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The study of affine connections m a manifold with a system of distribu-
tions has been made by several authors [8, 9,10,11, 12].1} A. G. Walker [8]
and T. J. Will more [10] gave an affine connection in the large with respect
to which the distributions are parallel and which is symmetric if the system
is integrable. In the present paper we shall give a general method to obtain
all affine connections making the distributions parallel.

M. Obata [6] solved on a common principle the problem of finding all
affine connections on manifolds with almost complex, quaternion or Hermitian
structure which leave invariant the given structures. His results will be utilized
throughout our study of affine connections in Riemannian, almost complex,
almost Hermitian or quaternion almost product manifolds.

We shall be concerned only with manifolds of class C°° satisfying the
second axiom of countability. In such a manifold there always exists a
Riemannian metric [7],

1. Almost product manifolds. By an almost product structure in a
differentiate manifold M we shall mean a system of distributions Du ,
Dm such that the tangent space at every point is the direct sum of their
elements of contact at the point. The system of distributions will then be
said to form a complete system [8]. A tangent vector u at a point x de-
composes to give u = ux + 4- um9 where up(p = 1, , m) belongs to
the plane of Dp at x. The projection tensors α, , α are given by au —

l m p

Up at every point. They satisfy the identities

(1.1) α2 = α, α α = 0 ( / ) + σ), ^ a2) = /,
p p p σ p

I being the identity transformation of the tangent space. Conversely, a set of
tensors a satisfying (1.1) determines an almost product structure,

p

We shall give a method to get all affine connections with respect to

1) Numbers in brackets refer to the bibliography at the end of the paper.
2) In the present paper 2 always stands for 2 unless otherwise stated.
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which every Dp is parallel. Conditions for Dp to be parallel with respect to

an affine connection L = (Lβ) are [8]

(1.2) 44 = 0,
p P

or equivalently
(1.3) <4ϊ**? = 0,

P P

where a — I — a and a vertical line denotes the covariant differentiation
p P

with respect to L. If D and D are any two disjoint parallel distributions,

then their sum D + D is also parallel. Applying the condition (1. 2) to Dp

and I)** = Σ ^ σ ' w e n a v e

| = 0 and aι

p afo = 0.
p p P P

Since α + a = /, we easily obtain

(1.4) " " αίι* = 0.»>
P

Thus (1. 4) is a necessary and sufficient condition for every Dp to be parallel

with respect to L.

We first choose any affine connection Γ = (Γjfc) defined over M. Such a

connection always exists in the manifold. Then L is of the form

(1.5) L = Γ + T,

where T = (Tjfc) is a tensor which remains to be determined. If a comma

denotes covariant differentiation with respect to Γ, then we have the identity

(1. 6) a% = a% + aqj T% - a\ T%.
P P P P

The conditions for Dp to be parallel with respect to L are now given [8] by

(1. 7) 4 a) T% = - αΐ, a^ = - 4. fc αj.
P P P P P P

To get the general solution of (1. 7) we prove the following

LEMMA 1. 1. Let f (p = l, ,m) be linear transformations of a
P

vector space V satisfying the identities

(1.8) P P P <r

Then in order that a system of equations

(1.9) fT = A
P P

with unknown T admit a solution, it is necessary and sufficient that we

3) The condition (1. 4) is due to Dr. T. Nagano.
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have

(1.10) fA=A, /A =
P P P P σ

The general solution of (1. 9) zs o/ ίΛ^ form

(i.ii) T = Σ ^ + ^ - Σ
p

A femg flw arbitrary vector in V.

PROOF. If (1. 9) has a solution, then fA = f2T = fT = A, fA =ffT
P P P P P P σ P &

= 0 (/>=+= σ). Conversely if we have fA = A, fA = 0 O + σ), then T =
P P P P σ

X] A is a solution of (1. 9). The general solution of (1. 9) is T = Σ A +
P P

/?, where J3 is any vector satisfying fB = 0. If B is of the form B = A —
p

, then we have fB = 0. If conversely fB = 0, then, putting B in

place of A, we have J5 = B — X] / J B , which proves the lemma.
P

The system of equations (1.7) may be considered as an example of
(1.9) in which identities (1.8) and conditions (1.10) [8] are easily seen to be
satisfied. Therefore the general solution of (1. 7) is now seen to be

(1.12) Tι

jk = - £ <£,* ̂  + Ai - £ 4 αj A&
P P P P

= - Σ βί,*βj + Σ al

pa)Alk - Σ

Λ = (Ajfc) being an arbitrary tensor. Thus we have

THEOREM 1.1. Let Γ be an arbitrary but fixed affine connection in an
almost product manifold. Then in order that every Dp be parallel with
respect to an affine connection L it is necessary and sufficient that L be of
the form

(1.13) Z i = V)k -
| Σ

P P P P

A being an arbitrary tensor.

For an affine connection Γ we define an afϊine connection L(T) by

(1.14) LUΓ) = Γ j , -

Then by Theorem 1. 1 every Dp is parallel with respect to L(Γ). If Γ makes
every Dp parallel, then we have αj,,* av

5 = 0 and hence L(Γ) = Γ. Thus we
p ' P
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have

THEOREM 1. 2. In an almost product manifold every Dp is parallel
with respect to an affine connection L if and only if there exists an affine
connection Γ such that L = L(T).

For an affine connection Γ and a tensor A = (Ajk) we have by (1. 6)

L)k(T + A) = Γjfc 4- Aί - Σ ( 4 * + flM* ~ 4 450*7
P P P o

V - Σ Uί* -
(1.15) pp p

Thus we have

COROLLARY 1. Let Γ be an affine connection with respect to which
every D? is parallel. Then, Γ + T,T being a tensor field, is also an affine
connection making every Dp parallel if and only if there exists a tensor field
A such that

(1.16) Γi = Σ
P P

A. G. Walker [8] showed that in an almost product manifold the con-
nection L given by

(1.17) L = Γ+ Σ, τ(*>τ)
P

with symmetric affine connection Γ has the property that it makes every Dp

parallel and is symmetric if the system \DP\ is integrable, where

(1.18) T\la9 Γ) = - alj al - 4,* *J + 4,Q a\ a%

We have

ap)1c avj + aljP a?s — apqal a)
P P P P P p P

and consequently

. 20) LjJc+Σ^l J*\U> l ) — 1 & ~~ Σs aP,k aJ + 2^ aKP aJ~λ^ UP,Q
P P P P P P p p

= = Isjjj^i ) ~T / J ajc^p aj / t &p,q &k &j
P P P P P

The connection L = Γ + Σ ^(β> Γ) is obtained as L(Γ + Λ) with
p
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(1.21) Λit = Σ>i.ι.«y.
P P

In fact we have by (1.15)

A) = L},(Γ) + Σ 4

4 ( ) + x; 4,, β? - 23 4,, eg ίij.
P P P P P

The torsion tensor £jfc = Ly*] of Walker's connection L = Γ + Σ T(#, Γ)
P

is independent of the particular symmetric connection Γ chosen [10]. If we

set

(1.22) σ% = TUa,n
P P

then we have

(1.23) σjfc = aq

uaϊ1 dpal
P P P P

For two vector fields u — (uι) and v = (vι) we denote by σ (/γ, τ;) the vector
P

field σjfc uj vk. Then we have
p

(1. 24) 2σ(^, ^ ) = a[a u> a v\
p p p p

Consequently the vanishing of a set of tensors σ)k is a necessary and sufH-
p

cient condition for the system of distributions to be integrable.

The tensor σ and the Nijenhuis tensor of a are related in the following
p p

way. The Nijenhuis tensor N(a) of a tensor a — (α}) is given [4, 5] by

(1. 25) N%(a) = 2(αg 3lPl αί, - 4 3L; *&).

For vector fields u and v we denote by iV(α) (u, v) the vector field

u5 vk. Then we have [4, 5]

(1. 26) N(ά) (u, v) = — α[α w, τ;] — α[w, αt;] + <z2[«, τ;] + [Λ U> a v\

Simple calculation shows

(1. 27) 2σ(u, v) = a N(a) (u, v)
P P P

and hence we have

(l. 28) 4 - Σ, < = — Σ 4 Jv;t(fl).
p 2 p P
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For the case p = 1, 2, we have [5] N(a) = N(a) and hence
1 2

(1.29) 4 = — ( 4 N%(a) + aι

P Nfk(a))
2 1 1 2 2

2. Riemannian almost product manifolds. A Riemannian metric g on

an almost product manifold is said to be an almost product metric if the

distributions Dp are orthogonal to each other with respect to the metric g, i.

e. if, at every point x, g^u1 vj = 0 for all vectors u in Dp and v in Dσ(p =fc

σ). This condition for orthogonality is equivalent to

(2.1) 0MΛ?αJ = OO> + σ).
P σ

An almost product manifold with an almost product metric is said to be a

Riemannian almost product manifold.

Let h be an arbitrary Riemannian metric in an almost product manifold.

We define a tensor g by

(2.2) ίto = Σλj*«?«?.
P P

If we denote by (u, v)g and (w, t/)Λ the inner products of the tangent space at

every point defined by g and h respectively, then the definition (2. 2) can be

written as

(2.3) (,u9v\ = ( t t , , ϋ i ) ή + + (um9vm)h9

where u = ux 4* + wm with up € Z)p and z> = vx + + vm with t>p €Ξ
Dp. From (2. 2) or (2. 3) one sees at once that g is an almost product metric.

The metric g defined by (2. 2) from h will be denoted by g(h). If h is an

almost product metric, then g(h) = A. Thus we have

THEOREM 2. 1. 7?z α^ almost product manifold there always exists an

almost product metric. In an almost product manifold a metric g is an

almost product metric if and only if there exists a metric h such that g =

g(h).

Let g be an almost product metric. Then we have

(2. 4) (u, v)g = (u]9vx)g+ + (um, vm\.

Therefore we have

(w, a v)a = (u, Vp)0 = (uP9 vp)(J = (vp, Up)0 = (v, up)0 = (v, α^)^.
P P

This means that for the tensor atj = gίPaj we have ai5 = aH. Let Γ be a
p p' p p

metric connection with respect to g, i. e. gijjk = 0. Then an aflfine connection
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Γ -f Q is metric if and only if

(2.5) Q)k + gibgJaQΐk = 0.

We shall now show that the connection L(Γ) of (1.14) is also a metric con-

nection with respect to g. In fact we have

Σ 4,* «*? + <7ίS 9M Σ <£* *? = Σ <4,»«? + Σ ««* «Pί

p p PP p 9 PP

= 0.

For any affine connection Γ, the affine connection defined by

(2.6) AΓ\k = Γjk +-±-gia gja,k

is a metric connection with respect to g [2,6]. If Γ is a metric connection with

respect to g, then ΛΓ = Γ. Consequently, for any aίRne connection Γ, the

amne connection L(ΛΓ) is a metric connection with respect to g which makes

every Dp parallel. If Γ is a metric connection making every Dp parallel, then

L(ΛΓ)= Γ. Thus we have

THEOREM 2.2. In a Riemannian almost product manifold, in order

that an affine connection L be a metric connection with respect to g making

every Dp parallel it is necessary and sufficient that there exists an affine con-

nection Γ such that L = L(AT).

From (1. 15) and (2. 6) we have

(2. 7) LUAΓ) = ΓJ* - £ a}

Pik a? + J L £ 4 α? gpa gaa,k.

s> ? Z P P

If Γ is a metric connection making every D? parallel, then we have [6]

(2.8) A(Γj*. + A%) = Γj» + A, A)k

and hence from (1.15)

yZ. y; L,\Λ(l 1k -t- Λjk)) = 1 ̂  + > ap aAΛηk — g gqa Am).
2 P P

Thus we have

THEOREM 2. 3. Let Y be a metric connection making every Dp parallel

in a Riemannian almost product manifold. Then L = Γ + B is also a

metric connection making every Dp parallel if and only if there exists
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a tensor field A such that

(2.10) B'j* = - L E «ί βJ W& - 5 - Λ. Λlk).
2 P P

If Γ is chosen to be the Christoffel connection given by g and p — 1, 2,

then L(Γ) is identical with the connection given by A. G. walker [9] in a

Riemannian almost product manifold for p = 1, 2.

3. Almost complex almost product manifolds. An almost product

manifold with an almost complex structure φ = (φ)) is said to be an almost

complex almost product manifold if we have aφ = φ a.
P P

Let Γ be a φ-connection, i. e., φ)^ = 0, in an almost complex manifold.
Then an affine connection L = Γ -f A is a φ-connection if and only if
Φ2 A = 0 [6], where

(3.1) Φ2 A), = 4~ (AJ* -1- Φ\ Φ) Al,\

If Γ is φ-connection in an almost complex almost product manifold, then
the connection L(T) is also a φ-connection. In fact we have

? + Φl ΦS Σ *\.* "*
P

P P p P

= 0.

For any affine connection Γ in an almost complex manifold, the affine
connection Φ Γ defined by

(3.2) ΦΓiv = Γ ; , - 1 φ'%φ^
Δi

is a φ-connection [6]. If Γ is a φ-connection, Φ Γ = Γ. It follows that, for
any affine connection Γ in an almost complex almost product manifold,
the affine connection L(ΦΓ) is a φ-connection making every Dp parallel. If
Γ is a ^-connection making every Dp parallel, then L(Φ Γ) = Γ. Therefore
we have proved

THEOREM 3.1. In an almost complex almost product manifold\ an
affine connection L is a φ-connection making every Dp parallel if and
only if there exists an affine connection Γ such that L — L(Φ Γ).

We have from (1.15) and (3. 2)

(3. 3) LUΦ Γ) = Γi - E 4,* al - 4~ Σ 4> a] Φl «,*
p p 2 P P

If Γ is a φ-connection making every Dp parallel, then we have [6]
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(3.4)

and therefore

(3.5) L(Φ(

Thus we have

Φ(Γ$* + A\

from (1.15)

Vί + A*jk)) =

T. FUKAMI

Γj,+

1
2

2

(Σ?:

'ju - Φί Φ)

THEOREM 3. 2. L ^ Γ ί e α φ-connection making every Dp parallel in an
almost complex almost product manifold. Then L = Γ -f B is also a φ
connection making every Dp parallel if and only if there exists a tensor
field A such that

(3. 6) B)k = — ( Σ ύ a) Ap

q* - E a, a) Φί Φl Aiλ
2 P P P PP P

Theorem 3. 2 may also be proved in the following way. The conditions
that B must satisfy for L = Γ + B to be a φ-connection making every Dp

parallel are [6]

Φ2B% = - | - (B)k + φί φ) BU) = 0.

and from (1.7)

4 aqj Bp

qk = 0.
P P

Theorem 3. 2 can be derived from the following

LEMMA 3.1. Let fr (r = 1, ,t) de linear transformations of a

vector space V satisfying the identities

(3.7) /?=/r, frfs=fsfr

Then the general solution of a system of equations

(3.8) frB = 0

is of the form

(3.9) B = (I-ft) (I-ft)A,

A being an arbitrary vector in V.

PROOF. If B is a solution of fr B = 0, then (I — fr) B = B and hence
B = (I-fx) (7 -ft)B. From fl = fr and frf, = f.fr we have fr(I - fr)

= 0 and (/ -fr)(I~fs) = (/- /.)(/-Λ). It follows that /,(/-/,) ... (I-ft)
A = 0, which proves the lemma.

If we set fpBU = dpa'}B
p

qk (p = 1, , m) and fm+iBjk = Φ 2 JB}Λ, then
P P

identities/r = / r and/ r / 5 —fsfr are easily seen and we have (I — f)
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4. Almost Hermitian almost product manifolds. An almost complex
almost product manifold with an almost Hermitian metric g with respect to
φ is said to be an almost Hermitian almost product manifold if the metric
g is an almost product metric.

Let h be an arbitrary Riemannian metric in an almost complex almost
product manifold. Then the tensor Φji given by

(4.1) ΦAi = 4 ' ( A « + * ? Ψ 5 A » l )

is an almost Hermitian metric with respect to Φ [1,3,6]. If h is an almost
Hermitian metric with respect to φ, then Φji = h. From (2. 2) we have for

(4. 2) gιs(Φjι) = 4 - Σ (ΛM + « # δαδ) «? βJ

If we denote by (u9v\ and (w, τθα the inner products defined by h and
g(Φjί) respectively, then (4. 2) is written as

(4. 3) (u, v\ = - — ((«„ v Λ + ... + Ĉ m, V«)Λ
Δ

+ (Φu1fφΌt\ 4- +(ΦwTO,φϋw)Λ).

Since aφ = φaf we see at once from (4.2) or (4. 3) that g(Φjι) is an
P P

almost product metric and almost Hermitian with respect to φ. If h is an
almost product metric and almost Hermitian with respect to Φ, then g(ΦJϊ)
= h. Thus we have

THEOREM 4.1. In an almost complex almost product manifold there
always exists an almost product metric. In an almost complex almost
product manifold a metric g is an almost Hermitian almost product metric
if and only if there exists a metric h such thit g = g(Φjί).

In an almost Hermitian manifold, for any affine connection Γ the con-
nection ΦΛΓ is a metric φ-connection [6], where

(4. 4) ΦΛΓί, = Λ Φ n = Γ;t 4-

It follows from §§2 and 3 that, in an almost Hermitian almost product
manifold, for any affine connection Γ the connection L(ΦΛΓ) is a metric φ-
connection making every Dp parallel. If Γ is a metric φ-connection making
every Dp parallel, then L(ΦΛΓ) = L(ΦΓ) = L(Γ) = Γ . Thus we have
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THEOREM 4. 2. In an almost Hermitian almost product manifold an
affine connection L is a metric φ-connection making every D9 parallel^ if
and only if there exists an affine connection Γ such that L = Z,(ΦΛΓ).

From (4. 4) and (1.15) we have

(4. 5) Zi(ΦΛΓ) = ΓJ* - E **,* *ϊ + ~ Σ 4*XίTflW
p p 4 P P

Since we have [6]

(4. 6) Λ(Γ + A) = ΛΓ + Λ ^ ,

φ(Γ + Λ) = ΦΓ + Φ ^ ,

and hence

ΦΛ(Γ + A) = ΦΛΓ + ΦΛxA,
where Λ,Ajfc = - L (Ajfc - ^ i δ ^ j α Λi),

and

Φ^A

we get

(4.7)

Thus we

% = A l Φ lA} t =

L},(ΦΛ(Γ

X

have

1

4

+ A)) =

(A& - ψ;

-ΦW

LJt(ΦAl

\ΦIA^. -

n) +

- tfb

- 9

1

4

THEOREM 4. 3. Let Y be a metric φ-connection making every Dp paral-
lel in an almost Hermitian almost product manifold. Then L = Γ + B is
also a metric φ-connection making every Dp parallel if and only if there
exists a tensor field A such that

(4.8) Bί = 4 - Σ 4 «? US* - Φί Φl At* - f gaQ At, + ΦnΦaQAl).
4 P P

5. Quaternion almost product manifolds. An almost product mani-
fold with a quaternion structure (φ, ψ) [6] is called a quaternion almost
product manifold if the manifold is an almost complex almost product
manifold with respect to both φ and ψ.

In a quaternion manifold, for any affine connection Γ the connection
ΦΨT is a (φ, ^-connection [6]? where
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(5.1) ΦΨΓ), = Γi - J L (φ* φj + φ*a φ; + ώ *?,*).
4

Therefore from § 3 in a quaternion almost product manifold the connection
L(ΦΨΓ) for any affine connection Γ is a (φ, ̂ -connection with respect to
which every Dp is parallel. If Γ is a (φ, ̂ -connection making every Dp

parallel, then L(ΦΨΓ) = Γ. Thus we have

THEOREM 5.1. In a quaternion almost product manifold an affine
connection L is a (φ, ̂ -connection making every Dp parallel, if and only
if there exists an affine connection Γ such that L = L(ΦΨΓ).

From (5.1) and (1.15) we have

(5. 2) Z4(ΦΨΓ) = Γjfc - £ 4.* *J - 4 - Σ 4 ΛJ(ΦS < * + ψn

a f j * + ^ *ϊ.0
p P 4 P P

Since we have [6]

(5. 3) ΦΨ(Γ + A) = ΦΨΓ + Φ1Ψ1A,

where Φ1Ψ1A% = — (A$fc - φ^ φ? Λ?fc - ψί ψ) Aΐ* - ώ $ Aa

m\ we get from
4

(1.15)

X (Ait ~ Φ'a Φl Aϊic - ψP

a Ψl Aί - K* 4 Aid.

Thus we have

THEOREM 5. 2. Let Γ be a (φ, ψ)-connection making every D? parallel
in a quaternion almost product manifold. Then L — Γ + B is also (φ, ψ)-
connection making every Dp parallel if and only if there exists a tensor
field A such that

(5. 5) B% = — £ *ί *KA%> - Φl Φb

Q At* - ψp

a ψt Aί - κl 4 Ai ) .
4 P P

An almost Hermitian manifold with quaternion structure [6] is by defini-
tion a quaternion manifold with a Riemannian metric which is almost Her-
mitian with respect to both φ and ψ. By an almost Hermitian almost
product manifold with quaternion structure we mean a quaternion almost
product manifold with an almost product metric which is almost Hermitian
with respect to both φ and ψ.

In a quaternion manifold for an arbitrary Riemannian metric h the
tensor g = Φ4Ψ4A is an almost Hermitian metric with respect to both φ and
ψ [6], where

(5. 4) Z4(ΦΨ(Γ + A)) = Z,j*(ΦΨΓ) + - ί" Σ 4 αj
4 p P



442 τ FUKAMI

(5. 6) ΨΛi = 4 " <*" + ^ "**> h^>

and hence

Φ$ίjιi3 =' Ψ4Φ A ; = 4 " (A,, + Φ? φ? hab + ψί Ψ J Aα5 + KΪ K) hab).
4

It follows from § 4 that in a quaternion almost product manifold the almost
product metric g(Φf&Jι) for any Riemannian metric h is almost Hermitian
with respect to both φ and ψ. If h is an almost product metric and almost
Hermitian with respect to both φ and ψ in a quaternion almost product
manifold, then g(ΦAΨAh) = h. Thus we have

THEOREM 5. 3. In a quaternion almost product manifold there always
exists an almost product metric which is almost Hermitian with respect to
both Φ and ψ. In a quaternion almost product manifold a metric g is an
almost product metric which is almost Hermitian with respect to both φ
and ψ, if and only if there exists a metric h such that g = g(ΦAΨAh).

In an almost Hermitian manifold with quaternion structure the connec-
tion ΦΨΛΓ defined for any affine connection Γ is a metric (φ, ^)-connection
[6]. If Γ is a metric (φ, ̂ -connection, then ΦΨΛΓ = Γ. Therefore, in an
almost Hermitian almost product manifold with quaternion structure, the
connection L(ΦΨAΓ) defined for any affine connection Γ is a metric (φ, ψ)
connection making every Dp parallel. If Γ is a metric (φ, ̂ -connection
making every Dp parallel, then L(ΦΨΛΓ) = Γ. Thus we have

THEOREM 5. 4. In an almost Hermitian almost product manifold with
quaternion structure', in order that an affine connection L be a metric (φ,
ψ)-connection making every Dp parallel, it is necessary and sufficient that
there exists an affine connection Γ such that L — L(ΦΨΛΓ).

From (1. 15), (2. 6) and (5. 3) we have

(5. 7) LJ^ΦΨΛΓ) = L)k(ΦΨT) + -I- Σ 4 d){gva gqa9k - φap φ\ gab,k

From (2. 8) and (5. 3) we have

(5.8) ΦΨΛ(Γ + A) = ΦΨΛΓ +Φ iΨ 1A 1i4,

where

Φ^Λ,AJ* = I (A% - Φί Φ) A'L - ψί ψ- A'L - ά 4 AL
8

- 9tb 9H At* - φib φ}a Aa

ik - ψιbψjaAt, - κib

 Kja At,).
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Consequently we get from (1.15)

L%(ΦΨA(T + A)) = L ύ(ΦΨΛΓ)

(5. 9) + -J- Σ 4 βJWSb - ψll Φ\ AU - ψl ψ"q AU ~ «S 4 A i
8 P P

- gpbgQaA^ - ΦPbΦQaAί - ψpbΨQaAϊk - Λ ^ * ) .
Thus we have

THEOREM 5. 5 Let Γ be a metric (φ, ψ)-connection making every Dp

parallel in an almost Hermitian almost product manifold with quaternion
structure. Then L = Γ + B is also a metric (</>, ψ)-connection making every
Dp parallel if and only if there exists a tensor field A such that

(5.10) B)k = — £ 4 atA% - φl φ\ Aa

bk - ψ* Ψt Aa

m - *g κ\ Aa

m

8 P P

6. Manifolds with a system of disjoint distributions. So far we
have considered only complete systems of distributions. In this section
we shall deal with a manifold having a system of disjoint distributions and
give all affine connections making every distribution parallel. If such a
manifold has some additional structures, then we shall discuss affine connec-
tions making the structures covariant constant.

Suppose that disjoint distributions Dl9 ..., Dm are given over a differentiable
manifold M and we wish to find all affine connections L which make them

parallel. Let us set D = Σ Dp. We may choose a distribution D so that D

and D are disjoint and complementary. D could, for example, be the ortho-
gonal complement of D with respect to a Riemannian metric which is known

to exist. The system \DP, D\ is complete and therefore determines tensors a>
_ p

a (p = 1, ,m) over M.
p

As in § 1, we first choose an affine connection Γ = (Γjfc) over M and
write the affine connection L in the from

(6.1) L = Γ + T.

The conditions for Dp to be parallel with respect to L are (1. 7). Lemma
1. 1 applies also to the present case and we get the following general solu-
tion for affine connections which make the distributions Dl9 , Dm parallel:

(6. 2) L% = Γj* - £ al* ap + A% - Σ 4 *? A&
P P P P

A = (Ajic) being an arbitrary tensor. Thus we have

THEOREM 6.1. Let Γ be an arbitrary but fixed affine connection in a
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manifold with a system of disjoint distributions A> •> AΛ Then in order that

every Dp be parallel with respect to an affine connection L, it is necessary

and sufficient that L be of the form

(6. 3) L% = T)k - ] Γ aU a1} + A% -

A being an arbitrary tensor.

We associate with an affine connection Γ the affine connection L(Γ) in

the same way as in § 1:

Then we have

THEOREM 6. 2. In a manifold with a system of disjoint distributions

Dp, every Dp is parallel with respect to an affine connection L if and only

if there exists an affine connection Γ such that L = L(Γ).

Corresponding to (1.15) we have

(6. 5) L%{T + A) = Ljtfl1) + AJ» - E 5 «3 4fc.
P P

Therefore we get

COROLLARY 1. L^ί Γ be an affine connection with respect to which

every Dp is parallel. Then, T + T9 T being a tensor fields is also an affine

connection making every D9 parallel if and only if there exists a tensor

field A such that

(6.6) T% = A% - Σ 4 αj Ait.
P P

We next consider a manifold with a system of disjoint distributions {Dp}

and with an almost complex structure φ such that we have, when the system

\DP] is completed by D, aφ = φa. Then the arguments in § 3 apply also
p P

to such a manifold and we have

THEOREM 6. 3. In a manifold as above, an affine connection L is a

φ connection making every Dp parallel if and only if there exists an affine

connection Γ such that L = L(ΦΓ), where in the present case we have

(6.7) Z,UΦΓ) = τ% - Σ, 4,1c? 4 *« #•* + 4 Σ 3 *
p p 2 2 P P

Corresponding to (3. 5) we have

(6. 8) L5 *(Φ(Γ + A)) = L}*(ΦΓ) + J L (^}fc - φi φ\ At, -
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P P

Therefore we obtain

THEOREM 6. 4. Let a manifold be as in Theorem 6. 3 and Γ be a φ-
connection in the manifold making every Dp parallel. Then L = Γ + B is
also a φ-connection making every Dp parallel if and only if there exists a
tensor field A such that

\b. 9) Bjic = (Aw — ψa ψj Am — 2^ aP ai Aφ + 2^ apa) φa φq Ablc).
2 P P P P

We now consider a manifold with a system of disjoint distributions
j Dp I and with a quaternion structure (φ, ψ) such that we have, when the

system \DP\ is completed by D, aφ — φa and aψ = ψ a. Then the argu-
p p p p

ments in § 5 apply also to such a manifold and we have

THEOREM 6. 5. In a manifold as above, an affine connection L is a
(Φ> ̂ V)-connection making every Dp parallel if and only if there exists an
affine connection Γ such that L = L(ΦΨY), where in the present case we
have

(6.io) U(ΦΨΓ) = r}, - Σ, •-' -" 1

Corresponding to (5. 4) we have

(6.11) L%(ΦΨ(Γ + A)) = L%(ΦΨT) + — (A% - ΦWsAm - ψlψj A»

Thus we have

THEOREM 6. 6. Let a manifold be as in Theorem 6. 5 and Γ be a (φ, 'ψ1)-
connection in the manifold making every Dp parallel. Then L = Γ + B is
also a (φ, ψ)-connection making every Dp parallel if and only if there
exists a tensor field A such that

(6.12) B% = 4 - (AJ*
4
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