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1. In the present note f(t), —oo < ¢ < +oo, will denote a functiom
1
with period 1 and (L)ff(t) dt = 0. Then we put, for £ =1,2, ...... ,
0

Ft,f)=k'> At + vk™)

v=l
which is known as the Riemann sum of the function f(£).
B. Jessen has proved that if 7 | 7.1, then for almost all ¢,

(1. 1) lim F,(t,f) = 0.

Since then the problem whether (1.1) holds or not for a given increasing
sequence {7;} has been discussed. But it is not yet answered for the ques-
tion “Does there exist a function f(¢) such that fz) € L,(0,1) and Fi(¢,f)
does not converge to 0 almost everywhere in ¢ ?”

On the other hand various sufficient conditions of (1.1) without as-
suming any arithmetical property of {7;} have been given ([3], [4], [5] and
[6]) and from them it follows that, for any & > 0,

(1.2) l0=t=1, |F,00| >8] < + .

Following P.L. Hsu and H. Robbins [1] if (1.2) holds, then we say
that F, (¢, f) converges to 0 “completely.” However, F,(¢ f) converges to
0 completely if and only if F,(t + & f) converges to 0 almost everywhere
in ¢ for any sequence of real numbers {A:}. The necessity is obvious. To
prove the sufficiency consider {F, (¢ + tdw), f)} where {#(w)} is a sequence
of independent random variables such that Prob. {t(w) =z} =2 for 0 =
z 1. If F,(t + t(w),f) converges to 0 almost everywhere in ¢ for any
fixed w, then F, (¢t + t(w),f) converges to 0 with pro ability one for sui-
tably fixed ¢. From the lemma of Borel-Cantelli, (1. 2) follows. :

Hence if f(z) € R(0,1), then Fi(¢,f) converges to 0 completely. Further
by the above mentioned remark, there exist functions A¢) such that A¢) €
R(0,1) and F,(¢,f) converges to O completely. Therefore it seems to be
natural that we consider the complete convergence of the Riemann sum.

2. The following theorem shows that an analogous theorem to that of
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B. Jessen does not hold with respect to the complete convergence.

THEOREM. Let {n:} be any increasing sequence of positive integers.
Then there exists a function f(t) such that f(t) € L,0,1), 1 =<p < + oo,
and F,(t,f) does not converge to 0 completely.

PROOF. Let us put, for m =1,2,...... R

2.1) an = {2m™" log™® (m + 1)}'*
and
(2.2) N, = I x.

Then the series D a, cos 2wN,¢ converges to a function f{¢) of the class

m=1

L,0,1), 1 <p< 4 oo (c.f.[7]) and we have

Fo(t,f)= > ancos2wN,t (B < k).
m=k’
Hence for the proof of the theorem it is sufficient to prove that, for 2> k&,
(2.3) [(0=t=<1, R(¥) > 27| = k7,
where
(2,3 R(t) = >_ ancos 2wN,t.
m=k
Next let us expand all real numbers ¢, 0 < ¢ < 1, as follows:
2.4) S =2 p)N:' (@) = 0,1, cocc,me — 1),
k=1
and put
2.4) 0n(2) = Prir()nm'a
and
(2.4 Si(2) = D an cos 2m6,(2).
m=k
Then we have
(2.5) |R(t) — S®)| = > an |cos 2eN,t — cos 2m8,,(¢)|
m=k

=2r) anNn 2. n.N' =27 3 an(m + 1)7'< Aai,

m=g l=m+2 m=k

where A is a constant independent of .. Hence we have, by (2.5),
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(2.6)

[ ' Su6) dt‘ < Aa,

and

e.6) [ soa— ([ swar) - [ Rt
< Aac[ [S40) + R)| di + Aa

1
< Aak<2 f IR(2)| dt + Aak> + A%
0

IA

1 12

2Aa; (f Ri(®) a’t) + 2A%; < Bax
0

where B is a constant independent of %.

1
On the other hand Si(¢) — f Si(t) dt is the sum of independent functions
0

a,,|cos 2m6,(¢) — f cos 276, () dt} and by (2.1) (2.3") and (2.6, it is seen

0

that

(2.7) ‘ flS{i(t) ar — ( [ "S) dt) — Tog™(k + 1) ‘ < Bas.

Hence we apply the lemma of A.N. Kolmogorov [2] to Si¢) — f ] S«(t) dt
0
and obtain, for & > k,,

(2.8) (0=t=1, 80~ f S de > 1); > 5,

By (2.5), (2.6) and (2.8) we can obtain (2. 3).
We can not see whether there exists a bounded function or not whose
Riemann sum does not converge to 0 completely.
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