NOTE ON POSTNIKOV INVARIANTS OF A LOOP SPACE*
Korcur IWATA

(Received Octover 30, 1956)

1. In a recent paper, H.Suzuki [6] has proved the following :

Let X be a topological space with vanishing homotopy groups 7:(X) for
0=i<nn<i<qg(l<n<gq), and (X) be its loop space (in the sense of
J.P. Serre [4]). If we denote their Eilenberg-MacLane invariants by kZ*}(X)

and &%_,(£2(X)) respectively, then there is the relation
K] _ (X)) = 3 k(X)
between them, where 3 : H* (o, 1; m,) = H¥7ra, n — 1;9r,) is the cohomology

suspension.
In this note, we give a proof by a different method from the original and

in some general form.

2. Now, we are familiar with—:

LemMA 1. (Eilenberg-MacLane [1], see also [5]) Let Y be a cell complex.
There is a 1: 1-correspondence between the homotopy classes of maps of Y into K
(7o, @ + 1) and the elements of H*Y,m,), which is given by the correspondence
{}oS*(w), where {f} is the class represented by f:Y — K(mw, q + 1), u € H*
(my, @ + 1:m,) is fundamental class and f* is the homomorphism induced by f.

Let X be an arcwise connected topological space. We know that there is
a contractible fiber space in the sense of J.P. Serre, in which the total space
E(X) is the space of all paths in X with a fixed starting point (named base
point) and with compact-open topology, the base space is X and the fiber over
the base point is the loop space of X. Next theorem by Nakaoka-Mizuno [2]
‘will be used later.

LEMMA 2. Consider the fiber space (E,p, B) satisfying the following condi-
tions:
(i) Thetotal space E is a simply connected space with vanishing homotopy

groups wi(E) for i >r > 1.
(i) The base space B is a space with wvanishing homotopy groups wi(B) for

i=r>1
(iii) The projection p: E—B induces the isomorphisms

* Extracted from the report presented to Téhoku University January 14, 1956. The
author wishes to acknowledge his gratitude to Professors S. Sasaki, H. Miyazaki and
H. Suzuki for their constant help and encouragemement.
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for 0=i<r.

Then the image of the fundamental class u of the fiber by transgression T is
equal to — k,_,, where %,_, is the geometrical realization of Postnikov invariant
Ky, of E. (See [3] for Postnikov invariants)

3. Now we prove:

ProrosiTioN 1. Let (B, p, Y) be the induced fibre space from the contractible
fiber space (E(X), po, X; (X)) over 2-comnected space X by a continuous map
f:Y—>X, and let B’ be the total space of the fiber space which is induced from
(E(QUX)), q,2X); QAX)) by fo: QY)— UX), where fais the continuous map
induced by f. Then B’ is homeomorphic to (B).

Proor. By the definition of the inducad fiber spacs,
B = {(3w)|f9) = plu), y € Y, u € E(X)}.
Let f be the fiber map of B into E(X) and let p the projection of B in-
to Y. For @ € (B), we define a map
@ = (b, fp)
by P(t) = (pp(2), [ P(2)), ter=1[01].
Since pp(0) = pe(1) and fp(0) = fp(1), we have pp € Q(Y)and fp € QUE(X)).
Moreover, fpa(t) = pofp(t). Therefore, if we denote by pa the map UE(X))
— O(X) induced by py: E(X)— X, then fopp = pofp. Conversely, it is clear
that the elements (v, #') € (Y) x Q(E(X)), satisfying the condition foy' = patt/,
belong to (B). So we can identify Q(B) with a subset of Q(Y) x QE(X)).
On the other hand, by the definition
B ={y,v)fay = qu,y € QY),v € E(Q(X))}.
We give a correspondence between v’ € E(Q(X)) and &' € Q(E(X)) as follows:

(Ev'(2))(s) = (V'(s))t) s,t €1=1[0,1].
Choosing the base points suitably, we have a continuous map
Ev—Ev.

For, by [4] p. 474, ((s))(t) is continuous relative to both s and ¢. Therefore,
Ev'(t) is an element of E(X) and &' is an element of Q(E(X)), and it is clear
that £ is also continuous. By similar arguments (with slight modifications),
we can get a continuous map of Q(E(X)) into E((X))

. %' —
defined by (W(t))(s) = (nu/(s))L).
Now we define the correspondences

F
B’E'.Q(B)
7
by &, v)=0, &),

W, W)=, ).
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(Since (pa(Er')) (t) = p(EV'R)NEV (1) (1) = (V(1))(t) = (qv') () = fa¥' (¢), (¥, EV) €
Q(B), etc.)
identities. Therefore, B’ is homeomorphic with Q(B).

Let & be a 1-connected cell complex with 7-th homotopy groups =; for
i=23,..,r, and mi(€) =0 for ¢ >», and with Postnikov invariants k., ..
o Ky,

By Cartan-Serre’s construction, we have a fiber space (&, p, Y) satisfying
the conditions of Lemma 2. & has the same homotopy type with & and ¥
has the same invariants %, .., k.-, as & (or &)

Let X be a space K(m,, 7 + 1), > 1. By Lemma 1, for k,_, € H™*{(Y, )
there is a continuous map

fY—->X
such that Srthpsr = — Ky,
where #,+1 is the fundamental class of H"(X, mr,).

Since the transgression in (E(X), py, X; Q(X)) is translated by f* to that
of (B,p,Y),if we denote by u, the fundamezntal class of A"(Q(X), 7,) and by
T the transgression in (B, p, Y), then, by Lemma 2, T, = — k,_;. Therefore,
B and &, (and &) have the same homotopy groups and invariants. This
implies that their singular polytop:s have the same homotopy typss, and so
do their loop spaczs. Accordingly, the invariants of /€) are equal to the
corresponding invariants of {)(B) which are equal to that of B’ in Proposi-
tion 1.

But we have:

PROPOSITION 2. [Invariants k, of B’ are of the forms Ski,, where S:

B3(Y, i) — P HQY), mivs) is the cohomology suspension in the fiber space
(E(Y), p,Y;Q2(Y)) over Y.

ProoF. Invariants of B’ are of the forms —f u: = —f%3 ui+,. Since the
homomorphism of cubical singular chain groups C(Q(Y))— C(Y) defined by
oWty ... te) = (s, ..., te) (1) tyel

inducas the suspansion and this o commutes with the chain homomorphisms
induced by f and fo, —fESthivy = =S thier = — 3 (— Kiry) = 3 ki1

By above discussions, we have

THEOREM. The Postnikov invariants of the loop space of a 1-connected cell
complex E are the images of that invariants of &€ by the cohomology suspension
defined in the fiber space (E(E),p, €) over E.

ReEMARK. In the case where & is a “space”, we can replac: & with its
singular polytop2 without changing proofs. So we have the theorem in this
case too.



332 K.IWATA

REFERENCES

[1] EILENBERG-MACLANE, Ann. of Math., 60(1954),513-557.

[2] M.NAKAOKA and K. Mi1ZUNO, Proc. Jap. Acad., 30(1954), 363-368,431-434.
[31 K. MizuNoO, J. of Inst. Polyt. Osaka City Univ, 5(1954),41-51.

[4]1 J. P.SERRE, Ann. of Math., 54(1951), 425-505.

[5]1 J. P.SERRE, Seminaire H. Cartan, 1954/55, Exposé 1.

[6] H.Suzuks, ]J. of Math. Soc. Japan, 8(1956),93-101.

MATHEMATICAL INSTITUTE, TOHOKU UNIVERSITY.





