NOTE ON SUSPENSION AND HOPF INVARIANT

TORU WADA.

(Received March 1,1960)

1. Introduction. Let A be a k-connected special complex (%2 = 0), let "A
be the n-fold suspension of A, and let "A +"A be a join of the two copies of
"A. James [5] defined the homomorphism

h:me, (m-lA : Cy, C-—) > Tp41 (”A * "A)’

using a canonical isomorphism and a combinatorial extension of the reduced
product space. And, he defined Hopf invariant H = hci on the special complex,
where i is the inclusion homomorphism in the triad sequence.

On the sphere, the generalized suspension homomorphism agrees with the
classical one, but we do not know any relation between the generalized Hopf
invariant H and the classical one H,, for instance, Toda’s generalized Hopf in-
variant (cf. James [6]).

Concerning it, we obtain the following

THEOREM 1. On the sphere S", H agrees with H, except their signs,
if r<3n—4.

James proved that
h: Tr+1 (”+1A . C-u C-—) > Tpr1 ("A * ”A)

is the isomorphism onto, if » < 3(k + n) + 1.
Then, we have the exact sequence

E
7r$(k,+n)+1(“A) _— 77'3(k+n)+2(n+1A) T eseeee

H

E H
------ — iy (A% "A) — m, ("A) — 7 (A) —

And "A %"A is (2(k + 7n) + 2)-connected.
Therefore, as is well known, the generalized suspension homomorphism

E:m, ("A) =m0 (" A)

is onto isomorphism, if » < 2 (% + n), and onto homomorphism, if »=2(%2 + n)
+ 1, and if » < 3(k + n) + 1, then

image E = kernel H.
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Moreover, we shall generalize the suspension theorem on a certain class of
special complexes, i. e.

THEOREM IIL. If w4, (A) is the cyclic group of order u, then the kernel
of the suspension homomorphism

E: mywinn ("A) — T2k +n)+2 ("”A)
is the cyclic subgroup G of muximy+: ("A) generated by

A= [E" Ax+15 E”ak+1],

where a;., is the generator of ., (A). And the order of G is given by
the following table.

Table of the group G (m=2(k+n)+3).

~ k+n+l odd
even there 1s no element of Zm("A)|there is an element of @m("A)
u with Hopf invariant unity with Hopf invariant unity
® (H) =2) 2 0
even u/2 2 0
odd u 0

As for the suspension homomorphism and Hopf invariant, the following
theorem doesn’t afford a relationship directly, but it is interesting itself.

THEOREM III. Let X,Y be arcwise connected topological spaces, and
let f: X—Y be a continuous onto mapping. If f y) is contractible for
each point vy, then the induced homomorphisms of f

Srt ml(X) > wY)
Sfa: H(X) > H(Y)
are onto isomorphisms for all integers r > O.
In appendix we apply this theorem to prove the Jame’s result cited above.
2. Proof of Theorem I. H. Toda defined Hopf invariant H, such that

)
0= X1+1 ° QO o w, © ?roi; Wr(Sn) - 'IT,-(S”; E+’ E—)

2SIV S D,, D)~ m (S 83 SP, SE)
Qo Xr+1

"__’71'1'+1(S{‘ X S;, S{‘ v S;‘) —-)w)“'l(Szn)’

where 7 is the injection, Q, is the inverse of the onto isomorphism in
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Cor. 8.3 [2]}, X»+1 is the homomorphism induced by the shrinking map, and
@, is the homomorphism defined by G.W. Whitehead [8] p. 287, and w, is
the induced homomorphism of the map w: (St V S7; D,, D.)— (S} V S%;
ST, S7) defined by

(x, 20, freShost=—,
w(z, 1) = (z, 2t — 1), ifxES?,%ét_S_l,
x°, otherwise.

Now, consider the sequence of homomorphism

X;I n ]* n
m(S") =— 7 (S", E) — =/(S"; E,, E.)

P

5
D 7Tr—"+l(E-9 Sn_l) _'—"n'r—n(SnH)’

where, ¥, is the homomorphism induced by the shrinking map, j, is the in-
clusion, @  is the boundary homomorphism, and

P: mnE_, "N Q7 (E,, S" ) > 7w (S"; E,, E)
is the homomorphism defined by
Pa® B) =[a, 8], a € mna(E, S, B € m(E,, S
Since » < 3z — 4, P is the isomorphism (by Theorem 1.2 [4]), thus
hy =9 0 P10 jy o Xy~ m(S") > miea(S")
is a homomorphism, and by Lemma 2.5 [4],
@.1) E'hy = = H,.

It is easy to see that the diagram

7w (S") ——> (S E., E.)
/

N
x*\""f(S"a E) / ]*

is commutative and iy is the isomorphism for each 7, and
2.2 i = JgoXr-
Let
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P:7rny (S > 7, (S*; E,, E.)
be the homomorphism defined by

Pla) = {a, 1}y, a € o (S7).
James proved that

(2.3) hoP=E"
And, by the definition of the triad Whitehead product,
(2.4) EP =79 oP.

Since » < 3n — 4, we have

hoza’oP"loj_*ox;l

=9 0P l0; by (2.2)
= &P o, by (2.4)
thus
(2.5) i = &P o hy.
From (2.5), (2.3) and (2.1) it follows that
H=hoi
=& hoPoh,
=& E"o by
= =+ & H,.

3. Proof of Theorem II. Since "A is (¢ + n)-connected, we have that
Tesnsz ("Cis "A) = Tiinso("C-, "A) = Tisnia ("A)
is the cyclic group of order u. Hence
Tesnsz ("Ciy "A) Q Tisniz ("C-, "A)

is the cyclic group of order .
We can deform the triad ("*'4; "*C,, "**C.) to the triad which is the
same homotopy type as it and satisfies the condition of Blakers-Massey [1].
Thus, by the main theorem of [3], we see that

T 2(k+n)+3 ("“A; "1C,, ”“C—)
is the cyclic group of order z, and its generator is
{Eﬁ Qi+1y Eﬂakn}-
In Theorem 2.4, [5], put & = 8 = E" a1, then
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{E" Ak +15 E" ak+1} = (— 1)(“"“){1':” k415 Enak+1}
— (__ 1)(k+n+1)z- E”+1 Qi1 E"”a;m].
Therefore,

i[E™? @puny E™ @] = (= D*V (A = (= D®™D) {E” @i, E® ava,

precisely,

(3.1) i[E™? agyyy E™ ay.,]
_ 0, E+n+1:even
Z{E”akHEﬁakH}, k+n+1: Odd.

Now
kernel E = image A,
and the generator of mugimss("*'A4; "1 C,, "MC.) is {E™ ayyy, E™ ay.,} and
A{En“ Ar+15 IZ;L+1 ak+1} = [E” Ay +15 E" ak“]'

Therefore it follows that kernel of E is the cyclic group generated by [E" a;.,,,
E* ak+1]’
Moreover,

3.2) if »+ %k + 1 is even, then
i: Ta(k+n) +1 (nA) > TWak+n)+1 (”A: ”C+, nC—)

restricted on {E" a;.,, E"ay,,}, is onto isomorphism.
For i[E" ayrrs E" @] = 2{E" agss E*? @ir} F0.
Hence form (3.1) and (3.2), if » + 2+ 1 is even and u# is even, then

{[E" ay.,, E" ax1]} is the cyclic group of order X . If u= oo then

H([E” Ar+1> Enak+l]) =*2
and {[E" ay.+1, E" ay.1]) is the infinite cyclic group. When # is odd,
ZgEn—l Ak+1s E*? akﬂ}

is, too, the generator of muuimw ("A; "C., "C_), therefore, {[E" ay.1, E" ar.1]}
is the cyclic group of order u.
Next, if £+ n + 1 is odd, then

i [En Ar+1s E” ak+l] = 0}
therefore

{[E" azrrs E" ayei]} © Emoiny ("71A),
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and if 2+ n + 1 is odd and # is odd, then
[E" azs1y E" ayiy] = B {E™ s E"™ a0}
=Ao 1o l[En+2 Qrs1s .En-b'2 ak+1]
= O’

where [ is an integer.

Thus

{[E" ax+1» E" az,]} = 0.
When # is even or oo, if there is an element a € Tryginyss ("**A) such that

H(a) = e (e is the unity),
then

[E" ars1s E" @] = A{E™ @iy, E™ Grid}
=Aci(a)=0.
Thus
{{E"" @xe1s E™' a1} = {04,

If there is no element a € myuin+2 ("*'A) such that

Ha) = e,
then
2{E" sy, E" arsi] = 28 {E™ G411y, E™ apin}
= Ao E" ayir, E™ arerl
=0,
but, [E" @yeys E" a3iq] =0,

therefore, {[E" ay.1, E" ay+1]} is the cyclic group of order 2.

4. Proof of Theorem III. Let X = {(z, w)|w: (I; 0,1)~> (¥; Y, ¥),
w(l) = f(x)} and the map p: X > Y defined by p(x, w)= w(l), then, as is
well known, triple (X, p, Y) is a fiber space. Since the fiber p~(y°) over the

base point y* € Y is
F = {(z,w)|xz € f7(»°), w € Eryp},

F is a contractible, hence, by the exact sequence of the fiber space, we know

that induced homomorphisms by p

Py m(X) —> m(Y)

4.1
p# . HT(X) - Hr(Y)
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are onto isomorphisms, for all integers » = 0.
Now, we define an onto map

b X—>X
by
p(z,w) = x,
then
fop(z, w) = flz) = w(l) = pz, w),
thus
(4.2) fop =P

Moreover, X is a deformation retract of )~{, p is the retraction. Therefore
induced homomorphisms p4, ps of p are onto isomorphisms, for all integers
r > 0, thus by (4.1), and (4.2), induced homomorphisms of f

Sei: m(X) > m(Y)
Su: H(X)—> H(Y)
are onto isomorphisms, for all integers » > 0.

5. Appendix. James notes that if A is m-connected, then
ki mi(A Cuy CO) > mp0i(AxA)

are the onto isomorphisms for all integers » < 3 m + 1. We can prove Lemma
1, without using this Note.

LEMMA 1. Let A be the k-connected special complex (k= 1) and let Q
be the space of loops in the suspension A of A. Let

u; AXA->Q
be the map such that
w(a, a°) = u(a®, a) = a ac A

and let

6: m(Q, A)~m.(4; C., C)
be the natural isomorphism. Then homomorphisms

V= fou,: m(A X A, AV A)— 7rr+1(A; Cc,, C)

are isomorphisms onto, for all integers r <3k + 1.

Qutline of Proof.
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Consider the commutative diagram

] A h
{Q, A) — m..(A;C,, C.) — .. (A%A)

(A A) ¥ E

]

7\

Ay AT (A x4, A\ A) X (A X A)

where, a, is the canonical isomorphim, i, is the injection, fy is the homomor-
phism induced by the identification map

Fi(A X A4, AV A)— (4, A).

We will find that % is the onto isomorphism if » < 3% + 2, and by Theorem
III, f* is the onto isomorphism if » < 3% and onto homomorphism if r =
3k + 1.

Therefore, ¥ is the onto isomorphism if » < 3 %k, and the onto homomor-
phism if r=3% + 1.

E and yx, is the onto isomorphism when at least » < 3% + 1, then ¥ is
the onto isomorphism when »= 3% + 1.
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