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1. 1. DEFINITION. Let S, denote the z-th partial sum of the series 3 a,.
We write

R"={51+%Sz+ ...... +%Sn}/logn.

Then the series 2 a, is said to be absolutely summable (R, logn, 1) or
summable |R, logn, 1| if the sequence {R,} is of bounded variation, that
is to say, the infinite series

Z |Rn - Rn+1|
is convergent.

It has teen pointed out by Bosanquet® that for the case A, = log n,
this definition is equivalent to the definition of the summability |R, A,, 1|
used by Mohanty [5], A, being a monotonic increasing sequence tending to
infinity with z.

1. 2. Let f(¢) be a periodic function with period 27 and integrable (L)
over (— m, w). Without any loss of generality the constant term in the
Fourier series of f(¢£) can be taken to be zero, so that

(1. 2. 1) f(@)~3 (a,cos nt + b, sin nt) =3 A,(),
and

. 2. 2) f f&)dt = o.

We write

p(0) = 5 Lfia +8) + f@ = D).

1. 3. It has been proved independently by Izumi [3] and Mohanty [5]
that summability | R, log #, 1] of a Fourier series is not a local property of
the generating function. The question, naturally arises as to what conditions

* L.S. Bosanquet, Mathematical Review, 12 (1951), 254, see review of the paper of Izumi [3].
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should be satisfied by the general terms of a Fourier series at a point such
that its summability |R, log#, 1| may depend only upon the behaviour of
the generating function in the immediate neighbourhood of the point con-
sidered. The first answer to a question of this character is due to Izumi [3]
who proved that if

Ax(x) = O((log n)™),
then the summability |R, log#n, 1| of the Fourier series = A,(¢), at ¢ = x,

is a local property. More recently Mohanty and Izumi [6] have improved
upon this result and estaklished the following theorem :

THEOREM A. If
(1. 3. 1) > l-‘i’;(L)l loglogn < oo,

then the summability |R, logn, 1| of 2 A.x) depends only wupon a local
condition.

It is known [5, 7] that if 2 a, is summable |R, A, k|, £> 0, then
S a,/A\: is summable |R, €', k|. Hence it follows that if 3 a, is summable
|R,log n,1|, then = a,/ logn is summable |R, n, 1| i. e. summable |C, 1],
T2]. Therefore, ty a well-known result of Koghetliantz [4], it follows that

3 |a,|/{nlog n} < oo.

‘Thus it follows that the summability |R, log#n, 1| of the Fourier series
necessarily implies that
(1. 3. 2) S| A ()] /{nlog n} < oo.

In this paper we establish a theorem, more general than theorem A,
inasmuch as we assume, instead of the condition (1. 3. 1) the less stringent

condition (1. 3. 2) which is seen to be also the necessary condition of the
|R, log n, 1] summability of the corresponding Fourier series.

I take this opportunity to acknowledge my deep gratitude to Prof. B. N.
Prasad for his kind help and valuable suggestions during the preparation of
this paper.

2. 1. We prove the following theorem.
THEOREM. If
3 |A(x)|/inlog n} < oo,
then the |R, logn, 1| summability of 3 A.(t) depends only on the behaviour

of the generating function f(t) in the immediate neighbourhood of the point
it = z.
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2. 2. We require the following lemma for the proof of the theorem.
LEMMA. If the series
2o 18al/fnlog (n + 1)}

is convergent then the sequence {S,} is summable |R, logn, 1].

PROOF.
ST S
" m logn —~ v log (n + 1) <
— 1 - S” . 1 Sn+l
—A(logn>§v logn+1) n+1°
where
Ax'ﬂ =7“n _7\‘"+1-
Therefore
z ]Rn - Rn+1|
n=2
S S| | S
=< 4
SA+,§2 (Iogn),,z_2 ,,Zﬁ(n+1)log(n+1)
18] & [
_A+u§ E <logn)-I-:;,z(n+l)log(n-l-l)
[S.]
=4+ O<Zvlogv

=4+ O(Z vlog|2]+ 1) )

v=1
This completes the proof of the lemma.

2. 3. Proof of the theorem. We have

Six) = Z Afx)
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in(n+ &
+ o ﬂ:@;l du}

. ) . sin(n+lu
i Loy

@&D=%mﬁ&hw

The sequence {S,(x)! will be summable |R, log#n, 1] if the sequences
{P,} and {Q,} are summable |R, log~, 1]. We observe that, for positive 7,
however small tut fixed, the summability |R, log #, 1| of the sequence {Q,}
depends only upon the behaviour of the generating function f(¢) in the
immediate neighbourhood of the point z, defined by (x — #, £ + 7). Hence
to prove the theorem it is sufficient to show that the sequence {P,} is
summable |R, logz, 1] under the hypothesis of the theorem. By virtue of
the lemma, this will be satisfied if we prove that

2. 3. 2 3 | Px)| /inlog (n + 1)} < eo.
We now proceed to prove (2. 3. 2). Let us define a function &%), as
follows.

« {(Sin —g—)—g sin % O=u=n9)
) =
’ (sin —g—)-l =u=sm.

Then, for 0 < u < m, &(u) is of bounded variation and continuous, with
E +0) =0. Also &(u) is bounded and & (u) is integrable (L). Now, since
E(u) is of bounded variation in (0, 7), by a well known result* we have,
setting

A_[(z) = ASzx) = A,
P, = —lz—Ao j:f(u) sin (n + %) u du

1

+ iAyfI §(u)cosvusin<n+ ?)udu

v=1

=—;— i A.,./:E(u)sin(n—v+ —;—)udu

v=—oo

* See Hobson [1], page 567.
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—_—;— i [E(u)cos(n—v+;)u

e _ 1. :Io
n v + 9
1 cos(n —v + %)u
+~— > A, f E(u) du
v=—o n—v-+ L

1 , » cos(n—v+%)u
=5 T A [ Ew 5 du + 014D,
0
n—v+ 9

where 2’ denotes summation extending over — cc <» ¥ 2 — 1 and (# + 1)
S v < oo, Let

p=min(|n — »|™, 7).
Then we have

4+ L
P — %Z' A (j;“ N j:)g'(u) cos(n + 2)u

1 du + O(]A.)

n—V+?
=P, + P, + O(]A,]), say
Thus we have
A
=0y o
and

. -y 1
Pz:éz’Av[g(u)sm(n + 2>u

-0, *
Xl
(n V+§)

' 7n+0

1w . sin(n—v+~;—)u
- ZA,,f E'(u) (n_,,.q.é,)Q du,

where integration by parts is taken separately over the ranges (g, 7 — 0)
and (» + 0, =), Thus we have

17
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lAI
=o)X’ n— o) -
Hence
P,=001)%" 0 l)z + O(]4.])
—om(Z T+ T v )G D

= OQ)[M, + M, + M, + M, + |A,]], say.
Now in order to prove (2. 3. 2), it is sufficient to show that
(2. 3. 3) M./ {nlog(n + 1)i<eco, r=1, 2, 3, 4,
since, by hypothesis
3 |A,|/inlog n} < oo.
Let 0 < 8 <1, then we have
i{nlog(n+l)}'1 M,§in'“si 14|

n=1 n=1 v=0 1” +11H8

— O(l)i n—-2+8 — O(l),

n=l

as m — oo,
Again
; o e 1A
2
g{nlog(n-kl) .,Zﬂ n§1nlog(n+l)
m-1 _ m IA,"_VI
2
= vzlv n=zy+1 (n—v)log(n —v + 1)
=0Q);
and
3 {nlog (n + D} M, = o(1) {z (nlog(n+ DI 3 (v—n) }
n=1 n=1 v=n+m+l
o) _ ]
T m 1 anog(n—i—l) LOF
as m —> oo,
Lastly

> {nlog(n + D}*' M, = > {nlog(n + 1)} i v | Avial
v=l

n=1 n=1
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Il

v2 Y dnlog(n + D} |Auial

n=1

Eolie £
s, +

=1 nev+1

=3, + 2, say.

Now
= O(Z v~ ?log v)
= 0();

and

2, - A, (v + n)log(v + n)
—_ 2 27
22_;” n§+1(v+n)log(v+n){ nlog(n + 1) }

as m —> oo, since

1
(n+v)log(n +v») v {0g< + —I—l)
nlog (n + 1) _(1+ >{1+ log (n + 1) }

= 0(1)
for n = v + 1.
Thus we have established (2. 3. 3) and thereby (2. 3. 2). This completes
the proof of the theorem.
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