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1. Introduction. The theory of the Laplace integral of vector-valued
functions has been developed by E. Hille [2]. But, there is no theorem
giving conditions that a vector-valued function is represented as the Laplace
transformation of a function in B,([0, «); X).

P. G. Rooney [4] has recently developed this representation theory in
terms of an inversion operator given by the formula

(=]

(. 1 Li, [ f1= (ke?*/nt) | s% cos (2ks?) F k(s + 1)/t) ds,
0

where the integral is Bochner integral.
Since Rooney’s method is quite general, his argument can be used for
Widder’s operator given by the formula

x
(L. 2 Lu, o [f1= 12 F O/t i,
where f®(¢) denotes the k-th strong derivative of f(#).

In his argument, the basic space X is a reflexive Banach space for
1< p < o and is a uniformly convex Banach space for p = co.

The main purpose of the present paper is to give a necessary and
sufficient condition in order that a function f(s) is the Laplace transforma-
tion of a function in By ([0, o0 ); X) where X is a reflexive Banach space.
The representation theorems are stated in terms of the Widder operator
(1. 2) and we can obtain the theorems similarly as in the numerically-valued
case.

2. Preliminary theorems. Let X be a Banach space.

DeriniTion. A vector-valued function f(s) on (0, o) into X is said to
belong to By([0, ); X) A <p< o) if f(s) is Bochner measurable and

f||f<s> P ds < co.

Similarly f(s) is said to belong to B.([0, ); X) if it is Bochner measurable
in (0, o) and || f(s) | is bounded except in a null set.

It is obvious that the class B,([0, ); X) becomes a Banach space under
the norm
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1FCOls ={ [IF P s} (L < p < w0), [ £+ | = ess sup| £(5)].

The following inversion formula has been proved by E. Hille [2, Theorem
10.3.4]:

Treorem 1. If ¢(t) is in B:1([0, 0]; X) for each o > 0, and if the integral
f(o) = [esto@) at

0

converges for some s, then
Hm L, [ f1= ¢ ()

in the Lebesgue set of ¢(t).

The following theorem which is fundamental in the representation theory,
is proved similarly as in the numerically-valued case, so that we omit the
details.

TueoreMm 2. If for each positive integer k

I Lu, L1 dt ] = OCs) (s~ o),
0
then f (co) exists and
}cim et Ly, [ f1dt = f(s) — f(c0) 0 <s < o).

3. Representation of vector-valued functions by Laplace transfor-
mations of functions in B, ([0, «); X), 1 <p < oo.

Tueorem 3. If X is a reflexive Banach space, then a mnecessary and
sufficient condition that f(s) can be expressed in the form

f($) = [etocty at s> 0),
0
where ¢ (t) € By([0, ); X), p fixed, 1 < p < co, is that

() f(s) has strong derivatives of all orders in 0 <s < o and () =0,
(ii) there exists a consiant M such that

(juLk,z[fJup dt)l/ng (E=1,2,....).

Proor orF NEcessiTy. Suppose
fs) =[eto) at (s> 0),
[

and ¢ () € B,([0, ); X). Then using Hélder’s inequality we have



172 I. MIYADERA

If© I [etl eolldt < ([ ot | dt)inisgy-in,
0 0

where 1/p + 1/g = 1, so that (i) is necessary. Another application of Holder’s
inequality gives

I Ly LF = [y (£) o dule
]

é‘z‘e"“‘/‘ —t;e'kT (%)k-&l I o P du (fe_ku/c 'Z—’: (ti)kﬂ du>p/q

* k k+1
< [ e (F) " Heaw e an,
[}
so that

f” L’“’”[n”"dtéfll @ w) [P u* du (fe—rcu/c ki'(% 1 ai)
[} 0 9

= [l e | du.
0

Hence (ii) is necessary.

Proor oF SurriciEncy. By (ii) and Hélder’s inequality
I Le [ £ dE < Ms®™/» < Ms
0

for every s> 1 and for each positive integer 2. Thus we obtain by Theorem
2 and (i)

3. llfg e*'Ly,.[f1ldt = f(s) 0 < s < oo).
0

Since X is a reflexive Banach space, B,([0, «); X),1 < p < o, is reflexive
(see S. Bochner and A.E. Taylor [1] and B.]J. Pettis [3]). Therefore B,([0,
o) ; X) is locally weakly compact. Since

( f | L, L2 dt)” < M,

there exists an element ¢(¢) of B,([0, ©); X) and an increasing sequence
{k:} of positive integers such that for every y* in Bj([0, «); X)
Jim %Ly, o [f1) = y*Ce e 0.

Let x* be an arbitrary element of X*. Then if g(¢) is an arbitrary
element of B,([0, ) ; X),
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w([erigty dt) = yr(g(+))
0
defines an element in B¥([0, ©); X) for each s > 0. Thus we have

y(0C+)) = x*( fertotydt) = lim y¥(Le, o [fD)
0 7

= lim x*( j e Ly, [f] dt),
[}

koo

so that by (3. 1)

0

#(F () = 2*([etout dt).
0
Hence
f(s) = ]Ee‘”(ﬂ(t) dt (0 <s < o0),
0
and the theorem is proved.

4. Representation of vector-valued functions by Laplace transforma-
tions of functions in B. ([0; o); X).

The following Lemma is due to P.G. Rooney [4]:

Lemma. If {T,; 0< 6 < o} is a set of bounded linear operators on a
separable Banach space X into a reflexive Banach space Y, and if |[To| <M
independently of o for all o > 0, then there exists an incrveasing unbounded
sequence {0.} and a linear operator T on X into Y with | T | < M, such that

lim y*(T;, (%)) = y*(T(x))
o>
for every x in X and every y* in Y*.

Tueorem 4. If X is a reflexive Banach space, then a mnecessary and
sufficient condition that f(s) can be expressed in the form
f&) = [emoy at (s> 0),
[
where ¢ (1)EBo([0, o) ; X), ts that
(i’) f(s) has strong derivatives of all orders in 0 <s < oo,
(ii") there exists a constant M such that for 0 < s <
sk+1

s If®®I<M (k=10,1,2,....).

Proor oF NECESSITY. Suppose
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)

f(s) = fe'“qa(t)dt (s> 0,

0
and ¢(#) is in Bo([0, ); X). Then (i’) is obvious. Since

sk!‘ | f®) < -‘E,;—J;ift" o) | estdt <ess sup |¢@) ],
)

(ii’) is necessary.
Proor or Svurriciency. By (') and (ii")

tHifMI<M,
and for 0 <t < o
”Lk,t[fjnéM (k:1y2;""))

so that f(w) =0 and

| [Li e Lf1 dt ] = OCs) (s c0).

0
Thus we have by Theorem 2
4. 1) }cim 'Ly, [f] dt = f (s 0 < s <o0).
0

Let ¢ () be in L;(0, ). Define

Tw(p) = f ¢ ()L, [ f1dL.
0

It is obvious that {7%} is a set of bounded linear operators on a separable
Banach space L;(0, ) into a reflexive Banach space X and || Tx || < M. Thus,
by the preceding lemma, there exists an increasing sequence {k;} of positive
integers and a bounded linear operator T on L,(0, o) into X with | T | < M,
such that for every x* in X* and every ¢ in L;(0, ),

4. 2) im a*(T5, () = 2(T()),

Let w be an arbitrary positive integer. Since B:([0, »]; X) is reflexive
and

(f | Lug, e LFII2 dt)l/g < MoV,
0

there exists an element ¢®>(¢) of B.([0, w]; X) and a sequence {k;'}(C {k:})
such that for every ¢, in B*([0, 0]; XD

im  yfuy(Lej, . [f1) = 3%y (¢“2(D).
ki'—)m

Let x* be an arbitrary element of X*. Then if ¢(¢) is an arbitrary
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Lebesgue measurable function such that f) ¢ ()P dt <o and ¢(t) =0 for
0
t> o, and if g(¢) is an arbitrary element of B.([0, w]; X), then

#*( [ohgrdt)
0
defines an element in B¥([0, w]; X). Therefore we have

lim x*(z G (&) Ly, [ f1dt ) =kt,1_i)r£lo x*(ofm ¢ (&) Ly, [ f1dt )

’ —» 00
Fog

— 2 [ oe@wdr),
(] )
On the other hand, since such ¢(¢) belongs to L,(0, o),

lim #*(Tx,(¢2) = lim 2*( [ ¢t Lu, ([F1dt) = 2*(T(P)).
ki—>o0 ki —> 00 o

Thus
#( ] PO dt) = 2+ (TW)),
so that 0
@ 3 T) = [9ewt) at
4

for every ¢ (¢) such that ¢(¢) € L,(0, w) and ¢(t) =0 for ¢ > w. It is easy
that if o’ > o, then ¢ (¢) = ¢©(¢) tor almost all ¢ in (0, w).
We now define a function ¢(¢) on (0, ) into X by

o) = (1) for o —1<t<o (w=1,2,3,....).

From the definition of ¢ (), it is obvious that ¢(¢) = ¢ (¢) for almost all
t in (0, w), ¢(¢) is Bochner measurable and | ¢(¢) | is integrable in any
finite interval.

Hence (4. 3) may be written as follows:

4. 4) T(P) = f G at
0

for every ¢(¢) such that ¢(#)€L:(0, ) and ¢ ) =0 for ¢t > w.
Let us put

1/h  for e<t<E+h,
pen(y = (0B ForESi <l

otherwise,

where € and % are any positive number. By (4. 4), we have
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E+h

T (g, n) = —}; [ew at
£

Since | T(¢e,n) | <M f [ e, n(t)| dt = M, we get
0

E+h

u%[wo dt| < M.

Thus
E+n

— lim L
le@® = lim| { eat| <M

for almost all &£ > 0, so that ¢(¢) is an element in Bo([0, ) ; X).
If we now define the new operator 77 on L;(0, o) into X by

Ty = [¢Wewat,
0
where ¢ () € Li(0, ), then 7" is a bounded linear operator L,(0, o) into

X. The set DES {¢@); ¢) € L0, ») and ¢ (¢) =0 for £ > w} is dense
w=1 (=]

in L(0, ) and T(¢) :fgb(t) ¢(t) dt = T'(¢) for any ¢ € D, so that T = T".
0

Thus we get
4. 5) T(¢) = f o )dt
0

for each ¢ (¢) € L;(0, o).
Let ¢ (¢) =e~*t. Then, by (4. 1) and (4. 5), for each x* € X* and for
each s> 0

#*(f () =kliiinwx*(z e Ly, [ f ]dt)

= lim x*(Tx, (7)) =x*(T'(e™**))

ki —> 00

= x*(f et (t)dt),)
0

so that

oo

7(s) = fe'“(o(t) dt (s> 0).

[
Thus the theorem is proved.
Since the above method is quite general, Rooney’s result [4; Theorem
9. 2] is also true for a reflexive Banach space.
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Theorem 4 shows that Hille’s condition [2; Theorem 10.3.5, (10.3.15)] is
also sufficient to represent the function f(1) as a Laplace transform when
X is reflexive ( = locally weakly compact).

We shall show by an example that the reflexivility is essential for the
sufficiency of Theorems 3 and 4.

Exsampre. Let C [0, o] be the family of all real-valued continuous func-
tions x(#) of # on the closed interval [0, ©]. The norm of x(u#) is defined
as the maximum of its absolute value in [0, c]. C[0, o] is obviously a
Banach space. Let X be the family of all bounded linear transformations
on C[0, o] into itselt. It is well known that X is a Banach algebra.

We define

(4. 6 T(H[x(w)] = e tx(u + 1), >=0).

Then {T'(¢); t >0} is a semi-group of operators satisfying the following
conditions : )

(o)) T € X -and Tt +s) = TAT(s) t, s=>0),
Co T <Le? : =0,
(Cs) }Limoll TG+ hx—-THx|=0 (t>=0, x € C[0, oo]).

Furthermore we have
Co T+ h —TW) | =et (t+h>0,¢>0and 20).

In fact, we can always find the element of C[0, ] such that x(¢) =1,
x(t + h) =—1 and max |x(2)| =1 for any given ¢ and A, where { > 0,¢ + £k
>0 and 25%0. For such an element x we have |[T'(¢t + h)x — T(HHx| = e?,
so that (C,) holds.

We denote the infinitesimal generator of T(¢) by A and the resolvent of
A by R(s; A). From the theory of semi-group of operators,

“4. 7 R(s; Ayx = [ et T(Hx dt
)

for all s> 0 and for all x € C[0, «]. R(s; A) has derivatives (strong deri-
vatives in the sense of X-norm) of all orders by the resolvent equation
R(s; Ay — R(t; A)=— (s —DR(s; A)R(t; A). By (4.7

R®(s; A)x = f (— H¥e-tT(Hxdt
0

and
k+1

Ly, :[R(+; A)x]= *IT (—’:—) fu"e“"“”T(u)xdu,

0

so that

s+l e+l *,
4. 8) ST IR®(s; A | < Tf tee-stdt = 1 (=0,1,2,...),
0
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and

4.9 f” Li, [RC+; D1 I? dt < [“ TP du=1/p
’ 0 Q<p<oork=1,2 ...
Thus, the vector-valued function R(s;A) on (0, «) into X satisfies the

sufficient conditions of Theorems 3 and 4.
If there exists an element ¢(f) of B,([0, ©); X), 1 < p < oo, such that

)

R(s; A) = f e~sto(t) di (s> 0),

0
then, by Theorem 1,
Jim || Ly, o[RC5 D] — @@ || = 0

for almost all £ > 0.
On the other hand, we have from (4. 7), (C;) and Theorem 1

KanZo | L, s [RC+; A)x] —T(x|[=0
for all £ > 0 and for all x € C[0, «].
Thus
T =)

for almost all £ > 0, so that T(¢) is a Bochner measurable function on the
interval (0, ) into X such that for 0 <, s < o

T+ s)=T&T(s).

Then, by Hille’s theorem [2, Theorem 8.3.1],
lim | T¢+h) —T@) | =0
h—>0
for all £ > 0. This is contrary to the condition (Cs). Thus X is not reflexive
and R(s; A) can not be represented as Laplace transformations of function

in Bp([0, ) ; X) for each p, 1 < p < oo.

5. Representation of vector-valued functions by Laplace transfor-
mations of functions in B ([0, ») ; X).

TueoreM 5. Let X be a Banach space. A necessary and sufficient condition
that f(s) can be expressed in the form

F(s) = fe'”qo(t) dt (s> 0),
0

where ¢ (t) € B1([0, «) ; X), is that
") f(s) has strong derivatives of all orders in 0 <s < o and f(x) =0,

Gi”y f;|Lk,,[f]u dt < o (k=1,2,...),
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(iii”) lim f [ Li, o[ f1 — Ly, o[ f1] dt = 0.
J,+ro o

Proor or SurriCIENCY. By (iii”), there exists an element ¢(¢) of B;([0,
o) ; X) such that

lim [ Le,o[£] = ¢ (&) |t = 0.
k—>oo o

Then there exists a positive integer ko, such that
S Lu D 1Idt <1+ [ et | dt
0 0

for kg ko.

Let x* be an arbitrary element in X*. By Widder’s theorem [5; Chap.
VII, Theorem 12a), there exists a function of bounded variation a..(¢) such
that

HLF] = [ e dan D).
0
On the other hand, we obtain from the inversion formula

t
O gk (t) — gk (0 + ) = ,lclm x*(Lk, u[f]) du
—o0%)

t
=fx*(<0(u)) du.
0

f(c0) =0 implies (0 +) =0, so that
t

au(®) = [ (e (w) du.

0

Thus

0

x*¥(f () =fe‘”x*(¢(t)) dt =x*(f e~sto(t) dt),
0 0 i

so that

o

J{O) :f eSie(t) dt (s> 0).

[

The necessity of the theorem may be proved similarly as in numerically-
valued case.
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Appep IN Proor. The formula (4.5) can also be obtained from the
following theorem.
If T is a bounded linear operator on L,(0, «) into a reflexive Banach
space X, then there exists an element ¢(t) € B..([0, ) ; X) such that
T)= [ ¢menat, &) & L0, o).

0





