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1. Introduction. If f(z) be an entire function of finite order p, then

Lindelof has obtained a set of conditions in order that f(z) may be of maxi-

mum, mean or minimum type [2; 1, 25-30]. A theorem of the similar nature

for meromorphic functions is stated by Valiron [8] and Hari Shanker has

recently [3] extended the results of Lindelof by taking comparison function

rp L(r). In this note we prove three theorems which will include the theorems

of Lindelof, Valiron and Hari Shanker as special cases.

Let f(z) be a meromorphic function of finite order p. We have

CO OO

(1.1) /(*) = zk exp (Cz* + ) Π E(z/an, px)f fl E(z/bn, pt),

1 1

where Q(z) = CzPs + is a polynomial of degree p3 Ŝ [/>]. Write

n{r) = n{r, l/f) + n{rj\ N(r)= N(r, l/f) + N(r,f).

When p > 0, and N(r) is of order p, we define a proximate order ρ(r) for

N(r) as follows.

(i) ρ(r) is differentiable for r > r0, except at isolated points at

which ρ\i— 0) and p(r + 0) exist.

(ii) lim p{r) = p.

(iii) lim rρ'(r) log r = 0.
r^co

(iv) lim sup N(r)/r"M = 1.

For the existence of a proximate order see [6] where ρ(r) is constructed with

log M(r); the argument given there can be utilised to construct ρ(r) with the

above properties (i) —(iv).

When p is integer, we can write f(z) in the form

co oo

(1. 2) /(*) = z* exp (of + •••) Π E(z/an, p)/ Π E(z/bn, p)
1 1

= z*exp(csf + ~')Pi/Pi (say)

1) Abstract presented to Indian Math. Soc, Dec. 1959.
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where if / has no poles, P2 is to be replaced by 1, and if / has a finite

number of poles then P2 = Π E(z/bni p).
1

Similarly when lim n(r, l/f) < oo.

THEOREM 1. If p is integer and N(r) is of order p, then

(1.3) T(rJ
PIT \an\<r \K\<r

where f(z) is given fry (1. 2). / / N(f) is of order less than p. then we have

from (1. 1)

(1. 4) 0, T(r,f) =
ΊΓ

r»\ μ<P.

THEOREM 2. Let f(z) be a meromorphic function of integer order p

and let L{r) be a slowly changing positive function [4; pp. 52-54] and write

lim sup T(r)/rp L(r) = TL; lim sup n(r)/rp L(r) = nL;

(1. 5) lim sup S(r)/rp L(r) = SL;

where

(1.6)
PIT

CP+
\an\<r

a'n" ~ Σ bn
-P

\bn\<r

(i) If N(r) is of order p, then

0 < TL < oo f=4 0 < max (nL, SL) < °°,

TL = oo ^ = ^ max (nL, SL) = oo,

(1. 7) T z = 0 <==̂  max (nL, SL) = 0.

(ii) Tjf iV(r) z5 o/ orώr less than p, then

(1. 8) T(r) ~ 5(r) ~ rp \ C \ /τr; n(r) = O(r ), Λ < p.

THEOREM 3. L^ί / ( ^ ) έe α meromorphic function of order p.

(i) If p > 0 be non-integer, and TL etc. be defined as in (1. 5), then

0<TL< oo f=> 0 < nL < oo,

Tj = oo f=4 ^ = oo,

(1. 9) TL = 0 <==> wz = 0.

(ii) When p = 0, / ^ /Â  comparison function be L{r) = (log r)Lx{r)

where Lx(r) is slowly changing and \ oo z^^Λ r. Write



AN EXTENSION OF LINDELOF'S THEOREM 335

TL = lim sup T(r)/Ur); NL = lim sup \N(r,l/f) + N(

Then

(1.10)

Â  relations (1. 9) ΛoZ<i tί zVΛ JVi instead of nL. If f(z) be entire func-
tion of zero order, then TL = NL-

2. Proof of Theorem 1. Write (1. 2) in the form

where

Φo(z) = z exp (c, z"-1 +•••),

Hence

Similarly

P \an\<

Ψt(z) = Π E(z/an, p -
1 1

Φ3(z) = Π E(z/an, p - 1),
n>n0

\K\<2r

n>n0

Φ5(z) = Π E(z/an, p)j Π E(z/bn, p).

Now for Φo, Φ2

T(r) = OO'-1) + O (log r).

Further

log+ |Φ,(*)| = O (.N(r, l/f) + r^ 1 Γ n f e I//)*"" ΛΓ + n(2rf 1//)).

T(r, φ5) = O (r'+1 ΓX«X>-P-2 dx) =
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Hence

cp +
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np - +

= S(r) + O{r^).

If Nir) = O{r"), where α < p then

T(r, P4) = O(r9), ί = 1, 2, a < β < p.

Hence

P, = ft C + 0, T(r,/) = 1 ^ 1
ΊT

3. Proof of Theorem 2. (i) Suppose iV(̂ ) is of order p. lί nL < °<=>,

then we obtain as in the first part of Theorem 1,

(3.1) T(r,f) = S(r)+O(rPL(r));

and if nL = 0, then

(3.2) T(r,f)^S(r) + o(r°L(r)).

Hence if SL < °o, then TL < oo. If TL < oo, then T(r) < ArpL(r), Λ7(r)

< A, rp L(r), n(r) < A2 r
p L(r). Hence nL < oo and from (3. 1) SL < °°. If

Wz; > 0 then Tjr > 0. If TL > 0, then max (nL, SL) > 0, for if nL = 0, then

from (3. 2), T £ = SL > 0. If T £ = oo; then max (nL, SL) = ̂ , for if this

expression is less than °o? then from (3. 1) we get TL < oo. If ^ L = oo then

7\ = oo and if Sz = oo, nL < oo then from (3. 1) 7'Λ = oo. If TL = 0, then

ΠL = 0 and from (3. 2) & = 0. If nL = SL = 0 then T L = 0.

(ii) Since M r ) is of order < p, Σ a"P> Σ ^~P a r e both convergent,

and if f has an infinity of zeros and an infinity of poles,

= cP - Σ ««p + Σ w.

Hence

sir) = r.
p-π

cp - Σ, a»? + Σ hή-P

\an\>r

and so

(3.3) S(r)~r>\C\/ir.

Similarly we can prove (3. 3) when f has a finite number of poles or zeros
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or both. Hence from (1. 4) and (3.3)

T(r)~S(r); n(f) = O(N(2r)) = O(r«), a < p.

4. Proof of Theorem 3. (i) We have from (1.1), [7]

T(r,f) 2S O{rv>) + O(log r) + log M(r, P.) + log M(r, P2)

S <Kt*) + O(log r) + A Γ ^ ) r ' + \ dx

where μ = [p]. Hence if nL < °°,

T(r,f) ^ Ax\r* + log r + r" f x1-^1 L(x) dx

+ r1+" Γx<-"-2L(x) dx\

337

+ + \
P — μ 1 + μ — p>

<A2r"L(r),

and (1. 9) follows provided ΠL < °°• If nL = °° then T£ = °o and from above
if T £ = co then nL = °°.

(ii) We have [5]

o(ΐ)\rΓ{N(t)/t*\ dt
Jr

and (1. 10) follows. If / be entire then N(r) ^ T(r,f) + O(l), TL = NL.

5. Remarks, (i) If / is entire and ρτ = p then from (1. 3) we have,
since c = C,

PIT
Cp+

\an\<r
+ (4.1)

Further since

T(r,f)~T(r,fP)

where P is any polynomial, (4.1) holds also for functions with a finite number
of poles and pι = p. We can get this result directly from (1. 3) for we will
have

c + — Σ w) p+ Σ βϊp - Σ *;'
P 1 / iα«l<r 1

+
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A similar remark applies when / has a finite number of zeros.
(ii) The formula (1.3) is useful when S(r) is large compared to rp(r).

For instance if

f(z) = JXz\ S(r) ~ [r log r}/τr, r«» = O(r).

But for functions of the form (1. 2) with

cp + Σ a-P ~ Σ bήp = O(l); M r ) > ΛΓ°, a > 0, r > r0,

(l. 3) does not give much information.
(iii) If f be meromorhic function of integer order p and such that

max (pl9p2) = p — 1, then we get from (1.3)

(4.2) «-«+ Σ fe + O(r p ( r )).
pΊΓ

If / be entire function with pτ = p — 1, p3 < p and such that nL < °°, then
from (3. 1) and (4. 2)

T(r,f) = Σ «»' O(r"L(r)).
t"TΓ \an\>r

It is not necessary to suppose here that L(r) be monotone except when p
= 0 (see Theorem 3(ii)).
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