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1. Introduction. P. J. Hilton [4] showed as a generalization of Chang-
Whitehead theorem the following theorem: Let X be a connected CPF-complex
which is the union of CTF-complexes A, B. Let A be (p — 1)—connected (p > 3),
B be (q — 1) connected (q > 3), and let A f] B = C be contractible over itself.
Then

7Γn(X) = tf

3*τrn(A) + ι4* 7rn(Z?), w < p Λ q — 1

The purpose of this paper is to generalize the latter as follows:

THEOREM. Let (X: A, B) be an excisive triad (see [3] p. 335), (A, C)be(β — 1)-

connected (p > 3) (see [1] p. 389), (B, C) be (q - l)-connected (q > 3), and let

Cbe I'connected (I > 1). Then

πn(X, C) = /3* τrn(A, C) + h* τrn(B, C) n<l + min(p, Q)-l = n0

7Γno(X, C) = tstfΓnJίA, O + h*7Γno(B, C) + ^ ( ^ ( A ) ®

where P is a uniυalent homomorphism and is given by

[, ] being the Whitehead product, and i* is a uniυalent homomorphism to
appear in Prop. 1.

This follows readily from Prop. 1, Prop. 2, in the next section, and Blakers-
Massey Js triad theorem [2].

We use in the following the same notations, of Blakers-Massey [1], but
our fundamental tool is Lemma 2.

2. Statements and Proofs.

LEMMA 1. In the diagram

i h
>H

i

of groups and homomorphisms, assume that hpi = iu jjzpz = 1, image u =



NOTE ON A THEOREM OF HILTON 325

kernel j*(a = 1,2), ii,j2, pi, p* are uniυalent homomorphisms, and j u j2 are onto
homomorphisms. Then G decomposes into the direct sum

G = pλGι + /2G2 + p3G3,

if I* has a left inverse i*, (a = 1,2).

PROOF. Consider x € p\Gλ f] ρ3G3, since x € piGu it follows that j3(x)
belongs to i jd , hence Λ7a(*) = 0. Since x € />3G3, it follows that there is a
y € G3, such that x = /33O>). Then

y = ΛΛPsO) = A/aW = 0,
and this implies x = ρ3(y) = 0, hence p^ f] p3G3 = 0.

Next, if & € Gi, ^3 € G8, and Λ; € ίaG2, let Λ: = p^gi) + pβίΛ) Then

= 0

by virture of our assumption image it = kernel j 2 . Let j? be a univalent

homomorphism such that j2p9 = if, while y2p! = ix. Then

0 = jidiigύ + # ( Λ ) ) = 0 + β.

Since 5b = 0 and gi = 0, it follows that

(piGi + p3G3) fl «iGa = 0.

Finally, let h be an element of the group H such that j>/g) = λ, for any g € G,
as Λ is a homomorphism of G onto H. Since the group H decomposes into
the direct sum iχGι -f yfG5, it follows that there are gx € Gif gs € G3 such that

h = ii(gi) + Λ%3) for all A € #.

The assumption implies ix(gι) = hpi(gi)tJX(g9) = iiP*(gt), hence

This completes the proof of the lemma.

LEMMA 2. /w f/te diagram

A

\ G

</ groups and homomorphisms, assume that the commutativity holds in the
triangle, image i& = kernel j Λ (a = 1,2), zΊ, ιa βrβ univalent homomorphisms,
and jι, y2 αr£ onto homomorphisms. Then there is a univalent homomorphism
p3 G3-+G such that JdzPz = 1, and G decomposes into the direct sum

G =
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if and only if iΛ has a left inverse i^ (a = 1,2).

PROOF, Let there exists a univalent homomorphism p3: G3-+G such that

JdiPz = 1, and let the direct sum decomposition hold. Now, we define j * : G3

by j * = hp3i then jjf = jijφ3 = l The existence of a homomorphism /*:

such that /f iι = 1 follows from the fact that the group H decomposes into

the direct sum

H^i^+ftG*.
Next, we define j * : H->G, by j * = pJr1 on /i d , and by j * = ps/*"1 on j * G3.

Then

= ί2G2 + ^Jfixd + j*G9) = f2G2 + j*H,

and follows the existence of a homomorphism i*:G->GΛ such that rjϊa = 1.

Conversely assume that ia has a left inverse ί* fα = 1.2). Then there are
subgroups X of tha group G such that G = /2G2 + X Let Xo denote one of
such groups. Then j2\Xo maps Xo onto H, for ΛG = i2/2G2 4- j^Xo = y2-XΌ

Let Xi, x i ^ Xi, and JΛ = y2ΛΓ2. Then y2̂ i — ia^a = y2(Λά — x2) = 0, hence the
element (Xi — Λa) of the group Xo belongs to *2G2. Since /2G2 + Xo is a direct
sum, it follows that xx = Λ*, therefore y2 is an isomorphism of the group Xo

onto the group H. Let /A be an inverse isomorphism of h\X0, then hμ(h) = /t,
for all h^ H. We define now the univalent homomorphism p3: G3->G by p 3 =
^ . Then Apste) == hμjf(gs) = iff^) ^3 € G3, and Lemma 1 implies the
conclusion.

Consider the various groups and homomorphisms indicated by the follow-
ing diagram (see [1], Lemma 3.5.5)

τrM(Λ, C) yir/X, B)

7rn+ι(X;A,B) ^ τrn(B, C) πn(X;A,B)

β-\ *V \Λ* /H* \
τrn(B, C) s •9r»(-X; A)

*2
Then the following commutativity relationship holds:

il* = Λ*«3*, H* = /3*i4*.

Moreover, we have the following result:

PROPOSITION 1. Let (X; At B) be a triad, then there is a univalent homo-

fnorphism
*V. 7Γn(X: A, B)-+ πn(X, C) (3 g » S t)

such that

πn(X, C) decomposes into the direct sum
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, C) = t3*7Γn(A, C) + *4*7ΓW(£, C) + t*-7Γn(X; A, B)

if injection homomorphisms

lΊ*: τr»(A, C)

have left inverses for all n ( 2 g « ^ r).

PROOF. In the above diagram, since IΊ*, 4*, /3*, h* are univalent homo-
morphisms for n — 1, then A*, Λ*, Λ*, Λ* are onto homomorphisms for n. The
assumption for n implies that i3*, h*, are univalent homomorphisms for n.
Then, we obtain the following diagram

0

0 *7Γn(A, C)—-+IΓ«(X, B)—~*TTn(X\A, B) Λ

\ Ji*

C)

*

, C)

0

and Proposition 1 now follows from Lemma 2.

PROPOSITION 2. Let (X; A, B) be an excisive triad, (A, C) be (p — l)-con-
nected (p ^ 3), (B, C) be (q — l)~connected (q ^ 3), and let C be l-connected
(I g: 1), then injection homomorphisms

ll* : IΓtίA, C) -» 7Γn(X, 5 )

inverses at least for n%l + min (f, ^) — 1.

PROOF. Corollary 3.2 in [3] implies that

fl*: 7Γn(A,C)->7Γn(X,B)

has a left inverse for w S / + ί - l . Similarly

f ** : W«ί"B, C) -> 7Γn(X, A)

has a left inverse for n<.l + Q — l. Therefore the Proposition is true.

NOTE. If (X; A} B) is an excisive triad, (A, C) is (p — l)-connected (0 ^ 3),
(B, C) is (0 — Unconnected (q > 3), and C is (p + q — l)-connected, then

τrn(X) = **3* τrwf A) + f 4* 7rn(B) n<>p + q-2

This follows immediately from the Theorem.
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