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Introduction. Recently, the concept of the crossed product of rings of
operators has been introduced and studied by T.Turumaru and N. Suzuki
[9], [8]. The results in this paper, generally speaking, are concerned with
the relationships that exist between the direct products and the crossed
products of finite factors, which will be stated in §2.

1. Preliminaries. Throughout this paper, we assume that all W*-alge-
bras are finite factors with the invariants C = 1 for the sake of convenience.
An isomorphism between W *-algebras means a *-isomorphism, and thus an
automorphism of a W%*-algebra is understood as a *-automorphism. By a
group of outer automorphisms of a W*-algebra, we understand as a group
of automorphisms all of which are outer automorphisms except the unit.

Next we shall explain the construction of the crossed product of a finite
factor by its group of automorphisms (see [8]). Let M be a finite factor
with the invariant C = 1 on a Hilbert space H and G a group of automor-
phisms of M. Let ¢ be a separating and generating trace vector for M and
we put p(a) = (ap,¢), for all a € M. For each ¢ € G we define u,(ad)
= a° ¢, for every a € M, where 4" is the image of @ by an automorphism
7. Then we have [u.(a)|* = [la” '|I* = p((a*a)"™") = p(a*a) = |lad|l®>, and
thus #, can be extended to a unitary operator on H which is also denoted
by u,.

Now consider the Hilbert space H&) Z,(G). If we choose the complete
orthonormal set{&,}ese in I,(G) such as &(7) =1 for 7 = o, and = 0 other-

wise, each vector @ € H®) /,(G) is expressed in the form @ = Z“ ¢ Poe @ &
where @, € Hand >___ll@.[|? < co. We define the operators (= a~) and %,
on H) I(G) for each a € M and 7 € G by

a3, P Q) =2, ap. R &, and

ﬁ"(Zang)a ® 8”) = Z,E(; u7¢lf ® E’ra
for all Z‘ngg)tf@sw €c HY L,(G). It is easy to see that u*aw, = a° for all

a€ M and 0 € G. The set © of all finite linear combinations Z; a,iy; (a;
€ M,0; € G) is a *algebra on H &) /,(G) and the W*-algebra generated by
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the system & is called the crossed product of M by G and denoted by
(M, G). It is noted that ¢ X & € HR I,(G) is a separating and generating
vector for (M, G) where e € G is the unit element.

We shall provide some lemmas.

LEMMA 1. Let M and N be finite factors with the invariants C =1
and 6 be an isomorphism of M on N. Let G, and G, be groups of automor-
phisms of M and N restectively and 1 an isomorphism between G, and G,
such that

#a’) = 8a)"” for all a € M and o € G,.
Then, the crossed product (M, G,) of M by G, is spatially isomorphic to the
crossed product (N, G,) of N by G,.

PROOF. If we denote the underlying Hilbert spaces of M and N by H
and K respectively, then, by our hypothesis, there is a linear isometric map-
ping «# from H to K such that

#(a) = uau™ for every a € M.
Let ¢ € H be a separating and generating trace vector for M, then u¢ =
€ K is a separating and generating trace vector for N. Using the traces p,
and p, such as p,(a) = (ap, b) for each a € M and p,(a) = (a¥, V) for each
a € N, we construct the crossed products (M, G,) and (N, G,) on the Hilbert
spaces HQ) I,(G,) and K &) I,(G,) respectively. Now we define the correspon-
dence # between H & 1,(G,) and K& /,(G,) as follows: For each Zaﬁ_mtm@

& € HQ (G,
a(zmgl¢tr ® 8(;) = Z’)<’)662u¢,® Ey,(,).
It is obvious that # is a linear isometric mapping of H &) /,(G,) on KX/,
(G,). Next we define the mapping & of the crossed product (M, G,) to the
crossed product (N, G;) by
0(Ziai17m) = }_,ﬂi H(ai)~27n(v.)
for every finite linear combinations Zi a.u, € M, G,). It is easily seen

that #ye = wu,u™ for all o € G,. For any a,b € M and o,7 € G, we

have
B(@a.)*) = B(@.*a*) = (a* w,-)
= 0a*") ey = @) " Vhyy1 = Uy 6a)”
= @@z,
and

0((@i)bit) = 6@ b Tior) = 8@b” ") tgan
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= 6a)” 60" Uy = @) Tn (&) )

=¥(ai,) 6ba.).
Moreover we have

7 0(@w) 7P @ &) = 7 (0(a) i) (up R &)
u (@) yup & Eyay)
% (uau uu,u ' udp @ E,0))
# (uau.p Q) Eya))
= (i) (P &) &),

where e € G, is the unit element. As ¢ X &, is a separating and generating
vector for the crossed product (M, G,), we have, for all Zi au, €M,G)

E<Z’L aiz"') 25(21 aia"‘)ﬁ—l'
Hence, by the construction of (M, G,) and (N, G,), the mapping # is extended
to a spatial isomorphism between the crossed product (M, G,) and the cros-
sed product (N, G,).

REMARK. As a special case, we see that if § is an isomorphism of M
on N and if G, is a group of automorphisms of M, then the formula a” =
016" (a)}""] for each a € N, defines an automorphism of N for each o, € G,
and G, = {o,| satisfies the condition in Lemma 1.

Il

Il

The following lemma is derived from [1: Chap. 1, §4, Prop. 2], and we
omit the proof.

LEMMA 2. If M, N are finite factors with the invariants C =1, and
G,, G, are groups of automorphisms of M, N respectively, then the direct
product G = G, X G, admits a faithful representation as a group of autom-
orphisms of the direct product of M and N, in which for any a € M, b €
N, and o = (o, a,) € G, (aQb)y = a*Q b

2. The theorems. In this section we shall prove the results stated in the
introduction. The following theorem shows the commutativity of the crossed
product operation and the direct product operation.

THEOREM 1. Let M, N be finite factors with the invariants C = 1 and
G,, G, groups of automorphisms of M, N respectively, then M Q N, G, X G,)
is isomorphic to M, G,) @ (N, G,), where G, X G, is the group of automor-
phisms of M@ N assured in Lemma 2.

PROOF. Suppose that M and N act on Hilbert spaces H and K respecti-
vely. Let ¢,(resp. ¢.) be a separating and generating trace vector for M (resp.



302 DIRECT PRODUCT AND CROSSED PRODUCT OF RING

N). Then ¢ = ¢, X ¢, is a separating and generating trace vector for M &
N. Considering the traces p,(a) = (ap, ¢,) for a € M. p,(b) = (b,, b,) for b
€ N, and p(x) = (29, ¢) for £ € MK N, we construct the crossed products
M, G), (N,G,) and M@N, G, X G,). The underlying Hilbert spaces of
these crossed products are H Q) 2,(G,), K & 1,(G,) and (HX K) X I.(G, X G,)

respectively. It is known the existence of linear isometric mapping v from

HQ 1(G) Q (K 1(G,) onto (HK K) & (l(G)) @ £:(G»)) such that

H(e@NRIWRe)=(2R@VRIXIUFRe
for o € H, ¥ € K, f€ [,(G,) and g € l,(G,). Choosing a complete ortho-
normal sets {66}0561 x G2 {801}0‘1551 and {80'2}02602 of lz(Gx X Gz)’ l2(Gl) and lz(Gz’)
respectively, we define a mapping u, of [,(G, X G,) to L,(G,) X L(G,) by
u)(&;) = &, Q) Eoy for each ¢ = (0,,0,) € G, X G,.

As (&, &} 0161006, constitutes a complete orthonormal set of I,(G,) &
1(G,), uy can be extended to a linear isometric mapping « of (G, X G,) on
1(G,)Q I(G,). Thus using these mappings v and u, we define a correspon-
dence z, of HKQK)XR (G, X G,) and (HR 1,(G,) X (KX 1,(G,)) as fol-
lows. For each ¢ € HQ K and f € I(G, X G,),

up 1) = 77 (e @ uf).
Being isometric, %, can be extended to a linear isometric mapping z of
HKIQK)R (G, x Gy) on (HR) 1,(G,)) ® (K X 1,(G,)). Finally we shall show
that % induces an isomorphism between M Q@ N, G, X G,) and M, G,)®
(N, G,). To this end we define the mapping 6, from (M, G)® (N, G,) to
M N, G, X G,) as follow: For every Zi s, € (M, G,) and Z) l;'jz?,g,
€ (N, Gy,

6((32, @idton) @ (X, biios,)) = (2, , Gt @ bt
=2 5@ @ b) tUarey € MAN, G, X Gy).
Then for any Gi,, Cin € M, G,) and bi,, di.n, € (N, G,), we have
0(@ito, @ bito,)*) = Ou(T@E,a* Q TaD*) = 0@ Hior1 @ B** Tagur)
= (@ Q b *tigr,00—1 = (@@ 8) " U0 = tlrr0n (@ Q) *
= ((a @ ) dwr,o0)* = (6@ e, @ b %)),

and
6((Gtio, ® biiy) (Titr, ® dTiny)) = O (T Thyr, @ 6d™ ™ Tagyrs)
=@®b)7(c D™ Fgmwemm = (@ Q) b) Hwyon (€ Qd) Ty
= 0070, Q btin,) 0oCin, & ditry).
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Moreover, noting #wy,0 (P & ¢,) = 4, P & o Ps, we get
;t—](aaal ® Zavz)a(¢ ® 8(c|,82))

= 77 @E, ® bits) (b1 ® £) Q (4. ® &..)

= 7 (atn$ ® &) ® (buob: Q &)

= (aumd’l‘ &) buugps) & Eoy,om

=(a ® b) fiwr00) (P Q Er o) = Oo(@itor & bitge)(P & Eioy ),

where ¢, € G, (resp. e, € G,) is the identity of G, (resp. G,). Thus, as ¢ &)
&, i a seperating and generating vector for (M @ N, G, X G,), we obtain

ﬁ_l(ﬁﬁdl ® Z;‘az)ﬁ = go(z&ﬂ ®ZZ70‘2)'
Hence 6, can be extended to an isomorphism 6 of (M, G,) ® N, G,) and
(M&®N, G, X G,), and the proof is completed.

Let M be an approximately finite factor on a separable Hilbert space
with the invariant C =1 and G a group of automorphisms of M. It is
known that M is the direct product of two approximately finite factors M,
and M, on separable Hilbert spaces with the invariants C =1 (cf. [4: Lem-
ma 5.2.1] and [6: Lemma 4]). As remarked after Lemma 1, G admits a
faithful representation G’ as a group of automorphisms such as the crossed
product (M, G) is isomorphic to the crossed product (M,, G'). Now we consi-
der the identity automorphism e of M, in which every element of M, remains
in place and observe that M, is isomorphic to the crossed product (M,, e).
Then, by Theorem 1, the direct product M, & (M,, G') is isomorphic to the
crossed product (M, e X G). It is obvious that e X G is isomorphic to G.

On the other hand, as shown in [8], the crossed product (M, G) is a
factor of type IlI, if G is a group of outer automorphisms of M, and then
(M,, G') is also a factor of type II,. Hence, as M, has the property T', M,
& M,, G') is a factor of type II, with the property T' by [2: Theorem 2] if
G is a group of outer automorphisms of M.

Furthermore it is proved in [7] that an arbitrary countable group is
isomorphic to a group of outer automorphisms of the approximately finite
factor on a separable Hilbert space.

Summing up the above we obtain

THEOREM 2. Let M be the approximately finite factor on a separable
Hilbert space and G, an arbitrary countable group, then there exists a group
G of automorphisms of M, isomorphic to G,, such that the crossed product
M, G) is a factor of type I, with the property T.
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