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1. Let f(¢) be a summable function, periodic with period 27. Let its
Fourier series be

oo

%ao + ] (an cos nt + by sin nt) = >, Aa(?).
r=1 n=0
We write

o) = 3 (fCx + 0+ fix — 1)

t

D, () =(ﬁ)[ @ —w)y*te(uydu (a>0),
[}

¢a(t) =1'(a + 172D, (8) (x> 0),

Af = (” _:; a)gn"/I‘(a + 1).
Traeorem 1. If

]‘t-”“ | des(t) | < co,
[

then the series 2 nYBAu(t) is summable |C,a| at t =x, where 1 >a>71>
B=0.

When 7 = B, this theorem reduces to the following theorem for the case
1>R/=>0.

Bosanquer’s THEOREM [2]. If ¢g(%) is of bounded variation in (0,7), then
the Fourier series of f(t) is summable |C, o | at the point t = x, where a > f
=>0.

Further Theorem 1 generalizes the following theorem.

Moxuanty’s Taeorem [3]. If 0<a <1, and

ft_m ' d@(t) l < o,

0

then >, n*An(t) is summable |C, B| for B> a, at t = x.
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THEOREM 2. If
f [dEYDe(t)) | < oo,
0

then the series

bt nY-B A
2 Tlog tn+ yrre e

is summable |C,7v | at t = x, where 1 >7v>p=>0, and ¢> 0.
This theorem is a generalization of the following theorem.

Cuenc’s Tueorem [4]. If ¢, (1), 0 < a <1 is of bounded variation in (0, ),
then ZAn(t)/(lOg n)1+e is summbale | C, @ | at the point t = x.

2. Proof of Theorem 1. We require the following lemmas.

Lemma 1. Let
k
Se(n, t) = > Axzl sin vt A>a>0, (k<n),

v=0

then we have
Se(n, t) = Of{k(n — B)* 1} =0{t""(n — k)*-1} (k< m),

Su(n, t) = 0(n®*) = O(~*).

Proor. The first result is obtained by Abel’s transformation, the second
has been given by Obrechkoff [1].

LemMma 2. Let
A
2n, 0 = (5) Sacn, b,
then we have

Si(n, t) = O{kA+1(n — k)*1} = O{t kA (n — k)*-1} (k< m)
Si(n, t) = O(na+r) = O(nrt—*).

The proof is the same as Lemma 1.

Lemma 3. Let

Ho(n, 1) =

A%-1y8 sin vt (0=71—-p),

v=0

then we have
Hen,t) = 0nd)= Ot 1nd~1 + f-%pb-%),
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Proor. By Abel’s transformation,

n-1
H*(n, t) = % {2 S,(n, 1) 48 + Su(n, t)ns}.
n V=0

From Lemma 1,
S.(n, t) 43 = O{v(n — )*-1y8-1}
= Of{t"1(n — p)*-1s-1}

n-1 n
S Su(n, ) dvs = O{ [ n — v)‘”"deu}

V=0

= O(nd+2),
= O{t" f (n — u)“‘IVB‘ldv}
0

= O(tmp+a-),

Substituting these values into H*(n, t), we get Lemma 3.

Lemma 4.
A
(_;'T) He(n, )= O(nr+5),

= O Inr+844-%pr+8-%),
Proor. From the definition

d \» 1
(7)) Hem ) ~Zs [S1S3n, 1) 48 + mSi(n, 1))

v=0

Using Lemma 2,

0{ [ vAti(n — V)"‘”VB"dv} = O(nr+8+2),

n-

-

Si(n, t) 4vd =

1 4

]
o

n

ot [ - V)EIidy) = O I nAFa+e-t),

0

Then, by the above equality we get Lemma 4.

Lemma 5. Let

Jn, ) =f<t — w4 He(n, 1) at

then, we have
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J(n, u) =O0(n*+8),

= O(u"lnﬁ-l-ﬂ—l + u—“nS‘W-FB).

Proor. We divide the interval of integration into two parts and put

utn—1

](n,u>=f + [ =h+ ]
u u+n"1

By the aid of Lemma 4, and by the second mean value theorem, we have,

ut+n=1

Ji(n, w) =f & —u)= - O(n'+3) dt

= O(nd+8),

Je(n, u) = f (t — u)'s—gt—l-l“(n, t) dt

'u-;-n'1

= nsj;n_’ %H“(n, t) dt
= O{nBH*(n, u)}
= O(ns+8), (+n1 6 ).
By the same way, we have

utn~!
Ji(n, u) = f(t — u) "B Ot 1ns+t-*n1+8-%) dt

u

utn=1 utn=?

=o|m [¢—w-etrat+ mes=e [t —w-ote ai)

= O(uUs+8-1 4 y-ops+B-0),
Je(n,u) = O{n®H*(n, u)}
= O(u Ind+8-1 4 y~opd+B-%),

LemMma 6. Let

w

I(n,u =bfv"—dd;an, v) dv,

then we have
I(n,u) = O(uBn*+8),

Proor. We use the second mean value theorem and Lemma 5.
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I(n,u) = uﬂf—gv—](n, v) dv
n

=uB[J(n, v)]13;

= O(uBns+8),

Lemma 7. Let

K(n,u) = {v“%](ﬂ, v) dv,

then we have
K(n,u) = O(ns+8-% 4 y~1pd-1 + y~pns-%
+ y-1+Bps-1+8 + u-u+8ns—a+ﬂ)_

Proor. By integration by parts we have
K, u) = 02 ], 015 — B [ 051](n, 0)dv = Ky + Ko,

say. By Lemma 5 we have
v=nBJ(n, ) —ubJ(n, u)
= OQ(nd+8-% 4 yB-1ys+B-1 | uB-opd+B-ay
For the part K., we use the definition of J(#, #) and Lemma 3, then

K,:fvﬂ-lj(n, v) dv

w

vB“f (t—v)#8 %H“(n, t) dt dv

v

I
§%;\

t
;t H*(n,t) fvﬂ‘l(t —v)-Bdv dt
u

I
2

1
JrH n, 1) sz'l(l —2)"Bdzdt
uft

I
B \a
Y

1 T d
- gz -2 e
= {[#1a-2 def{ g7 H(n, t) dt

= O{[H*(n, )13}
= O{H*(n, ) — H*(n, ©)}

=08~ + u Ind~1 4 u~*nd=%),
since u < ¢ < 7.
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Proor or Treorem 1. It is sufficient to prove that

Dlexl/n< o,
n=1
where
c® EA 1ye?=84,(x).
nl’=0

Using the notations in above lemmas we obtain

n 2 k.4
€2 = % > Ay yY-B;f ¢ (t) cosvt dt
n V=0 0

n,,o

7 1
%f ¢ Za E: AR v¥-By cos vt dt
0

-2 f «»(t)—(—lz AR 18 sin vt dt
0

2 % d 1 [ -
= ‘{[WH“(”’ 1)) {I‘(Tﬁj[(t — %) "dq’s(u)} dt

2 7 P -8 8 pa
— ﬁ7r33[d¢s<u>{(t —u)" - He(n, 1) dt

2 x 2 I d
= ZTA=p [Ps(w) J(n, u)], — m[‘bs(“)j’;]@‘: wdu

2 ro d
—_ m‘[u B(I)B(u)usza—](n, u) du

2 .
— aTei=gs (W @s I 1] — e D—fun wd {Da(w)

weT(B+1)})

2 _ ) z
Ve ki P (I (n,7) + Sy = BT _'_B)[I(n,u)dws(u).
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If we suppose that ¢(¢)=1, then ¢% =0, ¢g(#) =1 and we obtain
I(n,7) =0. Thus we have

o 2 r
L= ITaA—BIA + 8) ofl(”, w) des(u).

Hence

We divide >, into two parts such that

éﬂn, w3 I w5 I, w)
n=1 n n

n nlu~! nzu~!
= M, + M,,
say. From Lemma 6 we have

w1

M, = O(E "B"HB) = O(u® f y3+B-1dy) = O(us).

=-non )

For the part M, we use Lemma 7. Since
I(ny u) = I(n! 71') - K(nr u) == K(”, u)y

we have
—0/ —K(n, u)\
M. =0\ ,,EZ,:,,—I n f
- 0{2 MBI iyt gmeyseasl | g1 Byt 8
n2u"
+ u-u+3n5—u+3—1}
= O(u8).
Thus
> In, uy/n = O(u),
n=1
and then

% IC';‘,l/n=0(]‘u‘sld¢5(u)|>=0(fﬂu‘7+5|d¢g(u)|)< o0
n=1 () ()

since ¢ =1 — B.

This completes the proof of Theorem 1.
Similarly we can prove the following theorem.
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Tueorem 3. If

[t ld®st) | <o, Da(+0) =0,
0
then the series

o)

> n8A.(t)

is summable |C,a| at t = x, where 1 >a>71>3>0.

3. Proof of Theorem 2. We shall prove here the theorem for the case
T > B only.
Firstly we suppose 8 > 0. We require the following lemmas.

Lemma 8. Let
k
Sw(n, 1) = >, Ar:}sinvt k<n, 1>717>0),
v=0
then we have
Se(n, t) =O{k(n — )Y}, =0{Yn-—k71} (k< n),
and
Sn(n, t) =0#n), =O0¢").
Lemma 9. Let

53 0 = (&) sutn, a=1k<m,
thern we have
S3(n, t) = O{kr1(n — k)¥1},
= O{t-1kr(n — k)Y 1}, (k< mn,
and
SA(n, t) = O(nr+r),
= O(nrt-7).

These are similarly proved as Lemmas 1, 2.

Lemma 10. Let

n
1 v-1 L

HWn,t):WZAn_VWSinvt (6=T—‘B),
T y=0
then we have
—ol. "
H‘Y(n, t) Ol(lOg?’l)"Hf’
oY I S

¢ logmyire T Tog myrry
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Proor. By Abel's transformation we have

Y8 nd
Yo 1) = 125 1 D4 fiogts + 2y T D (og(n + yyes-

From Lemma 8

, y8 —nJ A
Sv(n,t)4 {log(v + 2)}1+¢ =0 lV~(n p)¥-1 aogy)1+!f’
—O0lt1(n — pyr1
_—Olt I(n —y)v-? (log ¢’
hence
n-1 y5
2 DA o ¥y
[y P g _of, 2 )
JOL[(” p)v-1 (1og y)1+ed”[ 'Ol(logn)”"f ,
! n 3 po- . I ndé+v-1 ‘
lO\[(” DY oy )H_,dv 1) =0t ! Tog 17
LemMma 11.
d \A _ nA+8 1
(ar) 5.0 = O iog ayress
:O;t‘l nA-1+8 _ nA+3-y 1
U (log n)t+¢ (log m)1+2f*

Proor. By Abel’s transformation

n-1
= / A v A ns \
() mnn %"E,S”("’ D 4 oatr 357 + Sh D ozt o -
By Lemma 9 we obtain

n-1

35 SHm 0 1o

V=0

f 2 T M\
Jfo a[ N P dvj = O\Ctog s

| I _ ol )
10 f R L R i B

LemMma 12. Let
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J(n, w ——f(t 08— H‘/(n t) dt,

then we have
Jn,u) =0 \Clog )%/
nd+8-1 nd+8-v 1

=0lu-
O 1(10g n)l+e tu (log nyt+¢f*

Proor. We split up the interval into two parts, i.e.

wtn=1
J(n, u) = + =Ji+ Js
[ ‘u/-:-n"l
say. Then as 2 =1, Lemma 4 gives
wtn=—1
—py-80f M )
(t un) O\(log n)1+'f dt

utn=1
R PN LA Ly BTYHIHE
[ (=8 Ot B + 17 (o) A

wtn=1

ni+s _ \
Oldogm [ ¢ —way,
uw
B utn~1 utn=!
nd n1+8-y
O{Wf (t —'u)—Bl_l dt+Wf (t —u)“'t"dt,
u u
ns+8 1 _ f _ nd+8-1 _ ns+B8-v
Wogmi)” — O togmyiee T #7" (log myives -

For the second part J. we use the second mean value theorem and Lemma
10, then

L=[ - u)ﬂthwnt)dtmnﬁf ,dtH(nt)dt
ut

-1

" utn"
= nk [H'y(n, t)]i+n_1
= O{n8+ﬁ(]0g n)-1-e},
= O{u-m3+B-1(log n)~1-*+u-*n3+B-¥(log n) 1~}

since by # + »' < & <7 we may regard [H"(n, t)]u+n—l = O{H"(n, u)}.
LemMma 13. Let

In,w) = [ o7 1(n, 0) o,

0
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then we have
I(n,u) = O{uYnd+#/(log n)1+e}.

Proor. We use the first value of J(#, %) in Lemma 12.

n
I(n, u) = uY f %](n, v) dv = u"[](n, v) ]n = O{ u¥nd+B/(log n)1+¢ }
() 0

Lemma 14. Let
K(n,u) = f VY —j—v](n, v)dv,

%

then we have

K(n, u) =0{<—1’;8g+—;,"¢, + gt (1%;;;7'
U e + WP s
Proor. We integrate by parts,
K(n,u) =[v~1](n, v)]i -7 ]‘ V¥~ J(n, v)dv
“ [
=K+ Ko,
say. Then by the second estimation of J(»,#) in Lemma 12,

5 — _ _ O PR gy MR
Ki(n,u) =n"J(n,n) —u'J(n,u) = Ol(log nyiFe + u 14y Clog ™ -

For the part K, from the definition of J(#,%) and the second estimation of
HY(n,t) in Lemma 10,

K, =fvv-1f<t —v)-ﬂditm(n,t) dt dv

t
HY (n, t)fv"‘l(t — u)-Bdv dt

J
gklaa
SN

1
—g—t HY(n, )-8 f 21(1 — 2)-Bdzdt

23 uft

I
—a

1 E 4
= [2ma —z)‘ﬁdzfty'ﬁ—gt—Hy(n, b dt
[

u/®

— o) -84
- 0{{ty B HY(n, 1) dt}
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_ ;[ —Bi‘ﬂ _ L o ‘
of| B (n, t" , [Hy(n,t)t" b1ty

We substitute the second estimation of Lemma 3 for HY(#%,¢), then we get

easily
a_ né-1 . né-Y
K, = O{uv B-1 (710g Wi + u (__log e

Lemma 15. When nu>1, we have K(n, u) = O{1/(log n)1+¢}.

Proor. If we remember that ¢ =r — B, we obtain from Lemma 14
N/ 1 (un)¥1 (un)-1+7-p (uny=B
Kn,u) = Ol(log ny e T Gog my+t ¥ Cogmy+® T Clog myr+e/ -
From the assumption, n#>1, and r —1, —1471 — 3, — 8 are all non-positive.

Hence we get easily the lemma.
Now we shall prove Theorem 2 for the case > 0. Proof runs quite

similary as that of Theorem 1.
It is sufficient to prove that

2ilctl/n < e,

where ¢} is the n-th Cesaro mean of order 1 of the sequence {n.-nY-BA,(x)/
(log »)*+®}.  Using the notations in the above lemmas we have

1
v -1, ,y-
Cn= T'}',, =_;_ An yV yY-B {—log(u T 2)}1+!A Cx)

_ 2 7 d yY-FB 1
_?[ o) T 2 r- "{log(u+2)}1+° smut.’dtI
=%f CR: HV(n 1) dt
(1]

— —z—fd¢ (u)f(t —wP-% gy, b dt

(1l — B) / 5 ) di ’
_ 2 7
T N 3)['""’ u)dPg(u)

2 = d
_ m[%(w g T > du

2 (, T -
T =B ([u YDg(u) I (n, u):lo — [I(n, ud {@B(u)u yf)
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nI‘(lz 5 [ﬂ YPg(n)I(n, m) —f](n u)dfu “'<I>p(u)f]

Thus it suffices for us to prove that
A > In,m)/n< o,
n=1
and

o

(B)

d{u'ycpg(u)} '/n < oo,

Proor or (A). We have

¢l ZA‘V—VIJV _hl_h___.%

Ar S {log (n+2)}1+¢ ¢ (t)cos vt dt

o —

2 T
= =Td = B [ﬂ'yq)p(ﬂ')l(n, ) -—fI(n,u) d{u“'CPg(u)}]

for any integrable even function ¢(#). If we put ¢ (¢#)=¢Y-#, then we easily
get

apy ~BET—BED

therefore
d{uYPg(u)}=0.
Further, we have [5]

T T
ffﬁ(t) cos vidt = f t¥-B cos vidt
0 0

2y VHT(r — B+ Deos 5t —B+1 (1 —BI<D.
Hence, when ¢ (¢) = tY-#, we have

1 \

ol LS D S
Itm, m) = Ot gy 21 A% {og o F DY -

Now, since

= 1 dv
2 A logor + D= Olf =07 tog vytre
— Oy — L)
=ow (log n)1+¢f?
we obtain
I(n, n) = O0{1/(log n)1+5}.
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Hence the proof of (A) follows immediately, that is,
g In,n)/n = O{g 1/n(log n)1+'} < oo,
Proor or (B). By the assumption

I

0

d{u-7Dg(u)} }< oo,

and obviously
n=1

hence it suffices for us to prove

o
n=1

% I(n, ) \ ‘d{u""q)p(u)} ,

%jl(n,u)d{u'*tbp(u)} lgj
[ 0

)

S 1w | =0

n=1

uniformly with respect to . We now divide the sum into two parts such
that

S =3+ 3 =Mt M

n=1 nlu~1 nzw"1
say. In the estimation of M,;, we use Lemma 13, then

=0} 3 5 (“eogmym))

n<u,'1 n

—0/J _nrt )
Ol“YKZM_I Clog myi*¢/

-1
w xY-1

- O{uy f (l_og“x)—lﬁdxf

0
=0{1/(log mree)

= O0().
Remembering that I(n,u) = I(n, ) — K(n, u), we have

M, < E ~11<n o+ S L ~ | K(n,w),

n=u" n2n-1
where the first sum on the right side is finite as was proved and, by Lemma
15,

)
2 v ‘K(n u) | = 0O 2 n(log n)1+ef

n2uw"

=O0().
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Thus Theorem 2 is proved for the case f > 0.
For the case B = 0, we shall only sketch the proof since this case is
rather simple. It is sufficient to prove that, if

[ldt e} < oo,
(1]

where 0 < r <1, then the series

3

> nYAu(t)/{log (n + 2)}1+e

n=0
is summable |C, 7| at ¢ = x.
Now

A, (x)
¢ Ax 2 A g ¥ DY

=0{[vy—~HV(n v)dv+fd{t Yo (1)} fv‘/—HV(n ) dvI

We put
13

f vY %H’(n, v)dv=1I(nt),

0

then it is sufficient to prove that

<)

2 | I(n, 1) |/n=0(),

for 0 <t < m.
We begin to prove this for { = n. Putting ¢(?) = ¢*, we get

I(n, n) = O{1/(log n)1+%},
and then
n2=1 [ I(n,m)|/n < .

Next we write
2 Il /n= 21 Iy |/n+ 2 |In,w) — K, t)|/n.
By the second mean value theorem and the first part of Lemma 10 we have

]
I(n,t) = f vy %Hv(n, v)dv = O{t"n"/(log n)1+e},
o

therefore

2 I, t|/n=0qQ).

nlt—1
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By integration by parts we have

T
K(n,t) = fzﬂé%ﬂ"(n, v) dv
t

k4
= 0{1/(10g n)+E + -1u¥-1/(log n)1+'} —7T f VY1 HY(m,v) dv
t

where we used for HY(m,v) the second value of Lemma 10. The second
term of the right is

T

™
- v-1 vy _ .
[u’ IHY(n, v)dv = —— A* EA,,, = og(y + Jr 2)}1+e[1ﬂ 1sin vdv

= O{t"'ln*‘l/(log n)1+'} .

Hence when # > {71, remembering v <1, we have K(n,t) = O{1/(log n)1+¢}.
The proof of

2 lK(n D l/n=0()

nxt”

is now in hand.
Thus Theorem 2 is proved completely.

4. We shall end this paper by showing theorems, which will clarify the
relation between Theorem 1 and Theorem 2.

TueoreMm 4. Under the condition
f | d(u-"®s(w)) | < oo,
[1]

we cannot conclude the |C, | summability of 2 nYBA.(x), however large «
may be, where a > 71 > B.

Proor. For the proof we shall give a negative example. Let ¢(f) = ¢¥-8
(r > B), then

[ 1atu 1@y} =0,
0
but as we have already shown

<4+ ZA syey?B.

u:v

f @ (t) cos vt dt

~ szml_

n y—
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where C is a constant. Hence

221

IR

Tueorem 5. Let 7 > 0.

In order that

¢} t-YPg(t) is of bounded variation in (0,7)
and
(i) =71 | Dg(2)| is integrable in (0,71),

it is necessary and sufficient that

For, if (iii) and (iv) hold, then we

n

t= [ (8 + 1)t‘+" NCESY k] 'fd“’“(“)}

0

t
f | dos(t) |

n
(iii) [tr+e deaty | < o,
0
and
a{iv) ¢g(+0) =0.
Proor. The condition is sufficient.
have
| Pa(t) | dt = | @s(t)]
Y I‘(ﬁ + D+ 5d
# dt
é[ T8 + Dfi+7-8
B f” des(w) | dt
. A '+ 1 i‘” B

I

I'e+ 1

[’ |des(w) | (u“”::’g”ﬂ) < o

from which (ii) follows; and then (i) follows from

[ld{t'*ms(t)}l=[n|d{% est) ||

I

n

L]
B
‘[ +1 !d¢8(t)l+fr(1+3)l¢3(t)'t Y+B-14¢

= [ ™ <1+B> 'd“’“<‘>|+f<7 B> lq’;‘fff' dt <

0

The condition is necessary. For, suppose that (i) and (ii) hold, we now

obtain (iii) from
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7 7 o
[treeldeact) | < [ 1dE o) [+ G—B) [ |oatt) |1 +Pat
0 0 [

= f [d{T(B+ Dt "Pe(®)} |+ (v — B)fI‘(a + L7 [ Dp () |dE < 0.
0 o

(iv) is obvious from (i).
Thus Theorem 5 is proved.

From the proof of Theorem 5, we can also conclude that the condition
n
[trerldesty| <, ¢s(+0)=0
0

is equivalent to the condition of Theorem 3, that is,

n
ff‘"’ld(bs(fﬂ < o, Dg( + 0) =0.

0
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