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1. In my previous paper, there is an essential error and here we should
correct it. This error was pointed out by Dr. S. Yano, whom the author
expresses hearty thanks.

The Lemma A of that paper is incorrect. In fact estimations from line
1 to 2 of p.122 are incorrect, so the conclusion may be replaced in the
following form.

Lemma 1. Let ¢(2) € H", » > 1, then we have
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where 1 <s<r,0=1—p and
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Proor. We have with the same notation (2.03)-(2.05),
|1 [, 9
08, 0+ 01 = | g | £€0+ 1+ 1005 Po,wrd|
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Applying Jensen’s inequality and integrating by parts successively, we have

T

1/s
|up(0, 6 + )| < %{-};fi [£CO +u)FPo,u — t)du}

C ’ 1/5
=S rro+ EHY”
Repeating the same argument, we have
1/s
uetp, 0 + 1< S rreox(1+ L),

Hence we have Lemma 1, and it is well known that f¥f(#) belongs to Lr
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(cf. AZygmund [4]).
Consequently Theorem D, (1.16) is incorrect, and should be replaced by
the following form.

Tueorem 1. Let ¢(2) € H?, p > 1, then we have for 2<q < 2p,

S aicorrdo < As,o f 10 pas.

For the proof of the theorem, we use Lemma 2 instead of Lemma 1.
Lemma 2. Let ¢(2) € H",r > 1, then we have
/8
| eCoetoriny| < Corcor(1 + L),

where 1 <s<r,0=1—0p and

S—n

J wrconras < A [ |oceo Fao.

]

This lemma has been proved by A. Zygmund [4].

Proor or Tueorem 1. The proof will be done in three steps.
(a) the case p =¢(=>=2). By the change of order of integration, we
have

L n 1 z
J @icorran = [ a0 [ a—ormaog [ 1oweons b, vat
- - 0 -
L4 1 1 x
= [ do [ A —0y1]¢’ ) ido— [ PCo, 2t
-1 0 -
= [ <&o>>ds

<A 1o

by Theorem A, (1.08) of the previous paper.

(b) the case p > q(=>2). In this case if we put » = p/q > 1, the conjugate
index s of 7 is p/(p — @), and for the family of functions {£(6)}, which are
non-negative, belong to the class L° and [[£(6)] <1, we have

/ r * \q/p_ 7 * q
{J atcoran]™ = sup [ catcorrscords



CORRECTION AND REMARK 237

— dt 1—p)e-1 ity [@ o2 t—
i?o%f, f( —01°1 | ¢ Coe) [id -, few)P(p 6)do

=sup | E()(g.(t))Wdt,
{€@)) Y x
where E(t) =o§‘|,1/;: £(0,t) and E(¢) belongs the same class of {£(64)}.

Applying Holder’s inequality and the maximal theorem of Hardy-Little-
wood, we have

7T

a/. % 1/s [ q/
[ carconrecoran)™ = sup | [mcoral)”{ [ @™

{£€0)}

7T

<A sup { [ cwyay™ | f Cauctrat) "
A a/p
gAs{[ﬂ FICOYT
Hence we have
[ aionrao < A, [ 1o pao.
- -1
(c) the case p<gq. It is no loss of generality to suppose that ¢(2) is
free from zero points, and if we put ¢?(z) = ¢%=2), then ¢(z) € H? and

©'(2) =q/p ¢ P/?(2)¢’'(z). It follows that, by Lemma 2,

(g*(0 (p))q_ _faq ldpf( (I |¢(pe‘0+”) ItI(q p)/p|¢. (pet0+tc) lqp(p t)dt

@-p)/kp

1 x
< Ay, o(GECO DI [ 8+-1dp f‘ | @ coeoriey i1+ LY peo, yat

= Ay, o (PO DP(J(6)), 1<k<qy,

say. Hence by Holder’s inequality, we have

fcg::w ed < Aol [ orcoryan) " !f<1<0>>Qdo, !

and

T T 1 T -
L(](o))qda éA!;da‘[aq“b’(peta) [qdpj;(l " Jé-j)q(q 0)/kp 3_2%{_[2
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and that

z 't' a(2-p)/%p  Jt -
s L e o
= Ji+

°\o¢

™\ / @-n/ke  Jt
+‘{‘>(1+_[‘§_l_)41111 Pm

-7

<~

2

say. For Ji:

dt .
) =2

and for the J,:

9(2-p)/kp

f<on [ (L) t-dt

T
= 25q—a(a-p)/lcpftQ(Q—p)/kp—zdt
3

= Al’r qaq_l

under an assumption 1 — ¢g(g — p)/kp >0, and this condition is satisfied taking
k sufficiently near to g and if ¢ <{2p.
Combining these estimations we obtain

x T @/ x y
[ o, a0 < 4, [ corcorrao) " [ caco, erra0)™

= Ay,0 [ 4 pd.

Thus the theorem is proved completely.

Using Theorem 1, we can not prove the theorem on strong summability
in general, that is, Theorem F can not be proved by this method completely.

2. Remark. On the other hand, Theorem 1 can be generalized. For a
function ¢(z) € H?,p > 1, by the definition we put

g4,4(0,9) =g «(6)

1 k4
1 ’ dt 1
= {[(1 - P)‘”‘dp-é;{_j; | " (oetot+it) [qTﬁequme

where ¢ >2 and « will be defined later.
Then we obtain

Turorem 2. Let ¢(2) Hr,p>‘1, then we have for q>2,
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J & 0rdo <A [ oo

where
)] if1<ngandqu,thena>1+%——%
a>1+—5 -2 if p<a,
(i) if p>2 and q=2,then
a>1—% if p=q.

In Theorem 2, if we put ¢ = 2, we obtain Theorems 1 and 2 of G.Sunouchi
[31.

Proor or TueoreM 2. Proof can be done following the same line of that
of Theorem 1, and so we sketch the proof.

(a) the case p=¢q9(>=2). By the change of the order of integration,
we have

k1 k4 1
f(g:m(ﬂ))qdﬁ = fdﬁf(l — 0)1| ¢’ (pe'®) ]qdp f = pe“ T1=peft -+
Y J . o

where we have

8 E4
fll—pe”l"“““ 2([+f)(6z+mz
8

= I ]’
say. For I:
8
I < 2507992 f dt — 281-18-1
[}
and for J:

jg 2 ftq—qw—zdt é Ap, ng—qm—x
8

under an assumption ga > ¢ — 1. This is satisfied if
2.01) a>1 ——1q—.

Hence we have under the above condition (2.01),

[ ez orao<a,. [ grcorra

SApq ) [ee®]do.

Iﬂ\a
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(b) the case p> ¢(>2). In this case with the same notation of the
case (b) of Theorem 1, we have

/ I * \ P 7
lﬁ(gq’w(a))”dﬁi = {zl(g)} _fﬂ(g;"m(o))qs(o)do

= dt 1—p)21 pett) 2do
2‘(‘,‘,’;[, fc 01| ¢'(bett) |

(1 p)qw 941 da

-q+2

hence, if we define

§¥(t) = sup
o<m<n

[}
1
-Tlabmmq
and integrating by parts, we have

“ (1 — p)e%-a+1 2 5I%-a+1
= ff(ﬁ) l 1 — peiz)—ioiqa—q+2dﬂ _gf&(t 0)<52 + 02) (9a-9+2)/2 dﬂ

~ K3 0%-9+1924 g
= A4y, qé*(w(aq“ "+ f (0% + 02)(qa-q+4)/2)'
-

And if we put

T 5 .
09%-1+192
]=f (ot ¢ gnGe-rnrd0 =2 (f + f)
J. )+

=i+ Je,
say. Concerning with J;:

5<1w a+192
]‘éz ToE-ata dg <A

and for J.:

A
j'zg 2f 5qa—q+10q—qu—2dﬁ gAp,q
]

under an assumption g — ¢ + 1> 0, and this is satisfied if
(2.02) a>1—%.

Then, we obtain under the above condition (2.02), applying Holder’s
inequality and the maximal theorem,
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f o " /P _ A 7 *(t P
([ car coran)”™ = sup Ay [ et yat

_ f an I | /7
= sup An{ [ @avan” | [ Gaunrrat)

A a/p
<A leceypat)”.
Hence we obtain

[ gt a0d0 <A, [ |oceopao.

'

(c) the case p<Cq. Following the same arguments such as the case (c)
of Theorem 1, we have

(g;"w(ﬁ, ¥ = Ap,q((b:(ﬂ))"“"”’/”(f(o))", 1<k<gq
say. And so by Hélder’s inequality,
f(g* (0)rd0 < Ao { [ Corcoryan)” " ’f (Jeorydo)”

where

j</(0>>”d0 —fdofaww (bet®) ]wpf(l Ll ltl e dt

, 1 —Pe“ ' qX-942

and that
Wji(l + L;')w—”mﬁ—_—p%mgza ({8 +j:>
=Ji+ Je
say. For J;:
8
Ti£ 20 [ i s S An o™
and for J,:

o230 (LY s
]

< Ay, 0071

under the assumption g — q(q¢ — p)/kp > q — 1. And this condition is satis-
fied taking % sufficiently near to ¢ and if
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1 2
2.03 14+ — —=—.
(2.03) a>1+ b 7

Combining these estimations we obtain under the above condition (2.03),

r r @-p)/ = /
[ ez 8,00700 < Ay o [ ozcor0dn) " [ (gouto)d0)”
<Ay [ |0 pdg

=Apy41f [@(et®) |rdg.
Thus we can complete the proof of Theorem 2.

As an application of Theorem 2, we can prove theorems on strong
summability of Fourier series.
Let us put according to G. Sunouchi [2],

o0 00
¢(2) = 2 Cn2" = E cn0metre,
n=0 =0

5200, ¢) = $a(0) = > et

V=0

tn(o, @) =1tu(f) = nc’nei"op

5300, ¢) = 08(0) = oz > Azt (0), for a>—1

n V=0

and
n
1500, 0) = t2(8) — 1—4}720 A% 4,00), for @ >0,
where A;‘:=(n:;a) ~n*/T'(a + 1).
Then we have
12(0) =n{o2(0) — 0%(0)} = a{c27'(6) — 0%(0)}.
Now, G. Sunouchi [2,3] proved the following most general theorem.

Tuaeorem 3. If ¢(z) € H?, p > 0, then we have
% (<&, |t 2\ p/2 2
SIZEDE a5 < a5, [ |0 pao
Vo P= v x

where o > —%— if0<p<2, and a > % if p> 2 respectively.
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We can generalize this theorem for the case p > 1.

Tueorem 4. If ¢(2) € H?, p > 1, then we have
T 00 % " p/q k4 )
SIS DL a9 < a,,. [ 10w pa

where p, q and a satisfy the conditions of Theorem 2.
This theorem is immediately obtained from a following lemma.

Lemma 3. If ¢(2) € H?, p > 1, then

(th—%%—ﬂlﬂ)wé"lmqg;"a(ﬁ), a.e.

This can be proved following the same argument of G. Sunouchi [3,
Lemma 1] and S. Koizumi [1, p.125].

Remarx. In the case 1 < p <2, Theorem 2 can be proved simply by
reducing to Theorem 1 of G. Sunouchi [3], where we use Lemma 1 instead
of Lemma 2 in this note. However in the case p > 2 it may not be followed
but less general result, if we reduce to Theorem 2 of G.Sunouchi [3].
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