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The purpose of this paper is to show some results on incomplete infinite
direct products of T7*-algebras. As we can see from [7: Part IV, Chap.7J,
the behaviour of complete infinite direct product of W* -algebras is not caught.
Hence we shall do not pursue the complete infinite direct product of W*~
algebras. °

1. Preliminaries. Throughout this paper, let I be a set of indices of
arbitrary size and let for each i € I a ΉP-algebra Mi on a Hubert space ξ>i
(or, sometimes £)) be given. By Bφ) we denote the full operator algebra on
a Hubert space £>. We owe other notations and terminology used here to [5]
and [7]. J. von Neumann introduced the concept of infinite direct product of
full operator algebras, in which the infinite direct product of underlying
Hubert spaces has important meaning. For convenience, we shall sketch the
outlines of general theory in [7]. For any pair of C-sequences

X = (Xί: / € I), Y = (yi: / € I) (Xt, y£ € & for each * e I)
we associate

Then, for linear combinations 2 ^ ^ > 2 ^ ^ w e define the inner product
j=l *' 1

xh 2 Σ
/ fc-l

and get a prehilbert space. Its completion is called the complete infinite

direct product of £>*• and denoted by J£ (Ϋ) ξ>i. An element in U (V) ξ)i determi-
ίel iel

nedby (xt: i € I) is denoted by Π ® xt. Next, the family of all C0-sequen-
ces is divided into equivalence-classes by the relation " ^ " ([7: Chap. 3]). We
denote equivalence-class of a given Co- sequence (xι . i € I) by S(^ : i € I) (or,
simply by © if there is no confusion). Then β (fy^&t means the closed linear

1) In preparing this paper, the author has received valuable advice and sugges-
tions from Dr. Z.Takeda and Dr. Y.Misonoα which he gratefully acknowledges.
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-set determined by all Π ® x-L, where (Xi: * € I) € ® and is called the (£-adic

-incomplete infinite direct product. Then the following results are obtained.

THEOREM Λ ([7: LEMMA 4.1.4]). Let (Λ°: i ζ I) be a Co-sequence with ||ΛJ||

= 1 /or all i 6 I tf#d <Λ &£ £/&£ dimension of ξ>ι for each i € I. Choosing a
complete orthonormal set {xι,5: j 6 J«} 0/ £)* swc/& # s 0 € J* tftfd Λ/,o = ΛΓJ, where
the cardinal of the set of indices J* is equal to dι for each i € I. If we construct
Π ® Xi,j where / (£ J«) = 0 except for a finite number of is, then the totality

iel

of such TI(χ)Xi,j is a complete orthonormal set in H (V)e £>* /or (£ = S(^:
? e l • T

i € I).

THEOREM 5 ([7: THEOREM VI]). Let J be a set of indices. If I be divided
into mutually disjoint sets lj(j £ J), and if (tf: i € I) be a Co-sequence, we can
form the equivalence classes S = (J(Λ£ : / € I) (/»H (Ϋ) ©*), ®̂  =

H (X) ^ ^ β W ^ So = ^ (Π ® xf: j € J) (m H (V) (H (Ϋ) ί)i)). T^w rt^ cte-
ίfcl^ i e T ^ je/ iel^

ses ®j, So depend on & ow/y «̂ ί/ ί^rβ βmίs β unique isomorphism
le

andJl(^f0 (Π ® ^ ©*) such that Ώ.® Xi corresponds to Π ® (Π ®

«// Co-sequences (Xi : i € I) € S.
2. Infinite direct product of PΓ*-algebras. First we define the infinite

direct product of W*-algebras M t (i € I) as J. von Neumann has done for full
operator algebras. For any fixed i0 € I every Aio € M,o is extended to an
-operator A o on Π ® & such that for each Π ® Xt € Π (

iel 0 0 ί e i f ^ ^

The set of all extended operators At0 of elements of M ί o is denoted by

ΪVΓi0. Then we have the following

DEFINITION 1. Let I, Mi and $t (i € I) be as above. Then the W*-algebra

•on H Q() ξ>t generated by all At £ Mi with i €,I is called the complete infinite
iel

direct p?υduct of Mi on ©« and denoted by H(Y)Mi.

Since every Ai0 (jo € I) commutes with the projection on

Π ® ^ ©* is stable under Π ® M ί ί so any operator A € Π ® M t may be
iel tel /el

considered as an operator in each J\(S(f &i for each equivalence-class S (cf.
iel

J7J).. Then we have:
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DEFINITION 2. For any equivalence-class (£ the PF*-algebra ΐί(Ϋ) M<
/el

restricted in H (V) σ ©/ is denoted by H (V)g Mi and we call it Gaelic incomp-
Ul ίel

lete infinite direct product of M t.

Now we have the following

THEOREM 1. If all Mi are factors, then for each equivalence-class (X the

(ί-adic incomplete infinite direct product H (V) e Mi is a factor.
uτ

To prove this theorem we provide following lemmas.
LEMMA 1. If Mi (i € I) are W*-algebras on a Hilbert space ξ> satisfying the

following conditions:

(i) Mi cz M/ for i Φ /, /, j € I
(ii) R(Mi : f € I) = B(©).

77ί£w every M t zs <z factor.

PROOF. M* Γl M/ C: [f\ M/] Π M f ' = (~\ M/

- R(M, :y € I)' = Bφ)' = (αl) for each f € I.
Hence we have M, fl Mi' = (αl) for each / € I.

LEMMA 2. £#ί Mi be a factor on a Hilbert space &for each i € I satisfying
the following conditions: For each z £ I there exists Pi, a W*-algebra on ©,

(i) Mi a P t , Mj d Pir for any j 4= i, j € I,
(ii) Pi and Pi' #r£ both normal, and
(iii) R(P, : i € I) - B(ξ».

Then R(Mi: f € I) is Λ /^cίor.

PROOF. From (i), for each i,je I, i =*= i, Mi en M/. We have, by (ii),

R(Mt , M ; n Pt y n ^ = MV n [(Mi' n p«y n P J - Mi' n Mi = ( « D ,

for each / € I. Therefore, considering R(Mi, Mi' fl P i ) c P j , we get

R(Mi, Mi' n Pi) - [R(Mi, Mi' n Ptϊ n Pdr n Λ = (^iy ΠP< - Pi,

for each i € I. Hence
R(R(Mi : i € I), R(Mi' Π Pf:« € I))

= R(M, , Mi' Π P< : i € I) = R(R(Mf, Mi fl Pi): ί € I)

Now, for any i € I, Mi commutes with all M / fl Pj, (i € I) by (i). Thus
R(Mi: i e I) commutes with R(M/ fl Pi: i € I). Hence, by Lemma 1, R(Mi:
i ^ I) is a factor.

From [7] we quote the following result ([7: Theorems VIII and X]).
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LEMMA 3. Let Bi be a full operator algebra on a Hilbert space ξ>i for each

i € I. Then Bi is isomorphic to B* for each i € I, and moreover, each &-adic

incomplete infinite direct product HίfXj^Bi coincides with B(UQ?Y £>*)•

PROOF OF THEOREM 1. Let each Bi be the full operator algebra on each

£>t. Put Bi = Pi. By Lemma 3 and [5: Lemma 11.2.2] all Pi,P*' are normal.

It is clear that if i, j € I, i =t= /, Mi cz P£ and Mj d Pi'. Thus, by Lemmas 2
and 3, we see that Hf)?)6 Mi is a factor for each S.

Now, let Mi be a W*-algebra on a Hilbert space £)i with normal state σt
for each / € I. Z. Takeda [10] defined the restricted infinite direct product of

Mi with σ-i denoted by (Ϋ) (Mi, σt) as follows: We construct a positive

functional <r0 on the algebraical direct product of Mi such that

The weak closure of the representation of the algebraical direct product of
Mi by σ0 is called the restricted infinite direct product of Mi with at. Then
the next theorem states the relation between the restricted infinite direct
product and the incomplete infinite direct product of T7*-algebras.

THEOREM 2. Let Mi be a W*-algebra on a Hilbert space ξ)ί having a
generating and separating vector x , with unity norm for each i 6 I. Define a
normal state σι by σi(Ai) = {At Xt, Xt) for every At € Mi for each i € I. Then

(V)(M«, σ%) and TT f)?)6 Mi are spatially isomorphic, where S = &(#*.- z'€l).
iel fj

PROOF. If we denote the representative space of (V)(M*, σι) by <£), the
ίeί

image of the algebraical direct product Mo of Mt-0* € I) is dense in £). If we
denote the natural mapping from (V) (Mi, σι) into $ by V, we have

/tl

= \\Aiqxiq\\tq...\\Airxίr\\

for any( — ®Lp®Aiq® ® Air®Iis® — ) € M0.Now, consider the map-
ping W from F(M0) into H (V)6 $ι determined by

®It.® ••••)
. . . . ® AirXίr®xit® ....)

Then we see that this mapping is linear and isometric, for we have

| | ( . . . . ® Xtp ® Aiq Xiq ® . . . . ® Ai r ΛΓir ®Xis® .... )| |

= ||Λίβ*β||....||A<rΛΐr||.
As each xt is a generating vector for Mi, we know that TF-image of F(M0)
is dense in Π t ^ ) 6 ^ by [7: Lemma 4.1.2.]. Hence the mapping W can be
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extended to a linear isometric mapping U from ξ) onto H ( Ϋ ) e ©ί.

For any A = ( . . . . ® Iip®Aiq(χ) . . . . ® A«r ® 7f. . . . . ) € Mo and y = Π

&, we have

{UAU~l)y = Ay.

Therefore it suffices to show that if Aλ € Mo is a directed set which converges

to A €'(Ϋ)(Mί,cri) in the weak topology, UA\ZJ-1 converges to UAU~ι in the

weak topology. For any £ > 0 and / € £> there exists a λ0 such that

|(A/,/)-(Aλ/; / ) | < £ / o r λ > λ 0 .

On the other hand, for any x € Π (Ϋ)e ©< there exists an / € © such that
ίel

# = Uf. Thus we have

KE/ΆZ/-1*,*) - {UAλU-ιx, x)\ = I (A Z7-i#, ί/-1*) - (AκU~ιx, U'^l < β

forλ>λ0(ΛΓ,<9). This shows that UAχU-1 converges to UAU'1 in the weak

topology.

3. The type of the incomplete infinite direct product. The type
of the incomplete infinite direct product of W*-algebras of the same type
varies according as the choice of equivalence-class ([7: Part IV, Chap. 7]). The
most favourable result on this type problem is to make the equivalence-class
correspond to the type of the incomplete infinite direct product, and vice
versa, but we have only a partial results. Namely, we have merely the
following two results.

THEOREM 3. // Mi be a factor of type I on a Hubert space ©t for each

i £ί I, there exists an equivalence-class © of Co-sequences such that H (X) ^ f

iel

is a factcγ of type I.

THEOREM 4. If M t be a factor which is not of type I on a Hilbert space
ξ)i for each i € I, there exists an equivalence-class S of Co-sequences such that

Π ( W Mi is a factor of type III.

To prove these theorems we need the following lemma.

LEMMA 4. Let M l t , M2« be W*-algebras on Hilbert spaces ©1<7 «£>2ί, respec-
tively. Consider three equivalence-classes of Co-sequences (^ = ^{xΎi: / £ I), ®2 =

HXit: / 6 I) and <£0 = H*n ® x-n : % € l)\where xlt € &*, x n € &<, then Π (Ϋ)*°
ίel

(M2ί ® m,i) is spatially isomorphic to (Π ® ^ MiΛ®(Π ® H M»ι).
ίel iel

PROOF. Considering Π ( W €>j« for K = &(xjt: i€l, j ~ 1,2), we can
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find a linear isometric mapping U of H(Y) g o(&i®&Oonto
ίel

&<) such that

£/ Π ® CVϋ ®y-,i) = (Π ®^i) ® (Π ®
ίel ίel ίel

for all Co-sequences {yxi ®jy2*: / € I) € ®0 (rf Theorem A).

For any A = Π <Q (Ai« ® A2<) 6 Π ζ X ^ ί Mζ
we have UAU'1 z = £/ (Π <S)(Alt

® A2ί)) ί/-1^ = [Π ® AiO ® (Π ® A2i)]z.
iel ίel

Hence it is easily seen that U provides an isomorphism between

and

PROOF OF THEOREM 3. By the assumption, there exist Hubert spaces §κ,
ξ>2i such that Mi is spatially isomorphic to B(©u)® / ^ for each / € I. So it
suffices to consider Π(^ζKB(£>iί)® h2i) for U(V)M { . Choosing a Co-sequ-

iel iel

ence (Xij,: i € I, j = 1,2) in U (V) ^,<, we put Sx = Q{Xn : / € I), ®- =

(Λraί: i€ I) and δ = ff(^i®^ : i € I). By Lemma 4 [Π@ β l B(ί>ιθ]®Λ, is

spatially isomorphic to Π 6 ζ ) e (B(©i0® h2i) and the assertion of the theorem
ίel

is clear by Lemma 3.

PROOF OF THEOREM 4. It is known that a W*-algebra not of type / is
the direct product of two W*-algebras, one of which is of type IP for any
positive integer p. Accordingly we represent each M t by the direct product
of factors M l t , M2 ί acting on ξ>u, ξ>2ί respectively, the latter being of type
I2. Now there exists an equivalence-class (£ for which H (V)6 M 2 ί is a factor

of type /// [8]. Hence if we choose an equivalence-class (£ = &(xn ® x2ι: i € I) (in
Π (££) (©1* ® &0) such that Π (fy** M2 ί is of type /// for S2 = g(ΛΓ2ί: i € I),

tel ίel

we get a factor Π (Y)6 (M1( ® M2ί) of type /// by Lemma 4 and [9J.

By Lemma 4 and [6: Lemma 5.2.1] we can easily show the following:
COROLLARY ([!]. [2J. [3]). The direct product of two approximately finite

factors is also an approximately finite factor.

2) /<y2 means the identity operator on Π
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4. Normalcy of the infinite direct product. Concerning normalcy

of TF*-algebra we have the following

THEOREM 5 (cf [4]). Let M* be factors on Hubert spaces ξ>t for all i £ I.

If a certain factor M<0 is not normal, then U fY)6 M* is not normal for any
w

equivalence-class (£.

PROOF. A S M ί o is not normal, then there exists a W*-subalgebra N/o of

M*o such that

(N*'β Π M ί 0 ) (]MίoψNiQ.

Now Ni0 c l l g ) 6 M* on Π @ " €>* for any 6 and

ίel ίel ί.I

R(N i0) M; 0 ) n M, 0 = R(N ί0, M; 0 ) n M ί 0

<o, M('o) Π m0 = (Ϊ^TΓSΪOΓnMf, ^ N"<O in Π

for any (S, which proves the theorem.
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