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1. Introduction. The theory of the Laplace integral of vector-valued
functions has been developed by E. Hille [2]. But, there is no theorem
giving conditions that a vector-valued function is represented as the Laplace
transformation of a function in Bp([0, oo); X).

P. G. Rooney [4] has recently developed this representation theory in
terms of an inversion operator given by the formula

oo

(1. 1) £*,«[/] = (ke*k/πt)fs-ϊcos (2ksbf(k(s + l)/t) ds,
0

where the integral is Bochner integral.
Since Rooney's method is quite general, his argument can be used for

Widder's operator given by the formula

where / ( f c )(O denotes the k-th strong derivative of /(/) .
In his argument, the basic space X is a reflexive Banach space for

1 < p < oo and is a uniformly convex Banach space for p = oo.
The main purpose of the present paper is to give a necessary and

sufficient condition in order that a function f(s) is the Laplace transforma-
tion of a function in #oo([0, oo ) X) where X is a reflexive Banach space.
The representation theorems are stated in terms of the Widder operator
(1. 2) and we can obtain the theorems similarly as in the numerically-valued
case.

2. Preliminary theorems. Let X be a Banach space.

DEFINITION. A vector-valued function /(s) on (0, oo) into X is said to
belong to Bp([0, oo) X) (l<I/>< oo) if /(s) is Bochner measurable and

:) \\p dS < oo.

Similarly /(s) is said to belong to Z?oo([0, oo); X) if it is Bochner measurable
in (0, oo) and \\f(s) || is bounded except in a null set.

It is obvious that the class BP([Q, oo); X) becomes a Banach space under
the norm
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II/( OH* = {/ll/W U pdSγ / P ί l^p < co), ||/C ) Hoc = ess sup ||/(s) ||.

The following inversion formula has been proved by E. Hille [2, Theorem
10.3.4]:

THEOREM 1. // <p(t) is in #i([0, ω]; X) for each ω > 0, and if the integral
oo

/(s) = Je-Stφ(t) dt
o

converges for some s, then

i« /Λ̂  Lebesgue set of <p(t).

The following theorem which is fundamental in the representation theory,
is proved similarly as in the numerically-valued case, so that we omit the
details.

THEOREM 2. // for each positive integer k

/

0

then /(oo) exists and

lim Γ^-sίLfc,f[/J^-/(5) -/(oo) (0<s<oo).
fc /

0

3. Representation of vector-valued functions by Laplace transfor-
mations of functions in Bp([0, oo); X), 1 <p< oo.

THEOREM 3. // X is a reflexive Banach space, then a necessary and
sufficient condition that f(s) can be expressed in the form

f(s) =Je-stφ(t) dt (s>0),
o

where φ(t) e Bp([0, oo); X), p fixed, 1 < p < oo, is that
(i) /(s) has strong derivatives of all orders in 0 < s < oo and /(oo) = 0,

(ii) there exists a constant M such that

(/ll I*. .Γ/JP Λ ) V P ̂  M (A = 1,2, . . . . ) .
0

PROOF OF NECESSITY. Suppose

oo

f(s) = fe-stφ(t) dt (5>0),

and <̂ (O e βp([0, oo); X). Then using Holder's inequality we have
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l/(s) 11̂  JVSΊI <P(t)\\dt^(f\\ φ(t) ψ
0 0

where \/p + \/q = 1, so that (i) is necessary. Another application of Holder's
inequality gives

I*,. [/]||* = Wfe-*u/tJM ( y ) % ( ι θ du ||

4/ / b \

0

so that
oc oo oo

J ϊ== J \J k
0 0 0

=j\\<P(u)\\"du.
0

Hence (ii) is necessary.

PROOF OF SUFFICIENCY. By (ii) and Holder's inequality

1 J||I*,.Γ/]||Λ^^
0

for every s > 1 and for each positive integer k. Thus we obtain by Theorem
2 and (i)

oo

(3. 1) lim fe-stLjc,t[fldt=f(s) (0 < s < oo).
0

Since X is a reflexive Banach space, BP([Q, oo) X)f 1 < p < oo, is reflexive
(see S. Bochner and A.E. Taylor [1] and B.J. Pettis [3]). Therefore ^ ( [ 0 ,
oo) X) is locally weakly compact. Since

(J\\Lt,t[f]\\*dt)l/P^M,
Jo

there exists an element φ(t) of Bp([0, oo) X) and an increasing sequence
{&} of positive integers such that for every y* in B£([0, oo) X)

Let ** be an arbitrary element of X*. Then if #(/) is an arbitrary
element of Bp([0, oo) X),
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oc

x*{fe-stg{t) dt)=yf(g( ))
0

defines an element in £*( [0, oo) X) for each s > 0. Thus we have
oc

y*(<P( )) = x*( fe-stφ(t)dt) = lim # ( I * . [/])

= lim* ( ΐe-s'Lki,t[f]dt),

so that by (3. 1)

**(/(s)) =x*(fe~stφa) dt).
0

Hence
oc

/(s) - je-st<P(t) dt (0 < s < oo),
0

and the theorem is proved.

4. Representation of vector-valued functions by Laplace transforma-
tions of functions in ft, ([0; oo) X).

The following Lemma is due to P. G. Rooney [4]:

LEMMA. // {Tσ\ 0 < a < oo} is a set of bounded linear operators on a
separable Banach space X into a reflexive Banach space Y, and if || Tσ || <J M
independently of a for all a > 0, then there exists an increasing unbounded
sequence {>i} and a linear operator T on X into Y with \\T\\^Mf such that

lim y"(T σ < (*))«/• (TOO)

for every x in X and every y* in Y*.

THEOREM 4. // X is a reflexive Banach space, then a necessary and
sufficient condition that f(s) can be expressed in the form

oc

/(s) = fe-st<PU) dt (s>0),
Jo

where <p(t)^Boo(lO, oo) X), is that
(i') /(s) has strong derivatives of all orders in 0 < s < oo,

(if) there exists a constant M such that for 0 < s < oo

^ ll/(fe)(s) || ^ M (k = 0,1,2, . . . . ) .

PROOF OF NECESSITY. Suppose
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oo

f(s) = fe-stφ(t)dt
o

and φ(t) is in #oo([0, oo) X). Then (i') is obvious. Since

«- Λ £ ess sup
0

(ii') is necessary.

PROOF OF SUFFICIENCY. By (i') and (ii')

' 11/(0 II ̂ M ,
and for 0 < / < oo

II£*,«[/] I I ^ M (* = 1,2,....),
so that /(oo) = 0 and

*,.[/]<« II = O(s) (s->oo).

Thus we have by Theorem 2
oo

(4. 1) lim f e-stLkf t [/] dt^f(s) (0 < s < oo).
0

Let <KO be in Li(0, oo). Define

It is obvious that {Tfc} is a set of bounded linear operators on a separable
Banach space Li(0, oo) into a reflexive Banach space X and || Tfc || <I M. Thus,
by the preceding lemma, there exists an increasing sequence {ki} of positive
integers and a bounded linear operator T on Li(0, oo) into X with |[ T || <J M,
such that for every x* in X* and every 0 in Li(0, oo),

(4. 2) lim **OΓfc.(</0) = x(T(φ)).

Let ω be an arbitrary positive integer. Since B2( [0, ω] X) is reflexive
and

there exists an element <p<»(0 of J?2([0, ω]; X) and a sequence
such that for every j>£ω) in £*([0,α>]; X)

lim y?-)CL*ί»

Let Λ:* be an arbitrary element of X*, Then if ψ(t) is an arbitrary
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ω

Lebesgue measurable function such that f\ ψ (f) |2 dt < oo and ψ(t) = 0 for

t > ω, and if g (O is an arbitrary element of Z?2([0, ω]: X), then

j
0

defines an element in B*([0, ω~|; X). Therefore we have

lim W Γ*(OL f c ί , ί [/]Λ) = lim x*( f <Kt)Lkut[f]dt)

= W f Ψ(t)φ<>ωKt)dty
0

On the other hand, since such 0(/) belongs to Lj.(0, oo),
oo

lim x*(TH(ψ)) = lim *•( f φ{t)LH, t[f]dt) = x*(T(ψ)).

Thus

**/ Γ Ψ(t)φ(ωHt) dή = X*(T(ψ)),
ϋ

so that

(4. 3) Γ(0) =fψ(t)<P^(t) dt
0

for every 0(0 such that 0(0 e L2(0, ω) and 0(t) = 0 for / > ω. It is easy
that if ω' > ω, then φ^(t) =-- φ<.ω')(t) ίor almost all / in (0, ω).

We now define a function φ(t) on (0, oo) into X by

ίor ω - l ^ t <φ (ω = 1, 2, 3, .. . .)•

From the definition of φ(t), it is obvious that φ(t) = ^^ω)(/) for almost all
/ in (0, ω), <p(O is Bochner measurable and || <KO II2 is integrable in any
finite interval.

Hence (4. 3) may be written as follows:

oo

(4. 4) T(φ) = fψ(t)φ(t) dt

i
for every ψ(t) such that ψ(t)eL«(0, ω) and ψ(t) = 0 for t > ω.

Let us put

*« * f « = { o otherwise,

where ξ and /̂  are any positive number. By (4. 4), we have
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ξ+h

) = -jr f <P (O dt.

OO

Since ||T(Φt,n)\\^M J\ φiyh(t) \dt^M, we get
0

Thus

||Kf)ll = lim || 4- f <p(t)dt\\^M

for almost all ξ > 0, so that <p(t) is an element in #oo([0, oo) X).
If we now define the new operator T" on Li(0, oo) into X by

oo

T'(0) = Γ φ(t)Ψ(t)dt,
0

where 0(/) e Li(0, oo), then T' is a bounded linear operator Li(0, oo) into

X The set Z> = U {0(0 0 ( 0 e L2(0, ω; and 0(0 = 0 for / > ω] is dense

in Li(0, oo) and T(0) ̂ fφ(t) <P(t) dt = T'(0) for any 0 e D, so that Γ - T'.
0

Thus we get
oo

(4. 5) T(φ) = fψ(t)φ(t)dt
i

for each 0(0 e W O , oo).
Let 0 (0 = e~st. Then, by (4. 1) and (4. 5), for each x* <= X* and for

each 5 > 0

**(/(*)) = lim x*( f e-stLki>t[f]dt)
fc{—>OO * J '

Ίci —> oo

oo

= x*(f e-st<p(f)dt),)
0

so that
oo

/(s) = fe-st<P(t) dt (s> 0).
0

Thus the theorem is proved.
Since the above method is quite general, Rooney's result [4; Theorem

9. 2] is also true for a reflexive Banach space.
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Theorem 4 shows that Hille's condition [2; Theorem 10. 3.5, (10. 3.15)] is
also sufficient to represent the function /(A) as a Laplace transform when
X is reflexive ( = locally weakly compact).

We shall show by an example that the reflexivility is essential for the
sufficiency of Theorems 3 and 4.

EXSAMPLE. Let C [0, oo] be the family of all real-valued continuous func-
tions x(u) of u on the closed interval [0, oo]. The norm of x(u) is defined
as the maximum of its absolute value in [0, oo]. C[0, oo] is obviously a
Banach space. Let X be the family of all bounded linear transformations
on C[0, oo] into itself. It is well known that X is a Banach algebra.

We define

(4. 6) T(t) [*(ιθ] = e-*x(u + /), a ^ 0).

Then {TOO /1> 0} is a semi-group of operators satisfying the following
conditions:

(C) T(t) e X and T(t + s) = T(OT(s) (t, s;> 0),
CC2) IITCOII^e-1 tf^O),
(CO lim || T(t + h)x - T(t)x || = 0 (f ^ 0, x e C[0, oo]).

Λ-» 0

Furthermore we have

(CO | |T« +A) -TCOl^e-t « + A > 0 , / > 0 and AφO).
In fact, we can always find the element of C[0, oo] such that x(t) = l,
x(t + A) = — 1 and max |ΛΓ(/) | = 1 for any given t and A, where t > 0, / + h
> 0 and AφO. For such an element x we have \\T(t + A)ΛΓ - TCO^II^^"£,
so that (C4) holds.

We denote the infinitesimal generator of T(t) by A and the resolvent of
A by R(s; A). From the theory of semi-group of operators,

(4. 7) R(s;A)x= f e"*T(t)x dt

for all s> 0 and for all # e C[0, oo]. R(s; A) has derivatives (strong deri-
vatives in the sense of X-norm) of all orders by the resolvent equation
R(s A) - R(t A) = - (5 - O#(s i l ) « α A). By (4. 7)

and
- , .fc + l oo

I*,»[i?( A)x\ = --j- (-J-) Ju*e-wT(u)xdu,
0

so that

ςfc + l ςfc + 1 °J,

(4. 8) - ^ j - || R«Ks; A) \\ ^ -^y- J t*e"*dt - 1 (* = 0,1,2,...
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and
oo oo

(4. 9) JII I*, .[/?C ; A)] ||" Λ ^ |" | | Γ(«) f JM - 1/p
0 '° ( l < ί < o o ; * = 1,2, . . . . ) .

Thus, the vector-valued function R(s A) on (0, oo) into X satisfies the
sufficient conditions of Theorems 3 and 4.

If there exists an element φ(t) of Bp([0, oo) X), 1 < p <: oo, such that
oo

R(s A) =Je-st<P CO Λ 0? > 0),

0

then, by Theorem 1,

lim |[ LftίRC A)] — ̂ CO II = 0
fc->oo

for almost all t > 0.
On the other hand, we have from (4. 7), (C?) and Theorem 1

lim || Lfc,«[i?( A)x\ - T(t)x || = 0
λ

for all ί > 0 and for all x e C [0, oo].
Thus

for almost all t > 0, so that TCO is a Bochner measurable function on the
interval (0, oo) into X such that for 0 < t, s < oo

Then, by Hille's theorem [2, Theorem 8.3.1],

lim || Γ(* + h) - ΓCO II = 0

for all / > 0. This is contrary to the condition (C4). Thus Xis not reflexive
and R(s A) can not be represented as Laplace transformations of function
in Bp([0, oo) X) for each p, 1 < p <: oo.

5. Representation of vector-valued functions by Laplace transfor-
mations of functions in Bi([0, oo) X).

THEOREM 5. Let X be a Banach space. A necessary and sufficient condition
that f(s) can be expressed in the form

dt (s>ΰ),

where φ(t) e #i([0, oo)
Ci") f(s) has strong derivatives of all orders in 0 < s < oo and /Coo) = 0,

(ii")
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oc

Ciii") lim f\\ Uy , [/] - L3ί,[/] || dt = 0.

PROOF OF SUFFICIENCY. By (iii"), there exists an element φ(t) of #i([0,
oo) X) such that

00

lim Γ II I*, * [/] - PCO II d/ = 0.

Then there exists a positive integer k0 such that

oo oo

f\\Lk,t[f]\\dt^l+J\\φ(t)\\dt
0 0

for k ί> ko.
Let #* be an arbitrary element in X*. By Widder's theorem [5; Chap.

VII, Theorem 12a], there exists a function of bounded variation ax* (t) such
that

oo

**[/(«)] = fe~st dax*(t).
0

On the other hand, we obtain from the inversion formula

tfa*CO-tf**C0 + ) = lim j #*(Lfc,u[/]) dw

= f x*(<p(u)) du.

/(oo) = 0 implies α^CO +) = 0, so that

0

Thus
OO CO

x*(f(sY) = f e-stx*(<P(t)) dt = x*(fe-stφ(t) dt),
0 0 *

so that
oo

/(s) = Γ e-si<P(f) dt (s > 0).

The necessity of the theorem may be proved similarly as in numerically-
valued case.
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ADDED IN PROOF. The formula (4.5) can also be obtained from the
following theorem.

/ / T is a bounded linear operator on Lx(0, oo) into a reflexive Banach
space Xf then there exists an element φ(t) e 2?oo([0, oo) X) such that

= f ψ(t)φ(t)dt, Φ(t) e XJCO, OO).




