
EXTENSIONS OF RINGS OF OPERATORS ON HILBERT SPACES

NOBORU SUZUKI

(Received April 16, 1962)

Introduction. In the development of the extension theory of rings of oper-
ators on a Hubert space, the study of the direct product of factors0 initiated
by Murray and von Neumann [6], [7] has been developed successively for
general rings of operators by Dixmier [1] and Misonou [5], In recent years, we
have brought the notion of the crossed product of division algebras or simple
algebras into rings of operators, more particularly, finite factors and established
the foundation of the theory of the crossed product. Subsequently it has been
examined by Saitό [10], [12] and the other authors. The initial impetus which
led us to these investigation was provided by the so-called factor construction
created by Murray and von Neuman [6], [8], Making use of the crossed pro-
duct, we have seen that the factors of different algebraical types from the
original one are constructed by varying the groups of automorphisms2) [11],
[14].

The purpose of this paper is to present a unified account of these develop-
ment and to study the more general types of extensions of finite factors. Let A be
a finite factor on a Hubert space, then a factor M containing A as a subfactor
is called an extension of A. The first class of the extension M of A which is
called the discrete extension was indicated by the classification of the dimension
type for rings of operators, in particular, the class of type I. In the first step
it will be shown that the discrete extension involves not only the n X n matrix
algebra over A, but also the crossed product of A by a certain group of auto-
morphisms.

The second class of the extension M which is called the splitting extension
of A by a group G is, roughly speaking, as follows M is decomposed for the
suitable topology in the form

M = Σ «*G A Ua,

where [U*}aeG is a unitary representation of G in M such that £7*AC/ CZ A.
This class of the extension was inspired from the group extension theory and

1) A W*-algebra means a weakly closed self-adjoint operator algebra with the identity on a
Hubert space and a factor means a T^*-algebra whose center consists of scalar multiples
of the identity.

2) By an isomorphism^ between W*-algebras, we always understand a ^isomorphism, i.e. an
automorphism of a factor means a ^-automorphism.
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the theory of the crossed product is completely covered by the theory of the
splitting extension. Actually, the theorems on the crossed product are extend-
ed to those on the splitting extension. In the final step our observation will be
concentrated on the special splitting extension in which G is a cyclic group of
order n. In the case where n = 2 or 3, it is fully investigated by the employ-
ment of the concept of discrete extension.

1. Fundamental concepts and notations. Throughout this paper, we shall
deal with only finite factors. Let M be a finite factor on a Hubert space H and
A a subfactor of M, i.e., the identities of M and A coincide and we denote
it by /, then we say that M is an extension of A. That is, by an extension M
of a factor A, we always understand that M is a finite factor and A is a sub-
factor of M, without confusions. It is very important to keep this convention
in mind in what follows. The elements of M are, in general, denoted by A,B,

, and in particular the elements of A are denoted by a, b, An extension
M of a factor A is said to be finite (infinite) dimensional if the commutant A'
of A is finite (properly infinite) resp. and is simply called a finite (infinite)
extension of A resp.. For a finite extension M of a factor A we shall define
the so-called degree of the extension by CA/Cyί where CA, CM is the spatial
invariant of A, M, resp., and denote it by [M; A]3 ). A subfactor B of an exte-
nsion M of a factor A such that A c B c M is called a subextension of the
extension M of A. Let M, N be two extensions of a factor A, we say that the
extensions M and N are equivalent to each other if there exists an isomorph-
ism of M and N which coincides on A with the identity automorphism.

Let M be an extension of a factor A, then for each element A in M,
there exists uniquely an element Aε in A such that

τ(Ab) = τ(Aεb) for all b € A,

where T is a (normalized) faithful normal trace of M. The mapping £ has been
described largely in [2], [15] and is occasionally called the conditional expecta-
tion of M relative to A. The mapping £ has the following fundamental
properties :

( i ) The mapping 6 is a faithful, normal, positive linear mapping of M
onto A.

( ii) aε = a for all a £ A.

(iii) (aAbJ = aAεb for all a, b € A, A e M.

(iv) (AB)ε = (BAf for all A e M, B € A'Π M.

Since the faithful normal trace T of M is unique, such a mapping £ is unique-
ly determined by M and A. Using the mapping £, we shall introduce the

3) For the epatial invariant CA of a W*-algehra A, see [9]. It is called "fonction de liaison"
in [1].
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notion of "inner product type" on M associated to A as follows :

[A, B] = (AB*y.

Then we say that A and B in M are mutually orthogonal over A if [A, B]
= 0 (trivially [B, A] = 0), and the set {A e M [a , A] = 0 for all a € A] is
denoted by Ax. In connection with this, we mention the fact that Mis uniquely
decomposed in the form M = A ® A~ as seen in [2].

An extension M of a factor A is regarded as a module over A with the
A-valued inner product [ , ] and so we use the term "base" as follows. By a
base of M over A, we understand a family {Ua}a^ of unitary elements in M
containing the identity I such that Ua are mutually orthogonal over A and for

each element A in M there exists a family [aa}tteχ in A such that A = ]P aeχaaUa,

where ]P is taken in sense of the metrical convergence^. Here it is easy to

see that a family {aa}cc^A is unique for each A € M. In connection with this, there
arises a significant problem whether there exists a base or not for any exten-
sion of a factor, but we do not concern with this in the present paper, beca-
use we study only the certain class of the extension. We shall provide a lemma
by which the natural connection between the base and the degree is illustrated
and which will be of use to us later.

LEMMA 1. If a finite extension M of a factor A has a base, the follow-
ing statements for a family U — [Ua}^x of unitary elements in M are equi-
valent to each other.

( 1 ) UL is a base.

( 2 ) The elements in U are mutually orthogonal over A and the number
of Λ equals to [M A].

PROOF. Note first that the degree [M A] is invariant by the ampliation
of M, we may assume to be CM §^ 1. Now, select a projection E' of M' such
that D'(E') = I/CM for the dimension function D of M', we have from [1
Chap. Ill, p.282] that CM i r = CM D\E) = 1 and CλE'= CA . D\K) = [M A].
Thus we may confine ourselves to the case where CM = 1 and CA = [M A].
Let x be a separating trace vector of M (that is, of A), and let D, D be the
dimension functions of A, A' resp. in what follows then, since D([A^])
= 1, CA = l/D'([Ax\). If the elements in U are mutually orthogonal over A,
[AUax]aeA &*£ evidently mutually orthogonal, and further mutually equivalent.
In fact, CM = 1 yields that there exists a unitary element Lζ> in M', that is, in
A' such that Uax — Uά x for each a € Λ. From the above comments the equi-

4) Let T be the faithful normal trace of M, we define [[A]]=Λ/T(Λ*A) for each Λ ζ M .
Then M becomes a new topological space with a purely algebraical metric [[ ]].
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valence of our statements is easily deduced. (1) —> (2); The fact that U is a

base implies that [AUax]a&\ are mutually equivalent, orthogonal and H = ^ a 6 A

[AUax], since x is generating for M. Namely, since A' is finite, the number of

Λ is finite and equals to l/D\[Ax]) = CΛ = [M; A]. (2)->(l); D' ( £ «AAU«x\)

= Σ,a* D'[AUax]) = [M;A].D\[Ax])=CA DX[Ax])=l yields H = £ «A [AUax],

and so U is a base.

We make use the notion indicated from the minimal projection of a factor
of type I. A non-zero projection £ in M is called an A-projection if there
exists an element a in A such that EAE = aE for each A € M. In this case,
obviously EAE = EaE = aE and there exists, of course, an element a in A
such that EAE = Ea. We shall take a special interest in the extensions having
such a projection which is expounded in the following section.

Among the special extension there exists the direct product of factors. This
extension will occupy the basic role in our exposition. For this, we refer to
[1], [5], but certain notations are used on this account. Let A be a factor on a
Hubert space H and let S be an arbitrary set, then each vector of the direct

product U = H 0 12(S) of H and 12(S) is expressed in the form Σ **sx» ® £*,

where xa are vectors of H such that Σ**s Wχ*\\2 * s n n i te and {£Λ}«€sisa complete

orthonormal system of Z2(5). An operator a(g)I(a £ M) means an operator on

W defined by

(β ® I) ( Σ «*s Xa ® €a) = Σ«*sax« ® ^

Then a —> a g) I is an isomorphism of A into the full operator ring on )4

which is called the ampliation of A, and a set of operators a ® / is a W*-

algebra on U, denoted by A ® I. Furthermore, A ® B is frequently denoted by
A ® I n in the case where B is a factor of type In. Let T be a faithful normal
trace of the direct product of two factors A and B, then there exist faithful
normal traces τu τ2 of A, B resp. such that τ(a(&b) = τι{a)τ2{b) for a £ A,
J ζ B. According to this fact, the following lemma relative to the mapping 8

in A ® B is directly verified.

LEMMA 2. Let Ao, Bo be subf actors of A, B respectively and let £, εί9 £2 the

conditional expectations of A ® B, A, B relative to Ao ® Bo, Ao, Bo respectively,

then for all a £ A,b € B

(a <g) by = αει ® b\

2. Discrete extensions. The present section is devoted to introduce an
extension of discrete type which is taken an interest in the simple structure.



EXTENSIONS OF RINGS OF OPERATORS 221

Actually, it will be shown that the n x n matrix algebra over a factor is the

special case of such an extension.

DEFINITION 1. An extension M of a factor A is said to be discrete over

A if there exists a family of mutually orthogonal A-projections (JEJ (Z = 1,

2, , n) in M such that / = Σ"ml

Eι a n d (-EιaEι)ε = (E2aE2)
ε = = (EnaEny

for all a £ A.

Here, n is called the order of the discrete extension M and a family \E^\

is called a discrete base of M over A.

Before being shown an example of the discrete extension, there will be

deduced the basic properties of the discrete base {Et} (z* = 1, 2, n) which is

of frequent use. Let Do be a W*-algebra generated by elements in M comm-

uting with all Eiiί — 1,2, , n\ then we obtain

LEMMA 3. Let {££} (z"=l, 2, ,n) be the discrete base of the discrete

extension M o/A, then an element at £ A such that EtAEi = aiEt is uniquely

determined for each A £ M and for each i, and lies in A Π Do.

PROOF. First we shall prove the uniqueness of at. In fact, if atEi = 0,

EiafaiEi = 0, and so (EkafaιEk)
ε = 0 for all k under our assumption. Since the

mapping £ is faithful, EkafaiEk = 0. Hence, for the faithful normal trace r

of M,

so that a* at = 0, at — 0.

Next, let A be an element in A. Using the assumption {Ex AExy= =

(EnAEn)
ε and in particular Eε = E; = = Eε

n = 7, we see that the equa-

lity (EίAEiy = aίE
ε

ί implies aι = a2 = = an (denoted by a). Thereby EiAEi

= aEt for all i. Summing up for i = 1, 2, , n, we obtain a = Σ ί = 1 EtAEi

ζ Do Π A. Now, let A be any element in M. Applying the above fact for an

element at in A such that EiAEt = atEu we know that there exists an element

a\ in A Π Do. such that a^ = £ t α t £i = αίiv By the first part of our proof,

α . = αJ £ A Π Do- This completes the proof.

Clearly, the projections £* of the discrete base except the trivial case

n = 1 do not belong to A and it will be easily seen that Et are minimal

with respect to A in the sense that there is no non-zero projection e in A such

that e < Et.

LEMMA 4. A projection £ =(= / in M such that Eε = λ/ (λ < 1) is minimal

with respect to A.
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PROOF. Assume that there exists a projection e in A with e < E, then

E—e>0 implies (E—e)ε=E5 — e — λ/ — e > 0. This means<ex, x >^g< λx, x>

for all vector x £ H, and so | |^^ | i 2 ^λ ||x||2 for all vectors r € H. Since
λ < 1, this contradicts to || e || = 1.

Now, we shall observe that the n X n matrix algebra over A is the most
special discrete extension of A.

THEOREM 1. Let A be a factor, then an extension A ® In is discrete

over A ® I with the order n.

PROOF. Choose a family of mutually orthogonal minimal projections {̂ }

(i = 1, 2, , n) in factor B of type \n and put Et = I (g) et, then it may be
shown that {Ei\ (i — 1,, 2, , n) is a discrete base over A ® I. For any element

in A (g) B, we obtain (/®* t ) (α ® b) (I(g) et) = a (g) ejbei =a ® \et =
= (λα®/)(/®^i) where λ is a scalar and λα <g) / lies in A (g) I. It

follows that there exists an element α* in A such that EtAEi = axE% for each
A € A @ B and for each z. Moreover, using Lemma 2,

)] ε = (« <g> ̂ ) ε = ̂ ε i ® * = a ® ̂ ~ /

where €l9 82 means the expectation of A, B relative to A, the center (λ/) of B
respectively. Hence it holds that {ExaEYJ — (E2aE2)

ε = = (EnaEn)
ε for all

a £ A ® I. Therefore, we have seen that {.£*) (z'= 1,2, ,n) is a discrete base
of A ® In over A ® I.

Now, although we have seen a typical example of the discrete extension,
it is exceedingly desirable to show the existence of the discrete extension
which is defferent from the extension as in Theorem 1.

LEMMA 5. Let M be an extension of a factor A with [M A] = 2, then

there exists a projection E in M such that Es = -y-1 and A^ = A(2£ — 7).

PROOF. From the proof of Lemma 1, we may assume that CM = 1
and CA = 2. Let x be a normalized separating trace vector of M, then

there exists a projection E in M such that D(E) = -^-and Ex is a separating

trace vector of A as seen in the proof of [3; Theorem 1]. Thus, for all a £ A,
there is a scalar λ such that <Eax,x> = <aEx, Ex> = <Xax,x>. Here,

since D(E) = —^-, λ = -x-. On the other hand, < Eax, x> = <Eεax, x> for

all a € A. Therefore < - ^ - α :̂, x > = <Eιax, x> for all α ^ A implis £/ = —^- I.

Since (2£ — If — 0, we see that the unitary elements /and 2E — I in M are
mutually orthogonal over A. It follows from Lemma 1 that {/, 2E — 1} is a
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base of M over A, that is to say, A"1" = A(2£ — 7).

THEOREM 2. Let M be an extension of a factor A with [M; A] = 2, then
M is discrete over A with the order 2.

PROOF. M is decomposed in the form M = A φ A4" as described in the

section 1. Choosing a projection E in M such that Es — ~^I by Lemma 5, we

obtain M = AφA.(2E — I). That is to say, each A £ M is uniquely written
in the form A = aγ + a2E(aua2 £ A). Hence AE=(aί -f a2)E for each A € M.
This shows that there exists an element a £ A such that £ A £ = α£ for each
A € M by considering JEA as the preceding A. That is, £ is an A-projection

in M. Moreover, since (/— EJ — —^- 7, the same argument shows that /— E is

an A-projection in M. Now it remains only to show that [EaE\z = [(/ — E)a
(7 — E)Y for each a £ A. The following equality is directly computed;

a = [E + ( / - E)]a[E + ( / - £)] = (/ - £ > ( / - £ ) - EaE + aE + Ea.

Using the mapping £, we obtain

a = aε = [(/ - £)α(7 - £)] ε - [Eα£]ε + Λ.

Consequently [£α£] ε = [(/ — E)a(I — E)]1 for each a £ A. We now established
that {£,/—£} is a discrete base of M over A as desired.

We ought to mention that the discrete extension in Theorem 2 is different
from that in Theorem 1. This follows evidently from the fact that A ' f l M =
(λ 7) as regarded in the section 4. Proceeding as in Lemma 1, 2, we shall examine
the structure of the discrete extension.

LEMMA 6. Let Ao be the intersection of A and Do, then the discrete exten-
sion M of A is isomorphic to Ao @ In.

This is quickly concluded from Lemma 3 and we see that the n X n mat-
rix algebra over A i.e. the discrete extension in Theorem 1 is nothing but the
case where A = Ao.

PROOF. By Lemma 3, we have already known that EιMEι = A02£i. If we
correspond for each EιAEί € M an element a £ Ao such that E1AEι = aEu

we get an isomorphism of EιME1 onto Ao. However, E1i/LEί is isomorphic to
M s, and M is isomorphic to M^ ® IΏ where M^ is the restriction of M on the
range of E1. Consequently, M is isomorphic to Ao ® In.

COROLLARY. The discrete extension M of A is of type 7, type II if A is
°f tyPe I> tyPe Π respectively.

In fact, a subfactor of type In does not contain a subfactor of type II as
seen in the proof of Lemma 8(2)
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DEFINITION 2. An extension M of a factor A is solvable over A if there

exists a chain of subfactor At of M with the following properties

( i ) A = Ao cz Ax cz A2 d d M.

(ii) M is generated by Ao, At i. e. M = R(At; z = 0,1, ).

(iii) For each z, A ί+1 is discrete over At.

In the final step of this section, we shall generalize Theorem 1 as indicated

from the above definition. It is essentially suggested by the following Lemma.

LEMMA 7. Let A, B be two factors of type Ip, Iq respectively such that
A d B, then B is discrete over A.

PROOF. Let D 4 , DB be the dimension functions of A, B respectively, then

DΛ(E) = DB (E) for all E £ A by the uniqueness of the dimension function.

Hence, the range jO, — - , , if of DA is contained in the range jO, , — -

{ p ) I q q

l l of DB{E), so that p is a divisor of q, i. e. q = pr, r — 1,2, Now

choose mutually orthogonal minimal projections eι,e2y ,ep in A such that

/ = X^ί_1

 ei> a n ( l P ut C = Bei, C is of type I r and there exists a spatial isomor-

phism Φ of B onto C ® I p which maps A onto I ® I P . By Theorem 1, C ® I P

is discrete over I ® ϊp since C is of type I r. Let us keep in mind that the
transposition {Φ (i^)} of a discrete base {EL} (z = 1, 2, , g) of C ® Ip over

I (̂ ) Ip forms a discrete base of B over A, we conclude that B is discrete

over A.

THEOREM 3. Let A be a factor and let B a hyperfinite factor, then

A6?)B is solvable over A 6δ I.

PROOF. It needs only to prove in the case where B is of type II. That is,

there exists a chain of subfactors B̂  such that Bj C B2 C d B, B = R (B4;

i = 1,2, ) and each B̂  is of type I2 ;. Thus, we obtain a chain of subfactors

A 0 B , in A ® B such that A ® I = A ® Bo d A ® Bx d d A (g) Band A ® B

= R ( A ® B ; ; z = 1,2, ). Lemma 7 implies that B^ is discrete over B^-i for

each i. Hence, we can select a discrete base {Eu E.2] of Bz over Bi_χ, and

then it is directly verified that [ J ® £ i , I ® £ 2 ) gives a discrete base of A ® B4

over A ® Bf_i.

Finally, we take an interest in the fact that our observation illustrate the

structure of the hyperfinite factor of type II.

THEOREM 4. For each positive integer n, the hyperfinite factor M of type

II contains a subfactor A of type In such that M is solvable over A. Conv-

ersely, if a factor M of type II is solvable over a factor A of type In for some

n, M is hyperfinite.
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PROOF. Let B be an arbitrary subfactor of type ln, then we obtain by a
repeated application of [ 7 Lemma 4, 2, 2] a chain of subfactors Bz such that
B = Bo cz Bi d d M and ( i ) each T&L is of type IPt (ii) pi+ι is divisible by
pi. Obviously, N = R(B;; i = 0,1, 2 ) c: M and N is hyperfinite. Thus, since
there exists an isomorphism of N onto M (cf. [7 Theorem XIV]), we obtain
a chain of subfactors A4 of M such that A = Ao cz AXC cz M, M = R(A4;
i — 0,1,2, ) and further the properties (ii) (iii) as above hold. By Lemma 7,
Af+1 is discrete over A£ for each i and so M is solvable over A of type In.
Next, suppose that M is solvable over a factor A of type In for some n, then
there is a chain of subfactors B* of M such that A = Bo cz Bx cz cz M, M
= R(Bi i = 0,1, 2, ) and Bi+i is discrete over Bj for each i. By Lemma 6,
Cor., we see that B^ is of type IPl. Hence M is hyperfinite.

3. Splitting extensions. In this section, we shall study the certain class
of the extension, which is the more general extension than the crossed product
of rings of operators developed in [13], [14], The splitting extension we are going
to define was inspired from the extension theory of the group (cf. [4]). Some
of the elementary properties of such an extension are obtained as more general
theorems than those on the crossed product.

DEFINITION 3. An extension M of a factor A is called a splitting exten-
sion of A by a group G if there exists a faithful unitary representation {Ua}a^rr

in M of G with the following properties

(1) [Ua}azG is a base of M over A.

(2) For each a £ G and a £ A there is an element aa in A such that
aUa = U*a«.

We note the basic properties of the splitting extension derived immediately
from the definition.

(1) Any element A in M is uniquely expressed in the form

A = ^tt€Gf ace U ,

where {α*]α€(? is a family of elements in A and Σ is taken in the sense of
the metrical convergence. The condition (1) may be replaced by the following
statement: Ua{cc £ G) are mutually orthogonal over A and M is generated by
A and {[/«}«€<?. Indeed, this fact is seen by the similar proof to [13; Theorem 1].

(2) G is homomorphic to the group G of automorphisms of A which are

induced by {Ua}a^& by the property (2). In particular, if G is isomorphic to
G, such a splitting extension is called the crossed product of A by G, which
is not essentially distinct from one in [13] (cf. The section 4).

The initial stage in our discussion is to determine the type of the splitting
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extension. It is completely answered.

LEMMA 8. Let M be a splitting extension of A. by a group G.

(1) Let A be a factor of type I.

(11) If G is finite, M is of type I.

(12) If G is infinite, M is of type II.

(13) If G is countable and locally finite, M is hyperfinite.

(2) If A is of type II, M is of type II.

PROOF. (Iχ) Choose a set of an ordinary matrix units {Wi5} (i,j = 1,2,

,?z) of A, each element a € A is uniquely expressed in the form Σ , _ λ t j W^ .

Namely, each element A ζ M is expressed in the form

Σ w,*^*T*W (* ^ G).

Hereupon, the system {W^C/*} is linearly independent in M. In fact, ] P ί,j,k\jk

WυUk = 0 yields ( ]£ ω \ m Wtj) Uk = 0 for each έ € G, and so £ ,,,-λ^ W t j = 0,

\ίjk — 0, for each i.j, k. Thus, M is of finite rank. Since M is a factor, this

means that M is of type I.

(12) Let S be any finite set in an infinite group G ,then {Ua}a^s is linearly
independent in M. Hence M is impossible to be of finite rank and so M is of type II.

(13) We may consider only the case where G is countably infinite and
locally finite. Then G is generated by a family of finite subgroups Gn such
that G1 a G2 CZ CZ G. Therefore, it follows from (10 that M is generated
by a family of subfactors Mn of type IPn such that M1 d M2 d d M. This

proves that M is hyperfinite.

(2) Since A is of type II, we choose a strictly monotone decreasing infinite
directed set of projections fc)/er in A. If M is of type I, M is considered to
be the ring of all bounded operators on n-dimensional Hubert space and then
{ei]UΊ is impossible to be infinite, strictly decreasing. Thus M is of type II.

REMARK. Let B be a factor generated by the regular representations {Ua}a^

of a group G with the unit e whose non-trivial conjugate classes are infinite
(cf. [7]), then the direct product A ®.B of factors A and B is a splitting extension
of A ® I by G. Indeed, let T be a faithful normal trace of A ® B and let τ l 5 τ2

faithful normal traces of A and B, then r ((α ® /) (7 (§) ua)) = τ(a ® ua) =

τx{ά)τ2 (ua) = 0 {cί^pe) since τ2 (ua) — 0. Therefore, setting Ua = i (*) ua, we know
that [Ua}azQ is a base of A & B over A @ I and Ua {a (g) I) = {a ® 1) UΛ for all
a ζ G, that is, it is nothing but the case where all automorphisms of A (§) I
induced by U* are the identity one.

In examining the structure of the splitting extension M of A, it will be
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need to determine an intermediate subfactor of M and A. Actually, it is poss-
ible for a finite group G.

LEMMA 9. Let M be a splitting extension of a factor A by a finite
group G, then a subextension N o / A is a splitting extension of A by a sub-
group Go of G.

PROOF. Each element A in N is uniquely written in the form; A = y^α e g

aaUa. Denote by Nα the set of ^-components aΛ for A e N, it is immediately
verified that each NΛ is a two-sided ideal of A. However, A is algebraically
simple and so Nα = {0} or A. Now, set Go = [a £ G; Nα Φ {0}}, N is expressed

as the direct sum of {AUa}a*Gΰ N = Σ«e(?o A?7α which completes the proof

since Go is obviously a group.

4. Constructions of splitting extensions. Let A be a factor with the
spatial invariant C = 1 on a Hubert space H and let G be a group whose
non-trivial conjugate classes are infinite. In addition, let us assume that there

is a homomorphism φ of G onto a group G of automorphisms of A. We shall
actually construct the splitting extension of A £g) I by G as a factor on H®/2(G).
The method utilized is the slight generalization of the construction of the
crossed product in [13]. For this reason we shall frequently refer to [13]
throughout the present section. Using the unitary representation on H of a

group G of automorphisms of A in [13; Lemma 1], we obtain a unitary repre-
sentation {uσ}σζG (not necessarily faithful) of G on H such that uσ*auσ = aJ

for all a € A where σ — φ{σ) for each σ € G. Now, define unitary operators
Uσ on H ®/2(G) as follows;

*G x* ® θα) = Σ "0 u*x

for each vector Σ^c? x<* §) £* of H ® 12(G). Then σ —> [7σ gives a faithful unitary

representation of G on H ® 12(G) such that C7J (<z (g> I) ?7σ = α ? ® I (α ^ A) and
{(A® I)Ur(x& £a)}σϊΓr are mutually orthogonal for each vector x ® 6α (a fixed
Λ ^ G) as in [13; Lemma 2]. We consider a system @ of all linear forms

/ .CLZGAOXJa

where Aa are elements of A ® I and all but a finite number of them are zero.
Then the system © is a *-algebra. We shall denote by M a W*-algebra gene-
rated by the system @. Now, passing on the similar proof to [13; Thearem 1],
we arrive at the fact that M is a finite W*-algebra with C = 1 on H ® l2 (G)
and each element A in M is expressed by a unique family {Aa}a^G in the
form

•Li- -— £ (acG±±.a,Ua,
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where ̂  is taken in the sense of the metrical convergence. A W*-algebra M

defined above seems to depend on the choice of the representations of G on H,
but the proof of [13; Lemma 5] holds in our case and shows that M is uni-
quely determined by A, G and φ within unitary equivalence, and we denote it
by (A, G, ψ). Since we confine ourselves to a factor in the present paper, we
must examine whether M is a factor or not. To do so [12 Theorem 2] will

be slightly modified in our case. In fact, for an arbitrary element A — ̂ a^Aa Ua

(Ace € A&I) in the center of M, U*AUσ = A for all σ e G. That is, keeping

in mind that setting A% = a\ ® / for A« = aa ® /, U* AaUσ = AΪ, we obtain

V^ A TT — V^ Δ« TT

If AΛ 4 s 0 for some a 4= e(e\ the unit of G), the uniqueness of a family {A*}*«=<?
leads that Aa = Maσ-ι for all σ € G. Hence [[A«]] = [[ασασ-»]] for all σ € G. Since
the conjugate classes {σ"W}σ t e are infinite, this contradicts to Σ « Λ ^ J ] < ° °
Therefore, AΛ = 0 for all a=%=e, in other words, A lies in A ® I. Moreover,
since A commutes with all elements in A ® I, A must be scalar multiples of
the identity and so M is a factor. Consequently, since {Uσ}σζG is a base of M
over A ® I as described above, M is a splitting extension of A ® I by G.
When the restrictions of some kind are imposed on φ, the splitting extension
we have obtained is simplified as follows :

The Case I. φ{a) are the identity for all a^G. Let {vσ}σζG be a regular

representation of G on 12(G)9 then the equality AσUo(ΣaeG x«. ® £«) — Σ Λ ^ / Xσ &

£σα = Σ « ^ A ® ̂ « ( A ; = α, ® 7) implies AσUσ = α^ ® vσ. Accordingly

(A,G, 9?) is isomorphic to the direct product A ® B of A and factor B generated
by {%}«(?.

The Case II. φ is an isomorphism. In this case, it will be easily seen that
(A, G, φ) is the crossed product of A ® I by G and nothing but the crossed

product (A, G) of A by G defined in [13].

In closing this section, we shall point out that for any group G homo-
morphic to a group of outer automorphisms of A, our construction is possible
(cf. [13]).

5. Cyclic extensions. There will be considered the cyclic extension which
is the simplest and the most interesting splitting extension, and we wish to
study the structure of this extension. We first make the following

DEFINITION 4. A splitting extension M of a factor A by a group G is
called a cyclic extension of A by G if G is cyclic.

In the case where G is of order two or Γthree, we are able to answer
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completely for the question: What is the necessary and sufficient condition
under which M is a cyclic extension of A by G ?

The case [M A] = 2. If M is the cyclic extension A by a group G of
order two, evidently [M A] = 2 by Lemma 1. Conversely, if [M, A] = 2, we
have known by Theorem 2 that M is discrete over A with the order two.
Further it has been shown in [3; Theorem 3] that M is cyclic over A. Now,
we shall give the proof of this result by making use of Theorem 2.

THEOREM 5. Let M be an extension of a factor A, then M is a cyclic
extension of & by a group G of order tτvo if and only if [M A] = 2.

PROOF. It is sufficient to prove that if [M A] = 2, M is a cyclic extension
of A by a group of order two. Suppose [M A]= 2, then we know by Theorem 2
that M is discrete over A with the order two. That is to say, there is a
discrete base {Et} (z = 1, 2) of M over A. Setting U = 2E, - I, U2 = I and it
is directly seen from Lemma 1 that {/, U] is a base of M over A. Now, for
each a £ A, we denote by α* an element in A such that EtaEi = anEt (i =
1, 2) as regarded in proving Lemma 3, and then ExaEγ + E2aE2 = a\Ex + JE2)
= αtt. Moreover, the equality a = (E, + E2)a(E1 + E2) = EγaEx + E2aE2 + EγaE2

+ E2aEι yields ExaE2 + E2aE{ = a — a#. Therefore, we obtain, for each
a £ A,

UaU - (E, - E2)a(E, - E2) = ExaEx + E2aE2 - EλaE2 - E2aE,

= α* - O - α#) = 2 α t t — a.

This means that UaU belongs to A for each a € A. Thus we complete the
proof.

REMARK. In the preceding theorem, put aσ = UaU for all a € A, σ is a
non-identity automorphism of A and M is the crossed product of A by a
cyclic group {σ} of order two. In fact, if aσ — a for all a £ A, U commutes
with all A € M, this contradicts to the fact that M is a factor. Further, we
know that σ is outer. Because, if σ is inner, U = vzv (v £ A, zv £ A' Π M)
and all A € M are written in the form A = aλ + a2vw{aλ, a2 € A). Thus, τv
commutes with all A £ M and so w must be a scalar multiple of the identity,
which contradicts to U <̂Ξ A. Accordingly, as in [13; Theorem 3], A ' Π M =
(scalar multiples of the identity}.

The case [M; A] = 3. It has been shown in [3] that there are factors M,
A such that for any unitary element U € M, £/*AU C A implies U € A. This
means that the similar theorem as before is not valid in our case. However,
with the aid of the notion of the discrete extension, we derive the following

THEOREM 6. Let M be an extension of a factor A, then M is a cyclic
extension of A by a group G of order three if and only if M is discrete
over A with the order three and [M A] = 3.
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PROOF. Suppose that M is a cyclic extension of A by a group G of order

three. Let {/, U, U2} be a base of M over A and put Ex = -\-(I + U + U2\ E2 =
o

— (7+ ωU + ω2U2), E3 — — (/+ ω2U + ωU2) where ω is the primitive cu-

bic root of unity, then it is immediately verified that Et{i = 1, 2, 3) are projec-

tions in M. Moreover, the equality

= - | - ( J + ω + ω2)(J + U + U2) = 0

yields that EL are mutually orthogonal and in addition

ΣlA = -j- {3-7 + (1 + ω + ω'XU + U*)} = I.

Therefore we have shown that {Et} (z = 1,2,3) is a family of mutually ortho-

gonal projections such that 2Z/=1 Et = I.

Now we shall assert that {Ei} (z -- 1,2,3) is a discete base of M over A.
For each a £ A, the direct computation yields

EtaEt - - | - (a + aσ + aσ* )E, (i = 1, 2, 3)

where aσ — UaU*. Thus, since~^-(<2 + aσ + a°*) € A, Et are A-projections in

M. Further Uε = 0 implies £f = -^- / for all i and so for each a £ A
o

(EiβEt)5 = - | - (α + a + ασa) £ί - -γ(a + ασ + ασϊ) (ί = 1. 2, 3),

that is, (ExaE^f = (E2aE2)
ε — (E3aE3)

ε. Therefore, we conclude that M is
discrete over A with the order three, and it follows obviously from Lemma 1
that [M A] = 3.

Conversely, suppose that M is discrete over A with the order three and
[M; A] = 3. Let {E^ (z•= 1,2,3) be a discrete base of M over A and put

U = E, + ωE2 + ω2E3,

where ω is the primitive cubic root of unity, then U is a unitary element in

M such that IP - I and (UJ = -~-(l + ω + ω2)/ = 0 (i = 1, 2), since EB

k = -\-I

for all k. Hence [U\ Uj] = 0 ( z ' + j ; z,i = 1,2,3), that is, U\i = 1,2,3) are
mutually orthogonal over A. Under the assumption [M A] = 3 it follows from
Lemma 1 that {/, U, U2} is a base of M over A. To complete the proof, it
remains only to show that U*AJJ d A. As seen in Lemma 3, for each a Ξ A
there exists an element α t t in A such that EhaEk = a^Ek (k = 1, 2, 3). Thus it
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holds that

= a*.

Now, making use of the equality

4JB*A = (A + B)\A + B)-(A- B)\A - B) + i(A + tB)*(A + IB) - i(
— z'B)*(A — iB), we obtain, for each a £ A,

aEh)\oEk

- aEh)\aEk - aEh) + i(aEk + iaEh)\aEk

- z*(α£fc - iaEh)*(aEk - iaEh)

= (£ A + Ek)a*a(Eh + £,) - (£ Λ - Eh)a*a(Ek - Eh)

+ £(£, + iEh)a*a{Ek + tEA) - i{Ek - iEh)a*a(Ek - iEh).

Therefore, applying (1) a n d Σ ^ Z ζ t = /,

"aE2 + E2a*aE, + E^aTaEy) = 4{α*α + (α*α)* - 2(α*α

where A, £ run over 1, 2, 3. Here, note that

We have

4(£1α*α£2 + £α*α£ 3 + E^aE,) - 4{α*α - (α*α)* - i(a*a - (α*α)*)}

= 4(1 - t){a*a - (α*α)*} ( 2 )

Now, U*a*aU = (E, + ω2£2 + ω£3)α*α(£1 4- ω£2 + ωΈ3)

Ek + ω {Eιa"aE2 + E2a*aE3 +

Combining (1) and (2),

£/*α*αC/ = (α*α)* + ω(l - 0(α*α - (α*α)#) + ω2(l + z)(α*α - (α*α)*).

Consequently, we have shown that U*a*aU £ A for all a £ A, that is to say,
U*aU € A for all positive elements a £ A. Since any element in A is ex-
pressed as a linear combination of positive elements in A, we have that U*aU
€ A for all a £ A as desired. This completes the proof.

The above theorems give us a method of examining the cyclic extension of
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A by a group of order n and so it seems that Theorem 6 is perhaps true for

any positive integer n.
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