
A SUFFICIENT CONDITION FOR THE ABSOLUTE KIESZ

SUMMABILITY OF A FOURIER SERIES

KISHI MATSUMOTO

(Received January 7,1957)

1. We suppose that /(/) be a periodic function with period 2π and
integrable (L) over ( — TΓ, TΓ), and we write

fit) ~ 2 a0 + 2 (a">cos n t + bn s i n nt} = 2 A n{t\

J.

Φ (/) = p ^ r J (ί - u)«-ιφ{u) du (a > 0), ψα(ί) = Γ(α + l)t-«Φa(t) (a > 0),
0

Concerning the absolute Riesz summability \R,\(w), k\, where the type
\{w) is equal to exp{(log w)*}, (Δ > 1), the following theorems are known.

THEOREM. Mohantyand Misra [1], Kinukawa [2]. If φa(t) log (kft), where
oo

k >7ret*, is of bounded variation in (0, TΓ), then the series 2 An{x) is summάble

\R, exp {(logw;)*}, 1 | , where 0<a<l and Δ = 1 + If a.

THEOREM. Pati [3]. If a is an integer ^ 1, ««rf φa(t) log (kft), (k > weβ+a)
is o/ bounded variation in (0, TΓ), */^W ί/te Fouries series of fit), at t = ΛΓ, /S
summable \R, exp{(log^)1+1/Λ}, l + α | .

We shall prove here the following

THEOREM0. If φΛ(t) (log kft)a^-J\ (k >τr^ C Δ - 1 ) + 1 ) f is of bounded variation

in (0,7r), /Aew 2 ^«(#) 2'5 summable \R, exp {(log^) Δ }, β\, where β > a > 0

Δ > 1.

This theorem is an improvement of the above two theorems, and when
Δ = l this theorem reduces to a theorem on \C,k\ summability proved by
L. S. Bosanquet [4], further this theorem shows that the summability |/?, exp
i(logw)A}, β\, β >1, of a Fourier series is a local property of the generating
function.

For the proof of the theorem, it suffices to show that, when Δ > 1,

1). The (R,exp{(log w) Δ }, j3)-analogue has already been proved by K.Kanno On
the Riesz summability of Fourier series, Tόhoku Math. Journ , 8(1956), in somewhat
weak form. But we can complete the Kanno theorem, applying the method of this
paper.



ABSOLUTE RIESZ SUMMABILITY OF FOURIER SERIES 223

.= r
β

[exp {(log w)*} - exp{(log n)*}]?-1

dw < oo.

To simplify the proof we use the following notations throughout the
paper.

, n)}p t, n\e(w) = exp {(log w)*}, E«\w, t) = | ^ ^
otv air

E(w, 0 = 2 i<w) - ^O)}13"1 Ĉw) cos wί,

F(w, t, p, s) = 2 W"7) "" Kn)}^1 e(n)ns(cos nt)p>

CO

Ϊ i°) w-th Cesaro sums of order # of - + 2 c o s W^J (P = 0)»" o r °f 2

Γ(i + M - «) ̂  (w,») = J (t - «yΛ^

^

JL&, υ)dυ.

Then we have

(1)
w

dw

w eβ(w) 2 ( - V"

+ ( - ly i J Φιαi(t) £<r » (w, ί)

also

(2) , /) dt = , ί) dtj (t-
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t — u)[a}-* EW)(w, t)dt = I g(w, u)dΦa{u)

Γ ~V f d
= Φec(u)g(w, u) \ — / Φ « ( M ) - 7 - g(w, u) du,

L Jo J du
o

further

(3) Γ(α + 1) / Φa{u)—~g{w, u)du
J du

r ^ ^ u) du

Jo J
(J

From (1), (2) and (3) it will suffice to show that

(4) J = J ^J)^1 I E«»(w, τr)\dw < oo, O^p g fα] - 1, when [a] S 1

2

and finally

(7) M = J ( ^ ? ^ y IGίw, «)|rfw = O(l) (0 < « < TΓ),
2

since φa(u) (log k/u)a^~n is of bounded variation in (0,7r).

2. Lemmas.

LEMMA 1. [3] ^J(ί, />) = {Ω («, ί, ft)}P + {W(n, t, k)}9, (p = 0,1,2, . . . . )

- s ί n ί(» + (* + l)/2)*-fer/2>

- I ^ - p - 2 ) (ft = 1,2, 3,

L E M M A 2. PFe /JUEZ;̂ ; W^^TI f/βj = 0 ;
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p ( 1 )

(8) F(w, /, p, s) = 2 Q\ -T^ZΪ e\w)ws'^u'(logw)^'^^

+ Σ O| tf^iΐΊ AwV-"*1 (log IIO"*-1' f

+ p + 1

we have, when β > 1,

(9) F(w,t,p,s)

1 = 0

PROOF. We may assume <ΛΓ) = ΛΓ, (0 <Ξ Λ ̂  1).

When [β] = 0.

tw-i/ί] [wi χ ( β-i

(10) f(w, /, />, 5) = ( 2 + 2 ) <w) - <n)

2

= *ΣDi(w,tfp,s), say.
ί = l

— I / I

(11) - A(w, ί, Z3. s) = J ©"(*, ί, /») ̂  [{«(») - «(*)}(|-1e(Λ)*f] rf*
0

/

w-I/ί

®\x t, p) {e(w) -
0

W-l/tW-l/t

4- Δ j @O(Λ;; t}p){e(w) - e(xψ'ίe(x)x$'ί(logx)^1 dx
0

W-l/ί

+ 5 J ©° (Λ: /, p) {e{w) - e(Ar)}^-1 ^(Λ:)Λ;S-* ̂ ΛΓ

o
3

= 2 G A ' (^ '»P» s)> say> where d are constants.

w-l/t

(12) Aι (w, ί, P,«) - J {^2UΏj/2/2)t) i < M ; ) ~ e{X)}β~**W*~ιQ°Z*>"~l) dx
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• I f
(0 S m, « S p — I)

= Σ O Γ i {φ>) - e(w - 1/W- e?(w - lft) (w - 1/ty-"1

1 _ ί ϊ *—

ί

= 2 ° I ik^i « ' ( Φ ' + l t H (log w)W-»wrυ I,

where, and in the following, Cs are some constants which differ in different
occurrences.

(13) Dvz(w7t)P,s)

0

= 2 ° \ τhτWwϊ ~ <w ~ W - ' « ( » - i/O (w - i/ί)"I+ί (log (w -
1-0 *

(14) The order of Dl3 is less than that of D12.

(15) D2(w,t,p,s) = θ[] {e(w) - e(x)}^ e(x)xs+<> dx^

f W i • Ί
/ {e(w) - <ΛΓ)}^+P(lθgΛΓ)-ίΔ-3>Λfe

J JL [w-l/ί]

(w - i /or p + 1 (logno**-1)log(w -

Lemma 2 for the case [β] = 0 follows from (8) and (10), ... .(15).
When β > 1.

(16)
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0

[ J 3 ] ~ 1 _

say.

Now, by Lemma 1 we have

(17) &(x, t,p)= 2 Δ*+1(* - »/• S£(ί, />) +' A\x - (M - A))* S«x]_k(t, p)

- (W - 2))* Sfo_,(f, />) + Δ(* - (M - 1))* Sg.j.Xί, /») + (*

θ ( — — V where Ogw,wg/)-/. Hence

(18) &(X;t,p) =

On the other hand

(19)

ί-0

where O g ί ^ f ^ j f e . Using (18) and (19) we have, in (16),

(20) [/lfc(*; t9 P ) ] " = θ ( ^ - p + - ^ ) ̂ r»(w)f 1 S ftέ Γ/3J-1.

For the estimation of /.(Λ:,- ί,/O), it is easily seen that we may use on

the terms of &(x; t, p): the term j ~ [β] —I; then

(21) Uw;t,p)

+
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= 2 O (Έj,1( (W; t,p))+ OΠg/** (w; t,p)\

When i < [β],

(22) Jnt (w: t, μ)

I mh t ϊ (log

When / « [^],

(23) / 3 1 E J 3 ] (M; ;t, p)= J + J = /Λ[jBμ ( „ , . , p) + / a ] [^ 2(zί; ; ί, p), say .
0 w-l/ί

(24)

= 2 ° (-p^Γ Ĵ w) - «(«> - l/ί)! '" 1^ 1^^^ - 1/0

W-l/ί

• (w - 1/0-W (ίoswW^j ^ {([*] - ψ + l) ί - f ([£] -

= 2 ° \ ί ^ ΐ eP(w}w*-e+™ (log«)«-»<Δ-» [, (0 ̂  <r g w - I//).

(25)

For the part /22ίϊ when i = 0,

-1) ί

(26) /2ii0 (w ί, p) = O {-—- e^iu

£p+2 f' == * '

and when i > 0,
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(27) JΛi (w; t, p) =

= OI • ^ ePiwyuf-1 (log w)(W-i)(Δ-i) I.

We have the order of Hw t, p) from (21), . . . .(27).

Lemma 2 for the case β > 1 follows from (16), (20) and (21).

LEMMA 3. If β > 1 or if β < 1 ##J s + p + 1 > 0 ; then we ham

F{wy t, ρ,s) = OUe^(w)ws+(>+' (log w)-&-»\.

PROOF.

F(w,t,p,s) = θίj {e(w) -
0

hence Lemma 3 follows immediately.

3. Proof of Theorem.

PROOF OF (4). By Lemma 2 we have, when β > [a] ^ 1, and [a] —\>μ,

, TΓ) = FXw, τr} p,0)

Since —/9 + / + K 0 , we have

2

PROOF OF (5). Using the 1st and the 2nd mean value theorem we have

+ [a] - a)g(w, «) = ( J + j ) (f - «>*-« £<c«ί> (w, ί) rfί
l j

" ^(w)}8-1 β(w) {(cos w ί9)[αΊ / (t-u)w-« dt+n«-w J

u+ljn

^ l n ζ

J (cos »/>ι

β+i/

(M + W-1 ^ f ^ 9τ)

= Σ ««) - < » ) ^ <«)[«-«- (cos „ ̂  +
(u -i-n

, if, [ 4 a - [α] - 1) + F(^, w; [α] + 1, a - [α] - 2)}.

Hence, by Lemma 2, we have, when f/3] = 0,

g(w, TΓ) = 0{e^(w)wa ~^log w)(β-D^-i)} + Q{e\w)i0*-*-t (log H ? ) ^ - 1
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and when β >1,

g(w,τr)

1=0

[a]

+ 2 O{φ)M/Λ-2[Λ]+wι-2(logM;F^-^ + 2

Hence we have

PROOF OF (6).

Γ(α

,t) ^

We substitute this for G{w,τr) in (6), then by (4) and (5) we have

= Oil) + θ\ f^ψ~ \E(f»
I J we\w)

* *0
u ϋ

The second term of the right hand is finite, since this term occurs when
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β > 1, and then we have by Lemma 2 for the case β > 1,

E(w}τr) = F(w,τr, 0,0)

= 0{e^{w)} + 0{e9 (w>ί!-ι«} + o{e3 (tι;)wrP+1} + 0{e3 (W)M - 1 } .

The last term is finite since

cos nt JΛ ^ Ί

< oo, where

Thus we have

PROOF OF (7). We put*τ = (logk/uy*-ι)/u, then using (6), we have

2

By Lemma 3, similarly as in the proof of (5), we have

g(wt u) = 0{F(w} u} [a], a - [a\ - ί) + f t ^ w, [Λ] + 1 , α: - [a] - 2)}

Hence

and, since α; > 0 we have

= ° I (ioifjir^ ί ""'""" I = °v> (0 < " •=
On the other hand

Γ(a + l)fl(«;, M) = Cg(w, TΓ)

Since we may write (̂zί;,») = O{?(^>~9}, ^ > ^, we have
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^ W ϊ ) ^ ' Ό)dΌ β °

Hence

By Lemma 2 and from the first expression of the proof of (5), we have,

when [β] = 0,

g(μ>, u) =* O{F(w, ur0t a - 1)} + Oίίζn;,«, I, a - 2)}

-1) [w - -i
1

2 O j η — ^ ^(iβJw -'-P+ (lOg tt^-'XΔ-l) 1
ΐ = ϋ I w }

and when β > 1,

;,») = O f c w, [α], α - M - 1)} + 0{F(w, u, [a] + 1, a - M - 2)}

j i (log wy^-1^-1)

m=0

, ^ « H Ϊ ^ ^ («;)iα-w-1+*-fl (log «;)w-i)CA-i)
m-0

e 3

Substituting each of these values for g(w, u), we have
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From (28), . . . .(31) we have

M = f ( — ^ y ^ 1 I Gdβ,«) I <fcp = Oα), (0 < « < w).
»/ wep\W)

Thus the theorem is completely proved.
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