a\\ i

+ {jup \σϊ«+1)l\g,θ)\*} | ^ -

- ί βΦ

+

LEMMA 6. For any positive λ, a, and large n,A *t(log nYn*«+L ^ J I log (1 - r) | λ

o

PROOF. From the change of variables

fl (1 - rγ«r*n _, f τ*"(l -
J dr=J ~^-

dr<

l/n
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.say. Then

= / ~ \ - ,- <S ;/ .Λ I ( 1 ' — r) 2 / i </r < —-
j |logr|λ (logn)AJ ~ n2<*
ϋ 0

and

l/n l/n

1

^ 1 — 1/w Γ
^ | logw| λ J

0

On the other hand,

f (1 _ y n r f = M Γ - (1 - ry»^ I1

J n*»(log n)κ\_ 2n + 1 J
l / 1

3. Proof of Theorem 1. Let us put
CO

and

= j (1 - r)a

then

*W = x l

On the other hand, since

we have by ParsevaPs identity,

In proving these theorems we can suppose that f(z) has no zeros inside
the unite circle. Put



102 G.SUNOUCHI

then F{z) belongs to H\ Let β = (1 + δ)/2, a = (1 + δ)/£, δ > 0. Since

we have
(2/P-1) ZeiθF(zei9)bu*9) = 2 f Fize

-zY p\{l~

and hence
(2/P-1)

1
/

* (

If we take k < 2, then by Lemma 1,

(i + ^ f}'

Thus we get

Ψ«(P, θ) ̂  A2{F£ (θψw-v I (1 — :
0

| l - r p e * " | * 3 / i '
— π

and

(a/u-i>

.+

By Holder's inequality for the indices 2/p,2/(2—p), it follows,

J \Ψa(l,

t{f \Fί(θ)\»dθ} {J dθj (1-rydr
-it t 0

/

it

/ MΛ
V l - r /

-it 0
P/2

, (/,)<*-*>"•(/*)"»,
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say. From Lemma 1,

it

For the sake of estimation of Jk, we consider the integral

f \l-r+ ly||W»w*-i> f~r f
J {(1 _ rf + φγβn> d<P=J +J -
0 r

0 l -

= AQ(1 —

and

/

* It

1rl-r

Since δ > 0, if we take k sufficiently near to 2, then

(2/ft - l)(2/p - 1) - 2S/P < 0
and

Hence

/" - rf -
— It

and
\m\ ϊ <2/fc)(2/jι-l)

/ ( 1 — r ) 2 Λ ( l —
0

{l-r)drf

Collecting these estimations, we get
P/2
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(2-j))/2+2)/2

\F(e*Θ)\*

Thus we get the theorem.

4. Proof of Theorem 2. The case p = 1 is Theorem A. Suppose that
l. Let

then Gfe) belongs to H. Then

/(*) = a{G(z)y-'G'{z\
so that

zeiθf(zeiθ) _ «^ zeiθ

and hence we have by Parseval's identity
2

Since 1/2

dφ.
• 1-reP

1, a — 1 < 1, and then we have by Holder's inequality

••{/
Gire***")

2 Λ - l

•(/•

rG'(rei(f>+iθ)
2/(2-*)

say.
Let us put

and

then

- r)
H - 0
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by Lemma 3.
On the other hand by Lemma 2, we have

^ 2/(2-*)

^ A5(l - ry-« 2 n"+ι\rt (θ)\2 r*\

Hence

where

{ °° I * //Ί\ j a 1 !^ 2

Since by Lemma 3 and Theorem A

f f
J =s= J
-It -Tt

we get the required

n

J log+ |/tβ*)Idθ + B,
-it

and

where α: = 1/p.
For the case l/(m + 1) S i S 1 / ^ , (/w = 2,3, . . . . ) , we can proceed

similarly, cf. H. C. Chow f2].

5. Proofs of Theorem 3 and 4. If we put
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then f(z) e Hp(0 <p<l) implies g{z) € H2P(0 <2p< 2). By Lemma 5, we have

\<(f,θ)\ ^ A ^ ^ ^ ^ ^

+ A, sup k/ Λ

and if (a - l)/2 > l/2p - 1, that is a > 1/p - 1 >0, we get

wst, rti a A Σ k.'-"^.")-Γ'""-(«wι

j sup

and

Γf sup \<m

dθ

\/(eιθ)\"dθ,

by Theorem 1.
Thus we get Theorem 3, that is

( sup \σlψ)\ Vdθ^Cj \f{έ°)\*dθ, 0<p<l,
—Λ -tt

where a > 1/p — 1.

JfO<p<: 1/2, then £fe) € H2P(0 <2p^ 1), and we can apply Theorem 2.
Thus we get for a = 1/p — 1

- 7 C > / °

f { sup |<y, 0)\ ) Pdθ^ A f ί ± J ^

+ f ( sup |< α + 1 >%,^)
— Tt

g A J |s-(e<β) |» log- \g(eP)\dθ + B

\/(etβ)\"log*\f(etβ)\dθ + B.

Similarly we can get the remaining inequalities.
Q. Proof of Theorem 5 and 6. If we write
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then

by Lemma 6. Let

Φa{r, θ) =

|log(p-

, and a = I/A then

—— aψ \ { I

— retψ\ J I J

by Holders inequality for (2 -/>)/£ < 1, where p' =p/(p -1) . The last term
is majorated by

While

by Lemma 4. Hence

f Γ rF\re1φ+iθ) p/ }

g A51 Ft (β) I ̂ " - ^ I log (1

by Lemma 2. Therefore

Ψ ί (p, ί ) g A 6 | F t (θ)I <*"-

r) 12

J

-reiφ

= 1

l^ί «log» )

As I Fϊ (θ) I β/*-
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by Lemma 4 and 6. Since

f {Fϊ(θψdθ^J \F(e?°)\* dθ,

we get

\Fi<*<>)\*dθ

where a = 1/p. This is nothing but Theorem 5.
If we put f(z) = g\z) and a = 1/ί - 1 > 0, then

0(2) € H™ (K2p< 2),
and hence we have by Lemma 5,

sup
0 ^ <

-f Ak { sup

From the above theorem,
It

/ ( sup
{log ( Λ + 2)2/1>

6 /

if

dθ

Thus we get Theorem 6.
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Added in the proof. There is a slip in Zygmund's paper [7]. See his
correction, Bull. Amer. M. Sv 51(1945), p. 446. So his conjecture coincides
with our Theorem 6. The detailed argument will be given in another paper.




