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1. Introduction. If f(2) be an entire function of finite order p, then
Lindel6f has obtained a set of conditions in order that f(z) may be of maxi-
mum, mean or minimum type [2;1,25-30]. A theorem of the similar nature
for meromorphic functions is stated by Valiron [8] and Hari Shanker has
recently [3] extended the results of Lindel6f by taking comparison function
r® L(r). In this note we prove three theorems which will include the theorems
of Lindelof, Valiron and Hari Shanker as special cases.

Let f(2) be a meromorphic function of finite order p. We have

(L) fe) = exp (€2 + ) II Ble/an )/ [ Ba/br, 2,

where Q(z) = C2™ + ----- is a polynomial of degree p, < [p]. Write
n(r) = n(r, 1/f) + n(r, f), N(r)= N@, 1/f) + N, f).

When p >0, and N(r) is of order p, we define a proximate order p(») for
N(r) as follows.
(i) p(r) is differentiable for r > r,, except at isolated points at
which p'(r — 0) and p'(r + 0) exist.

(i) lim p(7) = p.

r—>oco
(iii) lim 7p'(7) log » = 0.
(iv) lim sup N(r)/r*" = 1.

For the existence of a proximate order see [6] where p(r) is constructed with
log M{r); the argument given there can be utilised to construct p{r) with the
above properties (i)—(iv).

When p is integer, we can write f(z) in the form

(1.2) £2) = #exp (2 + ) I Bz/an, p 11 EC/80, p)

= 2"exp (cz® + ---)P,/P, (say)

1) Abstract presented to Indian Math. Soc., Dec. 1959.
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where if £ has no poles, P, is to be replaced by 1, and if f has a finite

n
number of poles then P, = Il E(z/5,, p).
1
Similarly when lim n(r, 1/f) < oo.
THEOREM 1. If p is integer and N(r) is of order p, then
1.3) T(r,f) =%"_ P+ 3 ait— 3 bit| + O@)
& lag | <r [bal <7

where f(z) is given by (1.2). If N(r) is of order less than p. then we have
from (1.1)

p
(1.4) ps=p, C+0, T(nf) = -~ |C| + OG*), p<p.
THEOREM 2. Let f(z) be a meromorphic function of integer order p
and let L(r) be a slowly changing positive function [4; pp. 52-54] and write
limsup T(r)/r? L(r) = T.; limsup n(r)/r? L(r) = n.;
(1.5) limsup S@)/r* L(r) = Si;

where

(1.6) S(r)=;—p o+ X air— X b

la,|<r 0| <7
(i) If N(r) is of order p, then
0< TL< 00%)0<max(nL,SL) < oo,
T; = co & max (n;, Sp) = oo,

(1. 7) TL = 0 % max (nL, SL) = 0.
(ii) If N(r) is of order less than p, then
(1.8) T(r) ~ S(r) ~ r?|C|/m; n(r) = O("), a < p.

THEOREM 3. Let f(2) be a meromorphic fuﬁction of order p.
(1) If p > 0 be non-integer, and T etc. be defined as in (1.5), then

0< T <o 0< n, < oo,
L=°°%nb_=°°,
(1.9) L=O%}7IL=0.

(ii) When p =0, let the comparison function be L(r) = (log r)L,(r)
where L(r) is slowly changing and } oo with r. Write
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T, = limsup T(r)/L(r); Ny = lim sup (NG, l/fl)l(_l-) N(r,f)}.
r—>oco r—>oo r

Then
(1.10) T, = N, = 2Ty,

and the relations (1.9) hold with N instead of ni. If f(z) be entire func
tion of zero order, then Tp = Ni.

2. Proof of Theorem 1. Write (1. 2) in the form
f(z)= ¢0¢1¢2¢3 4_1955’-

where

bo(z) = 2" exp (c; 27" + --2),

¢l(z)=exp{cz"+—zi< > ar— b;")},

P Mad<2 [oal<2r

u2) = I Ee/an, p — 1)/ 1L Bty p — 1),

|an | <2r

¢3(z) = H E(z/am P — 1),
n>"ny
|ba1<2r
¢4(2) = II E(z/bm p— 1):
(=) = g E(z/a, P) / 11,1 Ez/b,, p).

Now for ¢, ¢,
T = O@*) + O (log 7).

Further

log®|és(2)] = O (N(r, 1/f) + 7o f " n(z, 1/f)z" dx + n(2r, 1/f)).

Hence

T(r, ¢3) = O(r*®).
Similarly

T(r, $,) = O(r*®),

TG, ¢ = O (r#7 ["2#27+2 dz) = 0.

2r
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Hence

T(r,f) = P+ D apt— > b+ O™
pPm b, =7

lan|=r

= S() + O@(*™).
If N(r) = O(®), where a < p then
Tr,P)=0#®), i =1,2, a< B <p.
Hence

_ lClr

Py=p, C40, T(r,f) + O(*), p<p.

3. Proof of Theorem 2. (i) Suppose N(») is of order p. If n; < oo,
then we obtain as in the first part of Theorem 1,

3.1) T(r, f) = S@) + O@* L(r));
and if n; = 0, then
3.2) T(r, f) = S(r) + o(r° L(r)).

Hence if S, < oo, then T, < oco. If T, < oo, then T(r) < Ar°L(r), N(r)
< A, r* L(r), n(r) < A; r®* L(r). Hence n; < o and from (3.1) S; < oo. If
n; >0 then T;>0. If T;> 0, then max (s, S;) > 0, for if n; = 0, then
from (3.2), T =S8.>0. If T,;= oo, then max (n;, S;) = oo, for if this
expression is less than oo, then from (3.1) we get T; < oo. If ny = oo then
T, = o and if S, = oo, n, < oo then from (3.1) T; = co. If T; = 0, then
n; =0 and from (3.2) S, =0. If n,=S8,=0 then T, =0.
(ii) Since MN(r) is of order < p, D az®, > bn"® are both convergent,

and if f has an infinity of zeros and an infinity of poles,

cp=Cp— 2 an®+ > bi"
1 1

Hence
S(r) =— Cp—— > oant+ b
P NES [0 l>7
and so
(3.3) S@) ~r?|C| /.

Similarly we can prove (3.3) when f has a finite number of poles or zeros
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or both. Hence from (1.4) and (3. 3)
T(r) ~ S(r); n(r) = O(N@2r)) = O*), a < p.
4. Proof of Theorem 3. (i) We have from (1.1), [7]
T(r, f) < O@"™) + O(log r) + log M(r, P,) + log M(r, P,)
< O(*) + Olog ) + A [ D™
= 06" + Ologn) + A [ 0T —
where u = [p]. Hence if n; < oo,
TG, f) < Aufrt + log r + 7 [ (&7 L(2) da
1

+ r”"fwx"""“’L(x) dx}

< Ar* + logr + :pf<;)+ liﬁ(_’),)}

< A, r® L(r),

and (1. 9) follows provided 7; < co. If n, = oo then T, = o and from above
lf TL = & then np = ©o,

(ii) We have [5]
N(r) = 2T(r, f) + OQ1),

T(r, £) < {1 + o(1)}7 f TING)/B) e

r

and (1.10) follows. If f be entire then N(r) < T'(r, f) + O(1), T, = N;.
5. Remarks. (i) If f is entire and p, = p then from (1. 3) we have,

since ¢ = C,

T(r, f) = ;’i Cop+ 3 an |+ O@™). (4.1)

lan|<r

Further since
T(r, f)~ T(r, fP)
where P is any polynomial, (4. 1) holds also for functions with a finite number

of poles and p, = p. We can get this result directly from (1.3) for we will
have

___71 i . -p ‘ -p . —p (r)
T(r.f)—pT‘(C+ ; ;bn)p+ S a: ;b,, + O(r*®™).

lasl<r
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A similar remark applies when f has a finite number of zeros.
(ii) The formula (1.3) is useful when S() is large compared to 7™,
For instance if

f(2) = I(2), S(r) ~ [rlog r}/m, r*@ = O().
But for functions of the form (1.2) with
cp+ > a?— 3 ba* = O0Q1); Nir)>ar’, a>0, r>r,
lanl<r Ibul<r

(1. 3) does not give much information.
(iii) If £ be meromorhic function of integer order p and such that
max (p,, p,) = p — 1, then we get from (1.3)

4-2) T (r,f)=fi Cp— 2 an+ 2 baf| +O(r*).

(@] >7 (bal>7

If f be entire function with p, = p — 1, p; < p and such that n; < oo, then
from (3.1) and (4. 2)

T(r, f) = T

pPm

> az?| + O(*L(r)).

lan|>r

It is not necessary to suppose here that L(r) be monotone except when p
= 0 (see Theorem 3(ii)).
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