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1. In my previous paper, there is an essential error and here we should
correct it. This error was pointed out by Dr. S. Yano, whom the author
expresses hearty thanks.

The Lemma A of that paper is incorrect. In fact estimations from line
1 to 2 of p.122 are incorrect, so the conclusion may be replaced in the
following form.

LEMMA 1. Let φ(z) G / / Γ , r > 1, then we have

where 1 <s <r, # = 1 — P and
h

Ψ?(θ) I = SUp (\(\ ?(««•+") \°dtf \
o<|ftl<* N n J

PROOF. We have with the same notation (2.03)-(2.05),

P, 0 +t

Applying Jensen's inequality and integrating by parts successively, we have

Repeating the same argument, we have

, θ + O y ( 4

Hence we have Lemma 1, and it is well known that /?(0) belongs to Lr
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(cf. A.Zygmund [4]).
Consequently Theorem D, (1.16) is incorrect, and should be replaced by

the following form.

THEOREM 1. Let φ(z) e Hp, p > 1, then we have for 2<ίq <2p,

*r r

For the proof of the theorem, we use Lemma 2 instead of Lemma 1.

LEMMA 2. Let <p(z) e Hr, r > 1, then we have

where 1 < s <r, δ = 1 — p and
-A It

f (φί(θ)ydθ^Ar f

This lemma has been proved by A. Zygmund [4].

PROOF OF THEOREM 1. The proof will be done in three steps,
(a) the case p = q( !> 2). By the change of order of integration, we

have

/
—Λ 0

1

it 7C t

f (g*(β))"dθ = / dθf (1 - Py'dP-^rί I φ'(Peι°+lt) \"P(P, t)di
X —Λ 0 %

it

~^f P(P,t)dt
- 7 C 0

by Theorem A, (1.08) of the previous paper.
(b) the case p> q(2> 2). In this case if we put r = p/q > 1, the conjugate

index s of r is p/(p — q), and for the family of functions {?(#)}, which are
non-negative, belong to the class Ls and | | ? ( 0 ) | | ^ 1 , we have

It It

{ f (gί(θ)ydθYP = sup f (g$(θ))9i(θ)dθ
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it 1 it

= sup f dt

it

= sup f B(t)(gq(t)ydt,

where 5 ( 0 = sup ξ(P,t) and 5 ( 0 belongs the same class of

Applying Holder's inequality and the maximal theorem of Hardy-Little-
wood, we have

{/ (g?(θ))pξ(θ)dθ}Q/P = sup {f B«t))sdήl/S {f (gq(t))pdή9/P

" sup { f (ξ(t)ydt)1/s { f (gq(θydή

I <p(eiι) \Pdήq'P.

Hence we have
•Λ ft

ί (g«(0))pdθ <,APyQ f \φ(eiθ)\pdθ.

(c) the case p < q. It is no loss of generality to suppose that φ (z) is
free from zero points, and if we put <pp(z) = ψq(z), then ψ(z) e Hq and
ψ\z) = q/p ψίq-pVp(z)ψ'(z). It follows that, by Lemma 2,

)\*P(P,t)dt

S^dpJ |ΨW«+ i t )IV+ i 4 J -) P(P,t)dt
0 c

say. Hence by Holder's inequality, we have

* ΊC It

/
if* ) (9-P)/Q / ί*

* === ' IJ I \J
-it -it y -it

and
it it 1 tt

f (Kθ)ydθ ^Af dθfδq\ψ'(peiθ)\qdρf(l + - ^ δ2 + /2
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and that
-n t _,

dtn
δ

C ί I/I \β(9-p)/ftp Λt / /̂  Γ\ / \t

-it \ o Λ /

say. For /i :

/ 1 ^ 2 ^ / g ^ /

T 2 ^ 2 ^
0

and for the / 2 :

*qiq~PUkP t-*dt

under an assumption 1 — g(g —p)/kp^>Of and this condition is satisfied taking
& sufficiently near to ρ and if q<C2p.

Combining these estimations we obtain

f (g?(0,φ))»dθ^AP,q[f (ψUθ))'Idθ}ίq'Pyq{f (gq(θ,Ψ))"dθ}
P/Q

Thus the theorem is proved completely.

Using Theorem 1, we can not prove the theorem on strong summability
in general, that is, Theorem F can not be proved by this method completely.

2 REMARK. On the other hand, Theorem 1 can be generalized. For a
function φ(z) e Hp,p^> 1, by the definition we put

where #I>2 and cc will be defined later.
Then we obtain

THEOREM 2. Let φ(z) e Hp,p^>lf then we have for
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It 7f

f (g* (θ)ydθ^AP>q f \φ(et«)\"dθ

where

(i) if 1 <P^2 and q>=2i then a> 1 +-± —

^ if
(ii) if p>2 and q^2, then

±- if

In Theorem 2, if we put q = 2, we obtain Theorems 1 and 2 of G.Sunouchi
[3].

PROOF OF THEOREM 2. Proof can be done following the same line of that
of Theorem 1, and so we sketch the proof.

(a) the case /> = <Ki>2). By the change of the order of integration,
we have

where we have

j J
f dt __ ( r f\ dt

=
say. For / :

/ ^ 2^- g r t~ 2 J dt^ 2dq-
0

and for / :

J^2 J t*-**-*dt <; ilp,
δ

under an assumption ^α > ^ — 1. This is satisfied if

(2.01) a > 1 — ί - .

Hence we have under the above condition (2.01),

f (g* (θ))gdθ^AP,q f (g*(θ))"dθ
4/ q, cύ J q

ψ(ei»)\"dθ.
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(b) the case p> q(^> 2). In this case with the same notation of the
case (b) of Theorem 1, we have

[f(g* (Θ»*dθ)q/P= sup f (g* (θ)yξ(θ)dθ

7f 1

- sup fdt f(l -py-11 φ\peH) \qdP

2iΓiW|l-Pe«*-« fββ|-β+f

hence, if we define
Θ

f*(O= sup -1- fξ(t-u)du

and integrating by parts, we have

d0 ^J S(t θ) «^
j .

And if we put

d 0 = 2

say. Concerning with / i :

0

and for / 2 :

8

under an assumption ^α — <? + 1 > 0, and this is satisfied if

(2.02) α > i _ i - .

Then, we obtain under the above condition (2.02), applying Holder's
inequality and the maximal theorem,
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/ (** (θ»*dθ\ = sup Λ,fβ I ξ*(t)(gq(t)ydt

sup i4P,β{ / «*(OβΛ} { / (ft(O)pΛ

Hence we obtain
It

f (gϊ
-It ' -ic

(c) the case /><C<? Following the same arguments such as the case (c)
of Theorem 1, we have

i4p, β C*

say. And so by Holder's inequality,

7f It

f(g*a(θ))°dθ^AP,q {f (Ψζ

where

9 '

/
- 7 £

and that

= /. + /=.
say. For / Ί :

and for / 2 :

h^2dq«J {—) F—*dt

under the assumption <?α — <?(<? — p)/kp > q — I, And this condition is satis-
fied taking k sufficiently near to q and if
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(2.03) β > i + _1_ _._L.

Combining these estimations we obtain under the above condition (2.03),

Thus we can complete the proof of Theorem 2.

As an application of Theorem 2, we can prove theorems on strong
summability of Fourier series.

Let us put according to G. Sunouchi [2],
oo oo

<f(z) = 2 cnz
n = 2 CnP»etn°9

0 0

•] A%zlsv(θ), for α > -

and

2 An-lU(θ)t for a > 0,
v=0

where A^{n^a) - wΛ/Γ(« + 1).

Then we have

Now, G. Sunouchi [2,3] proved the following most general theorem.

THEOREM 3. If φ (z) e Hp, p > 0, then we have

where a > — - if 0 < p <I2, αwei α > -^ if p> 2 respectively.
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We can generalize this theorem for the case p > 1.

THEOREM 4. / / φ (z) e Hp, p > 1,

where p, q and a satisfy the conditions of Theorem 2.

This theorem is immediately obtained from a following lemma.

LEMMA 3. / / φ(z) e Hp,p > 1, then

This can be proved following the same argument of G. Sunouchi [3,
Lemma 1] and S. Koizumi [1, p.125].

REMARK. In the case l < / > ^ 2 , Theorem 2 can be proved simply by
reducing to Theorem 1 of G. Sunouchi [3], where we use Lemma 1 instead
of Lemma 2 in this note. However in the case p > 2 it may not be followed
but less general result, if we reduce to Theorem 2 of G. Sunouchi [3].
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