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1. Let ψ{t) be an even integrable function with period 2πτ and let

(1.1) φ{t)~ 'Σ an cos nt, a0 = 0,

(1.2) φa{t) = r^y / 9<») (« - ί)""1 rfw (« > 0).
0

and S£ be the /5-th Cesaro sum of the Fourier series of φ{t) at t = 0, that is,

(1.3) Sg=2^-,«, (/3>-l).

C. T. Loo [7] proved the following theorem.

THEOREM A. If a>0 and

(1.4) S«n = φ**/log w) as w -> oo,

then
φι+a(t) = O(f1+α).

This theorem is the converse type of Izumi-Sunouchi's theorem [5].
Recently, we proved the following theorem [6]:

THEOREM B. If

Ψ0) = o^l(log -ί)τ} (A 7 > 0) as t -> 0,

/ 1 \Δ

then

(Δ>0,

where a = (Δ^8 -1)/(1 + Δγ).

In the present note we prove a theorem which is the converse type of
theorem B.

THEOREM. If

(1.5) an > -K(log w)α/w (α > 0) as n -> oo
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where K is a constant and

(1-6) S* = o{nη(log nyy Oβ,7>0) as

then

φμif) = o{t») as t -> 0,

This theorem is also related to G. Sunouchi's theorem [8].

2. For the proof of theorem, we use the Bessel summability. Let Jμ{t)
be the Bessel function of order μ and put

(2.1) aμ(t) = 2T(μ + l)Jμ(f)/t^,

then

(2.2) Δpaμ(nt) = Ott*5) for 0 < w* ̂  1

and

(2.3) Δ'^fΛί) = O(ίp-μ-1 / 2«-μ-1 / 2) f o r w ί > *>

where Δp (f> = 0,1, 2, ) are the repeated differences of p-times. This pro-
perties are shown in the theorem 2 of K. Chandrasekharan and O. Szasz [3].

If the series

(2.4) 2ft.{
n-Ό

converges for some interval 0 < t < t0 and

(2.5) φ%t) = c{l) as ί->0,

then the series 2 an ^ s s a ^ to be summable (Jμ, k, λ) to 0.

LEMMA 1. If the series ^an is summable (Jμ,l,n), that is Jμ-summable,

to s, then t"^+l12' φ +1/2W tends to s as t-+0, and vice versa, where μ > — -g-.

This is given in [3J.

Let h denote a positive integer, and we write

Δ - Λ Sn = Δl Sn = Sn+ft — Sn

and Δg = ^Af^1 for ί = 1,2, — , where Δ£sn = sΛ. Similarly! we write

Δ-hSn = Δ i A Sn = Sn ~ S«-Λ

and Δ^Λ = Δ-ΛΔ
P_"Λ where Δ\sn = sn.

LEMMA 2. //* Λ ««fi? j> are non-negative intgers and 0 < δ<Ξ 1,

(2.6)
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^ Λ ^ n °JZ« V ( h __ Ί)n +. ~[\ J£Λ jϋU \Sn+V0+.. . + Vp — Sn)

and, if n > {p + l)h,

(2.7)

^ fi=l

This is proved in Bosanquefs paper [2].

LEMMA 3. 7 / 0 < w < w , 0 < δ S l , then

This is proved by Bosanquet [1].

LEMMA 4. If r >0,β > 0, h > 0

5; = €{rfiW{n)) as n-+ oo, /Λe» Δ^SJ = o(n^W(n)) and Δr_h S
r

n = oO
<35 w —>• oo, where W(ri) is positive non-decreasing function of n.

Using Lemma 3, the proof is done analogous by that of Lemma 7 of
Bosanquet's paper [2].

LEMMA 5. IfV(n) and W(ri) are positive increasing for n, and

sn = S°n = O(V(n)), Sr

n = o(W(n)) (r > 0),

then

SI = o^Vin)"7{W{n)Y ) φ<a<r).

This is the Dixon and Ferrer theorem [4],

LEMMA 6. Let V(n) and W(n) are positive and satisfy the following
conditions:

( i ) there exists a real number d > 0 such that naV(n) is non-decreasing;
(2.8) (ii) W{n) is non-decreasing;

(iii) W(n) = O(V(n)) as n ->oo.
And if

(1) su = O(nhV(ri)) and (2) S% = o(ncW(n)) as n -> oo,

« + ̂  ̂  c > —1,

(2. 9) Si' = o(ΛC«-«'»/«+α'β'α

PROOF. We can prove this easily by the simple modification of Bosanquet's
paper, but for the sake of completeness we prove the lemma.

Suppose that b is any real number and assume the theorem with b, c
replaced by b + ί, c + 1. Then, by (ii) of (2. 8), c> - 1 and (2),
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n

= ° 2
* v = 0

If we put Tl = 2 ^ - ^ ^ t h e n w e

v = 0

(2.10) TJ = {a + Λ) Si - (β + 1) S r 1 = o(ΛβT

From (2.10) and rcs« = O(ri)+1V(n)), the hypotheses of the theorem are
satisfied, with sn replaced by nsn, b by a + 1, c by c + 1. It follows from
the case assumed that

Tϊ = 0 (« o + 1 > ( β " β ' > " 1 + β ' ( e + 0 / "ί^«)) I - ' ' ' / β (m«)) r t ' ' β ) (0 < a' < a).

Now suppose that a ^ 0 and a - 1 ̂  α' < a, then by (2)

" ί " 1

and so by (2.10)

( {Win)) )

Since a + 6 > c > — 1 and (iii) of (2. 8), we obtain

Si = O(Λ (F(/ί) (TΓ(Λ)) ).

Thus, if 0 < a <Ξ 1, the result follows by induction from Lemma 5. If a > 1,
we suppose 0 S β ' < β - l , and sssume the result with α' replaced by a' + 1.
Then

Thus our result may be proved by induction.

LEMMA 7. // (2.8),

(2.11) sn+m - s n > - Kn»V(n)m (K > 0),

and

(2.12) Si = ί)(^cPf(w)) as n-+oo,

where a>0 and — l < c < α + 6 + l , w;

(2.13) S- = o(^->-o-'->> . ^ ^ ^

/or 0 ̂  α' < α.

PROOF. First suppose that & ̂  0, c > 0. Let a small positive £ be given,
and let a = p -\- 8, where 0 < δ £ l and p is a non-negative integer. Then,
for all sufficiently large n, by (2.6)

J-L hPs _ Δ,+, s... δ y ίχ*-w,-^^ 4, ^,
7 yo-1 vi = I !/ = !
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*«*1 n°W(n) + ϋΓδ 2 Π ^ ^ I Γ I } Σ • Σ «

< Sp+S+1 ncW(n) + (p + 1) Khp+8+1 ri>V(n),

provided that (p + l)h < Hn and K > K. Also, by (2.7), for all sufficiently

large n,

>sn> - 6 2 ) + δ + 1 wW(w) - (p + 1) Khp^+ιnh V(n),
ί(h)

for (/> + l)fc < (1 + H)-Ήn.
Taking Λ = e(ncW(n)/nbV(n))mp+8+» we get, for sufficiently large n,

a' a

is.i < (l +

that is,

(2.14) sw = o(wα+1 (V(n)) " α + 1 (TF(w))α+1) as n -> oo.

From (i) and (ii) of (2. 8), there exists a number ύΓ > 0 such that

α+1(PΓ(w))α+1 = n'ι'V(n)(W(n)IV(n))a+1 is non-decreasing for sufficiently
large n. Hence, using Lemma 7, we have

for 0 < a! < a, by (2.12) and (2.14).
The rest of the proof is analogous to that of Lemma 7.

3. Proof of the Theorem. By lemma 1, it is sufficient to prove that

the series 2 an * s Λ-4- summable to 0, whsre μ = a(β 4- 1)/Cγ + α).

First we shall prove that
0 0 i i

(3.1) Σ ^ Γ ~ =O((logn)»/n).

Under the assumption (1.5)

thus we have

On the other hand, since we may put in lemma 2 V(n) = nHlognf and
= w7(logw)v, where 6 is any positive number, by (1.5) and (1.6),

(3.2) SI = o(nHlognΓhia-lMmUβ+'). for h - 0,1,2, * - I.

Especially,
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So = ,„ - o{(logn){β*+y)nβ+1)} =

for

α: - (βa + y /08 + 1) = (a + y;/(/3 + 1) > 0.

Thus, we have

Hence

2 v-1\aΛ=O{(log2<°r/2*},

and

^ Γ ' (log 2lc)<* \
2^ v~ι\av\ = O\ ^ ^ ί

Consequently

which is the desired inequality (3.1).

Let

5.3)
. v

say, where v is to be chosen presently.
Using the inequality (3.1)

(3.4)

This shows that the series ^aιCtμ-±-(nt) converges for fixed t > 0.

For a given positive number C, we put

(3.5) v = pίf)

Then from (3.4;, we obtain
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Thus if we take C sufficiently large, we get

(3.6) ψ2(t) = o(l) as ί->0.

Now there is an integer k > 1 such that k — 1 < β <Ξ k. We suppose that
k — 1 < β < k, for the case β = k can be easily deduced by the following
argument.

Now
n ( n

Concerning ψι(t), by AbePs lemma on partial summation #-times we have

+ SjLfc Δfc oίμ.-\(v — k t) = ̂ 3\t) + tytit) + tyδit), say.

Using (2. 3), (3. 5) and (3. 7), we have

ψ5(t) = S^_fcΔ
fcα:μ_ Ύ (v~^kt) = ̂ {^(Ίog ̂ ) " γ ^ " ^ 1̂ "̂ }

V05(fc-μ)/μ

(3.8) = o{( log-i- Yrt"'3"1)"} = <Λ) a s ί - . 0,

Also, by (2.3), (3.5) and (3.2)

Since the exponent of log -.- is

we have

(3. 9) Ψt(t) = o(l) as ί -> 0.

Concerning fait), we split up four parts

[1/ί] m+[l/ί] ι/-(fc+l) m+[l/f] μ-(lfc+l)-[l/ίl-l ^-(*+l) v-(fc+l) m+fl/ί]

= Σ Σ + Σ Σ + Σ Σ - Σ Σ
l fc)

(3.10) = ψQ(t) + Ψ TCO + ψ%ft) -!- Ψ QW, say.
From (1. β) and (2. 2), we get

[l/fl m+[l/ί]

m = 0 w-wi
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[lit] m+ll/r] . [lit]

{{
L l/fcj /H.TLAHJ «

Έsί Σ (w-wf-'-1/**1 =•
ro-0 w=m '

(3.11) = o (( logy )"Y) = oil) as t -+ 0.

From (1.6) and (2.3), we also get

τrt=[i ίj+l

= o\ 2

{
v-Oc + 1) .

ί f c + i- μ 2 ms-Klog fn)~yt-ι*-v =
for >3 + 1 - M = 7 - ^ ^ > 0. Hence

v-Oc +

(3.12; ^(f) = o(^+1-^/-ί 3 + 1 -^(logy-)f ( ^ + 1 - ^ - γ | = o(l) as f->0,

by (3. 5), for — (β + 1 - μ) - y = 0.
A6

For the estimation of ψ8(t), if we use partial summation in the inner
series, then

2 s-3 2

+ "(*Σ ί l/ίJs;A ιW+-

- 2 ^A^:ί_mΔ f cαμ_4_(7 : : rlί)

(3.13) = ψ'8(t) + -ψ g'tf) + ψί'(t\ say.

•ψ 'ίί) = OI 2 S^ 2 (w - mf-β-2 n-» tk~A

^ J

(3.14) = o{(log-|-)^('5+1-μ)-γ} = o(l) as f->0.
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{
i/-(fc + 2)-[l/r]

m=2

(3.15) = o{(log-^)τ <*+1-*>-*} = o(l) as

{
v-(fc + 2)-[

(3.16) = o\(log-j~)f ik-^-y\ = o(l) as

Thus, from (3.14), (3.15), (3.16) and (3.13)

(3.17) ψs(t) = o(l) as t -> 0.

Moreover, we get
v-Tc-1 m+[l/ί]

- » { _ . .
, v-fc-l

' M—ι._r _ π

(3.18) = o{(log-J-)ΐ"(ίϊ+1-μ)-γ} = o(l) as *-•<).

Summing up (3.10), (3.11), (3.12), (3.17) and (3.18), we obtain

(3.19) ψ3(t) = o(l) as t -> 0.

Thus, from (3.1), (3.6), (3.8), (3.9) and (3.19), we have

ψ(ΐ) = o(l) as t-*0,

which is the required.
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