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1. Introduction. In the study of the congruence properties of the
partition function p(#»), it is natural to use the device of dissecting a power
series according to the residue class of the exponent. For example, to study
the properties of p(5n+7), r=0,1, 2, 3, 4, one considers the generating function

ITa-x-1 = Z iy

n21

and attempts to write it in the form
Ao(x®) + xA:(x%) + x2A(x%) + x°As(x%) + x¢A4(x5),

where the Aix(y) are power series in y. It is more convenient to work with
the reciprocal of the generating function, for which we have the identity of
Euler,

+oc
1 — ") = — n n(3n+l)/2.
,.I;Il( ) g( Drx

The elements in the dissection are not defficult to compute, and this has in
fact been done for special cases by Ramanujan [7], Darling [3], and Watson
[9], and in general by Atkin and Swinnerton-Dyer [1].

It is the purpose of this note to study the behavior of the elements
Wi(r) in the dissection of the related function %(r/q)/%(gr), where

W(T) — em-r/l'.' H (1 — e?.ﬂwr)
n=1

and ¢=61 +1. From the results of [1],

2D LS
90 = (= DA =1+ 2 W,
where v = (¢ — 1)/2,
6k2
_per Cu(x)
We(t) x 1 Cunlr)
Cr(x) =—‘H (1 — x-F) (1 — gIn-+k)
n21

and x =exp (2mit),I(r) > 0. In §2 I discuss the action of certain modular

1) Part of the work on this paper was done while the author was a National
Science Foundation Post-doctoral Fellow, at the Institute for Advanced Study,
1953-54.
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subgroups on Wi(r). These subgroups are defined by
T'o(g) : ¢c=0 (mod ¢q),
I'(@) : b=c=0 (mod @,
I'(q) :a=d=1,b=c=0 (mod g),
where a, b, ¢, d, are the integral elements of the modular transformation

, _at+b
T_cr+d_MT

and ad — bc=1. The complete result is that
LB vy o) (M & To(a)).

Wi (M) = exp ( 1
It follows that each Wy is invariant under I'(g), that the set (Wi} k=1,...,v,
is permuted by T'%(¢), and that the vector-space spanned by this set is
invariant under T'o(¢). An immediate corollary is the result that ¢ () is
invariant under I'{(g), or equivalently, that ¢ (gr) is invariant under I'9(g2).
This last result, for ¢ a prime power, has been proved by Lehner [4], using
the transformation equation for 7 (z) and the theory of Dedekind sums.
In §3 I apply the previous theory to the functions ¢,(t) = ¢(r + 7),
r=0,1,...., ¢ —1, and show that

¢r(M7) = ¢raspa(T) (M € To(g)).

This permits the deduction of the modular equation of Ramanujan-Watson
type [9], an algebraic relation between #(r) =%(r/g)/7(r) and #(gr), which
Watson used to obtain the congruence properties of p(n) for the moduli 5*
and 78. The theory developed here makes transparent the cyclic nature of
certain identities which appear in Watson’s work. The modular equation
for ¢ =11 is given here (in parametric form), in the hope that it may be
useful in settling the question for powers of 11. In addition, an identity of
Ramanujan type is obtained which yields a proof of the congruence p(11z +
6) =0(mod 11). This identity is probably equivalent to one of Lehner’s [4],
who used a different basis, however.

In §4 I make further applications to prove two hitherto unpublished and
unproved identities of Ramanujan. Identities of Slater and Newman are
also derived. Finally in §5, I prove an identity of Rademacher which he
deduced by subjecting Ramanujan’s

n_ xsm)s
E pBn + Hxr =5 III T
to the modular transformation v’ =—1/7.

2. Properties of Wi(z). Let g be a positive integer of the form 61 =+1
(A >0). For k=0 (mod ¢q), we define

2. 1 Ce(x;q) = Ci(x) = I] (1 — ama-%)(1 — gma-a+r)y,
n=>1

where x = exp (2mit), I(r) > 0. The following properties of the C, are
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easily established :
(2 2) Ck.+q = C-k = — x"“Ck; Cq_.k = Ck
Now we define

2.3 Wi(r; @) = Wi(r) = xok%/a-k ngxxg

From (2. 2) it follows readily that

Q. 4) Wito(t) = W_i(r) = Wi(7),

so that there are exactly v = (¢ — 1)/2 distinct functions Wi(r). We may
also write

12nik2T P (4krT | gT)
2. 5) Wi(r) = exp ( 7 ) ﬂi(zkmfgr)'

or by use of the transformation

2.
(2. 6 S (2| —1/7) =— i/ iz S EAC LN
?91(4k, ' 1
Q.7 Wi(r) = (an —__>
q qr
We now proceed to study the behavior of
_ (2] 7)
2. 8 gz, w|Tt) 0m(wlr)
under an arbitrary transformation of the full modular group, given by
- _ar+b
2.9 v = Mt et d’

where a, b, c, d are integers and ad — bc =1. We shall show that

@10 gz w| M) = exp{EE =T E DN L pior 4 dyz, (er + dw| o,

Since g is a function of x = exp(2riz), (2.10) is true for

(1 1
M*S’:(o 1)’

and (2. 6) shows that it is also true for
0 -1
M=T= .
(1 7o)
Suppose now that (2.10) holds for M, and let M’ = SM. Then
gz, w[M't) = g(z, w| M),
which is given by (2.10). But

Y a+c b+d
M =(° =
(¢ a)=("C° °%%)
so that ¢’ =¢, d’ =d, and (2.10) holds for M’. Again, suppose that it holds
for M, and let



152 N. J. FINE

’ . _ a v ([ —C —d
weere-( 5)-(% F)

Then, with " = Mr,
gz,w|M't) = g(z,w|T7') = exp [5’(—2‘;:—“’2)] - g(zr/, wt’' | Mr),

by (2. 6). Applying the induction hypothesis with z replaced by zz’, w by
wt’, we find

g(z,w|M't) = exp [&'ﬂw_‘:)[{_] cgller +d)v'z, (ct + d)T'w|7)

= exp[w] « g((c't +d)z, ('t + dDw|7),

3
where
H=7+7c.t(cvt +d) =71+ ct'(c't + d)
_ar+b
Ter+d
=——g—fl,i:—_‘g; {1 —a' (¢t + d’)}
=c(cdt+d),
since a’d’ — b'c’ = 1. This shows that (2.10) is true for M’. Since the trans-
formations S and T generate the modular group, (2.10) is completely proved.
We observe also that
(2.11) g+ mn, w+ nr|t) = (=D""g(z,w| ).
Now, by (2. 7) and (2. 8),

[1+4+clct+d))

(2.12) Wi(t) = g(i’;_", &’ZL _717__ )

In order to apply (2.10), let
N7, §)eTu.

Then, writing " = gr, we have

1 .
(2.13) —?N? == MT y
where
_(—T =0
(2.14) M= (7 o)
Hence, applying (2.10), we obtain
Wi (NT) ___g(4l;7r , 2/;7: & Mr’)

ex [12k2m'
P q
12k27 s
=ex
o %

a(ar + B)] - gldkn(ar + B),2kn(ar + B) |1

a(at + B)] - g(dkarn, 2kant |T’),
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the last by virtue of (2.11). But /= Tr,, where 7, =— 1/¢r, so (again by
(2.10)),

Wyi(Nt) = exp

12nik2a B 4k 2k 1
( mqa )-g(— ;:n:’_ cqxn:l_q_r

=exp(lg%2aﬁ_) . W_“k('r)_

By (2. 4), we have the final result
12nik2a B
q
In particular, Wy is invariant under N <= I'(g), and the set {W:} is permuted

by T'{(g): _
(2.16) Wi(Nt) = War(t) (N e Ty().

We shall say that F(r)=® (W:(t), ----, W,()) is cyclic if ® is invariant
under k—ak for every « prime to q. If ® is a polynomial, we shall call it
(g, m)-isobaric whenever each term has weight =m (mod ¢), provided that
Wi is assigned weight k2. Then (2.15) shows that every cyclic function is
invariant under T'Y(q), and every cyclic, (q, 0)-isobaric polynomial is invariant
under To(q).

Now let us examine the behavior of Wyi(r) at r =0. For this purpose,
set 7' =—1/gr. Then

2.15) Wi(Ne) — exp( ) W) (N € To(@)).

Slewmmiv(_1ynsin((2n + 1)4kn/q)

W, __n20 .
+(©) Ze("“")‘“’(—-l)" sin((2n + 1)2k7/q)

n=0

As 7 -0, v/ —» {00, and
(2.17) Wi(t) — 2cos (2kn/q) (r = 0).
Also, Wi(r) has no zeroes or singularities in the finite upper half-plane
I(r) > 0. In the particular case where ¢ = p, a prime, the fundamental
region for T'y,(p) has exactly two parabolic vertices v =0, tco. Therefore,
any cyclic, (p, 0)-isobaric polynomial which is bounded at ico must be a
constant. This gives us an easy method for identifying two such polynomi-
als, by comparing the principal parts of their expansions in terms of x = exp
(2mit) (including the constant term). The expansions are easily obtained
from (2. 3).

As a useful example, consider

F(r) = Wi(z)- - - Wu(D).

Using (2. 3), (2. 2), and the fact that 2k and 4% run over a half residue-
system as %k does, we see that F(r) = 2™  But F(7) is cyclic and (q, 0)-
isobaric, hence invariant under I'y(g¢). Therefore m =0 and

F(r) =+ 1=1lim F(r) = [] 2 cos 2kn/g).
t->0 k=1

Thus we have
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(2.18) Wi(D): - - Wi(t) = ( — 1)@/,

3. Modular eguations of Ramanujan-Watson type. In his work on
congruence properties of partitions, to the moduli 5% and 7%, Watson[9]
dissected the Euler pentagonal series according to the residues of the
exponents mod p (p =5,7). This has been done in general by Atkin and
Swinnerton-Dyer [1, Lemma 6]. Their result, in our notation, is

@G ¢(r) =1+ > Wilr),
k=1
where
oy a0/
(3. 2) () = (~DA =

qg=64=+1, and 7(r) is the Dedekind function. It follows immediately from
the results of §2 that ¢(r) is invariant under TI'{(q¢) (see Lehner [4, Th.

3.
Let us define

G.3 Gr(t) = ¢ (t +7) = $(57T) (r = integer).
By (3. 1) and (2.15),

(3. 4 Gr(T) =14+ > e Wi(o),
k=1

where ¢ = exp(127i/q). Obviously ¢,4e(r) = ¢,(7), so there are g distinct
functions ¢,(t), =0, 1,..., ¢ — 1. Now if

N= (jq g) & To(o),

we have, again by (2.15),
¢r(NT) =1+ > F* T+ (7).
k=1
Let t =4 ak (mod ¢q) be chosen in the range 1, 2, ...., v. Then

¢r(NT) =1+ e 0*+80 W/, (),
t=1

since ad =1 (mod ¢). Thus
3. 5) Gr(NT) = $rizaas() (N=(72 5)eTu)

Hence any function of the {¢,} which is invariant under » — 627 (for all ¢
prime to ¢) will belong to I'§(g) ; if in addition it is invariant under » -7 + 1,
it will belong to TI'¢(g). In particular, every symmetric function of the {{,}
belongs to 1'y(g).

Now consider
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3. 6 Dz|7) = (2 — ¢o()) (@ — ¢1()) - - - (2 — Pq-1(7))
=21 — 01(1)27 1 4 09(7)2%2 —- - - —a,(7T).

We have just proved that all the ¢,(r) belong to I'y(¢g). An easy compu-
tation with the infinite products shows that

3.7 730> = (=DM

Since ®(¢(r)|r) =0, we have

3. 8) (DML = gace) — a1+ - o@D,
7(q7)

If we eliminate the o¢,(t) (=1, ...., ¢ —1) by means of the algebraic

equations connecting them with ¢4(r) (as modular functions belonging to
the same subgroup I'¢(¢)), we obtain an equation between ¢(r) and ¢4(7).
This is essentially the modular equation connecting #(r) = 7 (t/g)/%(zr) and
#(gr), since

3.9 ¢ (o) = (=Dru(rir(ge),
(3.10) 0,(7) = (=) ua*i(gr).
Such equations were discussed by Watson [9], and were obtained explicitly
by him for ¢ = 5,7.

In the construction of the modular equation, it is somewhat easier to
work with the equation ®(z 4+ 1|7) =0, with roots ¢,(r) —1, =0, 1, ...,
g — 1. Thus

DPz+1]1)=2"—06[(r)2" 1+ - - -— gi(7).

Instead of computing the elementary symmetric functions o¢5(z) directly, we
go over to the power-sums

q-1

Sy = 21 (¢r = D"
r=0

2
s )gr(s,+s2-2 Foeet gy vz)Wlsl WS

oy Op

I
MI
N
s

m ) ! 2
M}s IV r(S{+e oo ep2
e ey Sy itee.., e E ere +s"p)»

Syte e sks,=m Te=0

I
M
,'{'/-\

(3.11) Sk =g DI OIS L
Syt 4Sy=m i i
Syt +s,v250(mod )

The transition to the ¢¥% is then made by the formulas
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of =S,
(3.12) 20% = o¥S¥ — S%,
(@—Dof, =05, Sf—08,SF+ - — SE,.
It is not necessary to compute ¢%, since we need only o4, ...., d4-1 in (3.8),
and these are given by
q-r
(3.13) =3 (T,")a (50 = a8 =1).

This program is easy to carry out for g =5,7. For ¢ =15 we get Sf =0,
S¥ = 10W:We=—10 (by (2.18)), S¥=0, Sf =30WiW;=30. Then o¥ =0,

o6f=5,0f=0,0f=5, and from (3.13), 9, = 05 = 25, 05 = 15, 54 = 5. Hence
(3.14) o5 = ¢5 — B¢t + 15¢% — 25¢2 + 26¢,

or, putting

o EIOR
v==0 (355"
(25
u=—4¢ _(7?(51) )’
we have
(3.141) v = w5 + 5ut + 15u® + 2542 + 25u.

This is essentially the modular equation as given by Watson.
Similarly, for ¢=7, we find S} =Sy =0, 5§ =42, Sf = 284, S = 70B,

S¥ = 42C + 630, where
A =WW, + WW; + WW,,
(3.15) B = WiW?: + WiW?: + Wiw3,
C=WiW;+ WiW, + WiWs.

The first few terms in the expansions of these functions are
A=—x1—-4-2x+---,

(3.16) B=x14+1+.--,
C= 3+ -
By the method sketched in §2, we get B= —A ~3, C = 3. Again, putting

v o= (%),

7
w==¢ =5t )

and carrying through the routine calculations of ¢,, we obtain (3.8) in the



A SYSTEM OF MODULAR FUNCTIONS 157

form

v=u" + Tu® + 21u® + 49u* + (91 — 7TA)u?
+ (63 — 3BA)u? — 49(1 + Au.

Directly from the product, ’

3.17)

v=x2—-8x"+204+ -,
so v = (A + 8)2. Thus, setting
we=@/1T)*=x"+---,

we have

(2 Y
(3.18) A=~ (55 ) —s,
and finally
(3.19) w? — Tw(u® + 542 + Tu)

= o’ + Tub + 21u° + 49u* + 147u? + 343u* + 343u,

which agrees with Watson’s result.
For g = 11 the calculations are rather lengthy but elementary, and we
shall give only the final result. Let
(L2 Y - 1y
””(v(nr) = (72 5m)

nz1

(/1) > 1 — xw/11
“adio Y <‘1 — xlin )
(3.20) a = WW.Ws + WiWW, + WiW:W. + WiW. W, + WiW.W; — 17
=x24+2x1—-12+4+5x + 822+ x>+ 4xt + - - -,
B=2— (WiW.+ WWs + WW; + WiW1 + WiWs)
=x%4+ 271 —12 4+ 2x + 222 + 1624% + - - -,

Then
V=0 — 112° + 5112® — 112048 — 11227 + 11(112 — 2cx) u$

—112(11 — 2a)u® — 11(11% + 126 + 23)u*
+ 112(5:11% + 38 + 2B)u® — 11(11* + 72-11la — a? + 9-11B3)u?
+ 112(11% + 8+1la + a* + 11B)u.

3.2

There are the further relations

(3.22) v= (112 4+ @) — 3-11%a — 14a®

(3.23) v + (11¢ + 13112 + 34a?)v = a’ + 9(112 + a)2.
The auxiliary functions are connected by

(3.24) a® 4+ 38a + 3-11%a + 9 = B2 + 6af + 1128.

Elimination of @ and B from (3.21), (3.22), and (3.23) will yield the modular
equation, which will be of degree 55 in #.  This fact makes it difficult to
apply the methods of Watson, since the conjugates of the root # = ¢(r)
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consist not only of the translates ¢(z +7), r=0,r=0,1,2,---, 10, but
also of others, the factor 5 being accounted for by the degree of (3.23) in «.

Equation (3.21) enables us, however, to prove the Ramanujan congruence
p(11n +6)=0 (mod 11). In fact, we get an identity for the generating
function. To see this, we consider

10 .
—111— 271 = [T a4 —x1m) 3 p(lm + 6)xm+1,
r=0 nz1

mz0

On the other hand, from (3.21),

1 X ~ 1 o4 5H(1_x1m)12 s ,
T 2@ =y g = U IHEZER) - ar + 8-l + a4+ 16).
Hence
(3.25) S pCim + 6)xmn = 11 [JETE00 Q10 + 8411a + 2 + 1),
mzo az (1—x")

Since « and B have integral coefficients, the result follows. For a similar
identity, see Lehner [4].

4. Two identities of Remanujan for ¢ = 7. Bailey [2] has given a proof
of the identity

(1 — xsm)s - n X"
@D el = 2 (5l

which appears, unproved, in Ramanujan’s notebooks. It is easy to see that
(4. 1) implies the Ramanujan identity

4.2 > pGn+ Hw =5 11 G

Indeed, if we denote by f(x) = D] Aux" the left side of (4. 1), and set
(4. 3) F*) = 2] Apr™,

we have

4. b FE(x) = g} (L—xm)5 g(}) p5n + 4)xm+1,

But the right side of (4. 1) is easily seen to be

. 5) 2 N2 (F).

Thus Asy = 5Aw, and

“. 6 FrC) =5f () =55 [ 720

mz1 (]- - xm) ’

from which (4. 2) follows directly.
The elegance of this proof of the Ramanujan congruence and identity
for p =5 led me to seek a similar one for p =7. Let
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. (1 — x7m)7
(4. 7) F(x> —x H (1 —_ xm,) 2 an
4. 8) F*(x) = > Brax® = II (1 — 2m)7 3 p(Tn + 5)an+,
n=0
The classical identity of Ramanujan,
4. 9 > o+ 5an =7 I G2 G I =250,
n=0 —x™)* mz1 (1 — x™)8
is then equivalent to
(4.10) F*(x) = 7(Q(x) + TF(x)),
where
(4.11) Q) = x I1 (1 — wmmys1 — xmye.

m=1

I had hoped to prove (4.10) using some elementary methods in elliptic
functions which I had developed. Instead, the following identity came forth:

(4.12) F*(x) =1(S(x) — F(x)),
where '
(4.13) S(x) = Ex” N2 s (7 )

n(N

Of course, (4.12) proves the congruence p(7z + 5) =0 (mod 7), but it was
not clear how it related to (4.10). The two together yield

(4.14) S(x) = Q(x) + 8F(x).

Conversely, (4.14) easily implies both (4.10) and (4.12). For, equating coe-
flicients of x™, we obtain

4.15) S*(x) = Q*(x) + 8F*(x).
Now it is easy to see that

(4.16) S*(x) =49S(x)

and

4.17) Q*(x) =—T7Q(x).
Hence

(4.18) 49S(x) =—7Q(x) + 8F*(x).

Elimination of @ from (4.18) and (4.14) yields (4.12), and elimination of S
yields (4.10). It was therefore highly desirable to find an independent proof
of the key identity (4.14).

When I communicated these results to professor Bailey, he informed me
that (4.14) appears unproved in Ramanujan’s notebooks, along with the
similar (also unproved) formula
(4.19) 19Q(x) +8 ]I § Q=2 — 8 —7TCw),

x7m)
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where
d
(4.20) Tt = 3o 3 ()
n=1 dln

Using the results of §3, I can now prove (4.14) and (4.19) without much
difficulty. From (3.18),

7(7) oy
421 (2 ) + 8+ A =0.
Now W,W.W, =1, by (2.18), so
(4.22) A(t) = WiW, + WZW:; + Wiw,
Wi Ws
=w, T W1 = We
=_P{ -1C2+__4_xgg],
C: C: CsJ
where
(4.23) P—CiCCa= 1 A =2

[N

and the C are defined by (2. 1). (The identity obtained by eliminating A(r)
between (4.21) and (4.22) is stated by Slater [8,(1.3)], who also quotes (4.14)
and shows that the latter implies the former.)

Now we have the formula®

(1 — xnt—Z)(l — xn-ltZ) _ +0oo xmt(l + xmt)
(4.24) Ko(x)t nIZIl [ = 2t — ] = 2~ w
where
(4.25) Kx) = JI a — .
n=1

Replacing x by x7 and then ¢ by %% a=1,2,3, in (4.24), we obtain
" Cm _ +oe xTmra(] 4 x7m+a)
Sa—x Kﬁ(x7) 2 (1 — x7m+fl)3

—oc

(4.26)

_ 2 x7m+u(1 +_ x7m+a) _ 2 x7m+u’(1 —_ x7m+u’)

Tm+aN3 — aTm+ay3 ’
—x ) 1—x )

m=0 mz20

where @ =7 — a. Hence, from (4.22),

4.27) — x?P1K5(x")A(t) = S; + Sz — Ss.
Returning to (4.21), and multiplying by
2 p- — 42 SI:E@Z —
x*PK8(x7) = x L[l A=y = F(x).

2) This is essentially the elliptic function identity
o) — . 9C20)
Pay=— 5
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we have
(4.28) Q(x) +8F(x) =81+ S2—Ss,
since

Feo) (5% = Q.

Equation (4.28) is the first of Ramanujan’s identities referred to above, in
the form given by him. An easy transformation shows that S;+S;—Ss=S,
and (4.14) is proved.

To prove (4.19), we subject (4.21) to the transformation r > — L, to get

K43
7 (77) \* 1)
(4.29) 19 (202 ) 184 a(- 1) =o0.
Now
4km
291 ( ‘ 'l.")
1 . q . Dy

(4.30) Wi (- F) ST RS e

2 (27| )

q
where by, = cos (2kw /q) and
2xt

(4.31) Dy, = Dy(x) = I;I 1 — okx*)(1 — o *nr) (w=e1).

n=1
Hence, with ¢ =
432 A(- ) =Bi+ Bs+ Bs,

b; DiD. b3 b
(4.33) By=27" ' “pt=23-R D” =25 R gg: ,
where
. - - A —x™)

(4.34) R = D:D:Ds — El Ty -

Now put { = 0®* (£ =1,2,3) in (4.24) to get
(4.35) Be—2 B pro (1= 0 < whan(l + w¥am)
b

a)'slc(l —_ wﬁlc) “ (1,_w’ikxm)5

Split the sum for m =0, m > 0, and m < 0, then expand in powers of x:

+00

(4.36) z — % + 2 x"E (0™ — @-3ka)yq2
~00 - n>0 aln

Now

2B — o N (m) .
and h( — k) =— h(k), so

3
2 (k) (0™ — @79y — - E h(E) (0%t — s
-1

I(_sd) K—/*7( —).



162 N. J. FINE

Therefore

(4.37) Al= ) =B+ B+ By = RE-(a +7 DIPE g] (L) ax).

Substituting in (4.29) and simplifying, we get
49Q + 8D =—a — 7T,

where
I A =2
(4.38) D(x) = I;l O
Equating constant terms, we find that ¢ =— 8, so
(4.39) 49Q + 8® =8 — 7T.

This completes the proof of (4.19).

If we apply the starring operation to (4.39), observing that T* =T, we
get

—343Q + 8D* — 49Q + 8D,

or

(4.40) O* = D + 49Q.

Following Newman [5], we define p,.(#) by

(4.41) IJJ A=z = > pr(m)am.
nz. n=.0

Then

D(x) = 111(1 — 2Ty S pr(myxn,

n=0

D*(x) = I>I A — ™1 > pr(Tn)xm.

n=0

Therefore (4.40) is equivalent to
(4.42) S pTmyxr = T (1 — 231 — 2771 + 49x [T (1 — amya1 — 270)s,
. n=0 n=1 n=1

This is example 3 on p. 320 of Newman’s paper.

5. Rademacher’s identity. Rademacher [6, eq: (4. 7)] has derived the
following interesting identity by subjecting (4. 2) to the transformation
r - — 71, using the transformation theory of % (r) and some results on
Dedekind sums:

n n . (1 — Am\5
[GARD) 2 p(n)x®»* — 5 nzZI (?)P(” — Dx -g (_1“_“-;::573)6 .

n20

There are several other methods of deriving (5. 1), of which I select the
following for its elementary nature, and because it illustrates the utility of
the systems of functions introduced here.

We have
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4
(8)=F5 25 w=enanim.
Hence

= p0n — D( e = 713 > (5) 2 pmy(orayms

n=1 r=1 n=20
4
1 (7
= — _— 5m = =\ = -
ITa - wm 3 2 Flogieso,
where the ¢, are defind by (3. 3) with ¢ =5. Also
S p(myxzn — II a — xzmy—1,
m=21

n=20

Inserting these values in (5. 1), multiplying by x7! H (1 — x™), and expressing
the products as »-functions, we find that (5. 1) is equivalent to

4
7 () — 7 _ FRIORS
®» 7 (257) [1 +'5 Z} (?)%’(50] r—( D) ) )

Recalling the definitions of ¢(r) and o¢;(r) (which we shall write as o (7)),
we find

4
. 29 4;(51)[1 + N/?2(%—)@7'(5@}: o (7).
r=1

Now replace r by 7/5 and observe that
o (t/5)=¢%(t)/o (1),
so that (5. 2’) becomes

4
5. 2% v =01+ V5 B(F)r@ |
r=1

Now the functions (—;—) ¢-(t) (r=1,2,3,4) satisfy an equation

(5. 3) 24— A123 + A222 - AzZ + A4 = 0,
and
4
/4 _ _ As
(5. 4) 2(7)@* = 4.

To determine the coefficients, we express the symmetric functions of ¢, ¢4
and ¢., ¢3 in terms of Wy, W, by (3. 4). Thus

Pr1+ Pa=2+ (0 + 0*) W+ Wy),
P19 =14+Wi+ Wi+ (0 + o)W1+ We) + (0 + o)W, We,

with similar expressions for ¢, ¢s. . But Wi + W, = ¢—1 and WilW.=—1,
SO
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Or+¢s=2+ (0 + 0*) (¢—1),

$1ds= (¢ =1+ (@ + o) (¢ =D + B — 0 — o),
o+ Ps =2+ (0% + 03) (¢ — 1),

Gaps = (¢ — 12+ (0* + 0)(¢ — 1) + @ — 0 — o).
An elementary calculation shows that (5. 3) is
(. 6) 2t—a/5 (¢ —1)23+ (342 —5¢ +5)22—4/ 5 (¢3—3¢2 +5¢ —5)z+ As = 0.
Hence

(5. 5

3 2 —_ =
L=y 5 =3RS0 2D V5 (gi— 3¢5+ 592 — 50),
since As = ¢1¢203¢s = o/¢. Putting this value in (5. 2”) and simplifying,
we find the modular equation (3.14). Thus (5. 1) is proved. It was of
course not necessary to appeal to the previous derivation of (3.14), since
Ay = (¢1¢04)(Pa¢3) can be found directly from (5. 5). It is not surprising
that the symmetric functions in (5. 5) are expressible in terms of ¢, since
they satisfy the condition immediately following (3. 5) (invariance under
r — 0%), which guarantee that they belong to T°(5), as does ¢. In fact, ¢
is a Hauptmodul for this group, but this fact was not used here.

A similar, though computationally more involved, treatment should yield
the corresponding identity for g =7 proved by Rademacher [6, eq. (5. 7)].
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