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1. Throughout this paper we suppose that each function is defined in
(— r, ), integrable and is periodic with period 2. If a function W{(z), which
is defined in (0,7), is extended to (— #, ) as an even function, we denote it
by W{x), and if extended as an odd function, we denote it by Wy(x). For a
given function f(x), we shall denote its conjugate function by f(z).
We shall be concerned with the following types of transformations 7Tx and
% of a function f(x);

[ f® 4
Tuf(e) —fm stz L@

and
* _ 1 e — ¥
Thf(z) = S fo Fo)dt = F*(x).

These transformations were discussed explicitly or implicitly by Bellman[1],
Boas and Izumi[2], Hardy [4], Kawata[6], Loo[7] and Sunouchi[8]. Here we
have the following results:

(1) If ¢g(x) is odd and integrable, then
5&@ = (Tﬂg)s(x)

is also integrable in (— m,m);
Gi) If f " 19(2) | (log*1/2)dz < oo, then
0

G¥(z) = (Tig){x)
is integrable.

These results, which are somewhat better than Loo’s theorems ([7], Theor-
ems 4 and 7), can be proved easily by using the following lemma due to
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Hardy [5]:
If g(x) is odd and is integrable in (— mw,m) and

T
f tan %
0 2

then g(x) is integrable in (— m, ).

d(cos? % . g(x))) < oo,

" To make statements simple, we denote the class of functions which are
even and integrable in (— o, 7) by L.,. Similarly we use L, L¢., and L., by
which we mean that classes of odd-integrable functions, even-measurable
bounded functions and odd-measurable bounded functions, respectively. For
an operator 1 from one of these spaces to an other, we denote its adjoint
operator by T*. Here we consider an operator 7" such that Tg =G,, where g
is odd. Then Goes’ general transformation theorem [3] says that if T'€ (L, L.,),
then T* € (L¢.., Ls..). However by the result (i), we have T (L, L.,), and
hence we have T* € (L., Ls..). This means that

(iii) if an even function f(x) belongs to the class L.,
then

Fix) = (T%f) =)
belongs to the same class L...
Applying this kind of argument to the result (ii), we may have

(iv) if an even function f(x) belongs to the class L.,
then

Fx) = (Trf){x)
satisfies

fiexp{klic(x)l}dx < oo, for some A>0.

The purpose of this paper is to prove the above results (iii) and a more
general result than (iv) directly, that is, to prove the following theorems which
are more general than Loo’s results ([7], Theorems 12 and 17).

THEOREM 1. Suppose that f(x) is even and periodic with period 2mw. If
Sf(x) belongs to the class L.., then

1 7=
2tan z/2 j; f@Ot

belongs to the same class.
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THEOREM 2. Under the same assumption of Theorem 1, we have that
the adjoint transformation

Y O
» 2tan ¢ / 2
belongs to the class L...

2. Before proceeding to prove Theorems 1 and 2, we recall the definition
of conjugate function f{x) of f(x)that is,

- — 1 [T flxt+ ) —flx—1)
f2) = T j:) 2 tan /2 dt

-1 f@® T
o f_, 2 tan (x — 2)/2 dt = lim f. (@),

where
)= — L [ fle+t)—flz—t)
=)= T Je 2 tan t/2 dt
SN S Y I f@
R {f_,, " L+.} 2 tan(x — t)/2 dt
= f " Kz — 1 &f()dt,
where
1 u T —
K 8)=I§;°°t‘2“ foru€f[ —mm] —[ —& &l
0 for u €[ — &, €&].

Now we proceed to prove Theorem 1. Define a function L(z; x) by

1 for ¢ € [0, x],

L(z; x)={0 for t €[ —m, m]— (0, x)}.

Then we have, for each £ > 0,

[ “F)de = [ " LG; @) lim o).

-1

By a theorem of Zygmund ([9], vol. 1, p. 279), f(¢) has an integrable majorant
which is independent of & and so by the theorem of Lebesgue we have

f "Fde = lim [ " L 2 F 0
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= lim - L(t; x) [fj Kt — u; E)f(u)du] dt

>0 J_,
= 1im [ £ ] [ K~ s LG 2)dt | du.
Again by the theorem of Zygmund and by the boundedness of f(x), we have

fz f@)dt = fﬂ flw) [lim fﬂ K — u; &)L(z; x)dt] du

= f f(u)[f cot +— % ]du
_ sin(z — w)/2
= [ fwlog| SEESYE | du
_ 1/ sin(x — u)/2+sin(x + u)/2
o j;f(u)log (sin u/2)* du.
Hence we have
o sin(x — w)/2<sin(x + u)/2
[[Foa|=c [l (sin /2)° &
= 2C(sin x/Z)f e = yzlsin'z =72 log 1 —2_’)12 de‘)

= 2C(sin x/2)K*(x), say.

So we have to prove K*(z) = O(1) as x — 0.

Putting X = 1/sin ’; , we have

SR s

=f+fx=Kl+K2,
0 1

say, where

X
K< —
“JXﬁ—-lfo

and

lgli——de 0(1), as X — + oo,
¥y

= 0(1) f dy

ZMXZ— 2

1) Note (sin (z—u) /2)]-(sin (x+%) /2] = sin?x/2 — sin?%/2 and transform the variable z
by y = (sin %/2) / (sinz/2).
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X/2 p.q
=ow [ % + 0 [ %; = 0(1),
1 X2 -

which completes the proof of Theorem 1.
By the same way as in the proof of Theorem 1, we can prove Theorem

2. Let us define a function M(¢; x) by

Lcot% for t € [z, 7]

M@i; ) =1 2

0 for t € {[— m,7m] —[x, 7]}.

Then we have

= f@®

| 2niz 4 /| M @) [tim [ (K- w &)fdu | dt

= lim [ M@ )t j Kt — u; &)f Wdu

0 J_,

= lim [ f(w)du f " Kt — w M@; 2)dt

0 J_, -

= f:f(u) du [legng fi Kt — u; &)M(¢; x)dt:l,

Here we have

f T Kt — u; M(t; 2)dt
-
=_1 f dt
41 Jiz 2y-(uocure tan(t —u)/2+tant/2
=1 [ 1 ( 1 -1 )—1] dt
47 Jo,m)-(u-cure - tanu/2 \tan (¢ — w)/2 tan £/2

which tends to, as €— 0, for 3=z and ===,
|cos /2+sin u/2] w7 —x
Isin (x — w)/2] dr

Hence we have the following formula

L0

. 2tant/2

1
27 tan u/2

_ 1 r f(w 1 |cos u/2+sin u/2|
2m J_p tan u/2 ° |sin(x — u)/2| du
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1 [ f
N f 2tan u/2

sin(z + %)/2
sin(x — w)/2 .du

—_— T
_ T f Flw)du.
277" 0
For our purpose, we have only to prove that

K(z) = j: 1 llo sin(x + u)/2 I

2 tan u/2 sin(z — u)/2 du = O(1).

We have

sin(z + #)/2 _ 1+ cot x/2-tan u/2
sin(x — u)/2 1 — cot x/2+tan u/2

and so transforming the variable « by y = (cot x/2) (tan u/2), we get

K(p) = [~ _cot z/2 1 +y 2 cot x/2
@) f 2y 1-— (cot* x/2) + »*
=]+

l”de [=[+T

say, where

log dy

log

which completes the proof of Theorem 2.
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