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A previous paper with the same title will be cited as Paper I, and we
continue to use terminologies in it. As the objects of the present paper are
almost contact manifolds, let us denote a (2p — 1)-dimensional manifold by M
and a local coordinate system in M by (y").

Given an almost Grayan manifold M with almost contact c-tensor f and

its associated metric tensor g, we constructed an almost Hermitian manifold M

as follows: The underlying manifold of M is the product of M with a straight
line I = ( — oo, + oo ), the almost complex structure F is defined by the natural

extension of f into M, and the metric tensor G by

- .0
G = (Guh)-—:e_zr'g:e_%(oj 1), t € L

The manifold M is identified with the hypersurface M x 0, which is totally

umbilical in M. A coordinate system in M such as (y",¢t) is called an adapted

one.
Moreover we saw that, if M is Grayan, almost Sasakian or Sasakian, then

the manifold M constructed above is Hermitian, almost K#hlerian or Kihlerian

respectively, and vice versa. In this sense, the almost Grayan manifold M is
naturally associated with M, and we call it the enveloping manifold of M.
The purpose of the present paper is to study properties of manifolds with
almost contact metric structure through the properties of their enveloping
manifolds.

7. Contact c-tensor calculus. Since the metric tensor G of the envelop-
ing manifold M is conformal to :c; of the product manifold M x I with scalar

factor p = ¢!, the Christoffel symbol of M is given by

K ) K l
. 1) } - T B + P, — gus,
N MN
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where { '; } is the Christoffel symbol of M X I, and p» = 9:log p. Since we

have g

(7. 2) pi=p"=0p.=p"=—1

in an adapted coordinate system, the non-trivial components of { :7\ l»are there

. 3) D B I B e S P Bt
i) L) i) joo o000

The curvature tensor E,,M" of M is given by

7, 4 Ko = Ko = 8pa + 8paa — guap + guapls

where

(7. 5) Pur = VP = Pupr + é— GurPa®s Pl = Png’™.

Since we have

(7. 6) Pi = %9» Pt = 0, Pooe = — ’;— )

the non-trivial components of I~<,,,M" are only

(7.7 klmh = K" — &5 + 89

and those of the Ricci tensor Em are only

(7. 8) K= Ki— (2p— 2)gs

and the scalar curvature is given by

(7. 9) k= (2p— De*( —1)/2p.

T, TT
T T=

coordinate system, the covariant derivative v 7 is separated into the components

For a tensor field in M, say T having components( )in an adapted

VT = v — 8T — g, 1.
;,-T{” =v,T" + g1 — 94T,

(7.10) v T =T — 8T+ Ty,
VT." = VT + guTot + Ty,
v. T} =2.T
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In particular, the covariant derivative of the almost complex structure F is
separated into

TED = Vi~ 8~ g f"
V;Ff": Vifi = S

(7.11) V; =V, "+ f,
V,}'F‘moe - 0’
VmFul = 0’

and that of the covariant tensor Fy into

’Vv/ij = e *(Vifin + 9uSr — i S,
J ngzm = eV, fi — fu)

%'ij. =0,

V.Fa = 0.

The Nijenhuis c-tensor #n of f defined by (1.20) is identical with the
Nijenhuis tensor of F' with respect to the adapted coordinate system, and we
have

(7.12)

(7.13) = Na* = FAVFE — WFS) — FaV.F — V.FE)
and its components are written in the form

( n = [ (Vo' — Vifd") = [i5(Va S = Vi)

= [V " + Vit
(7.14) 1" = f° (Vo fi — Vifo) = [i'(Vafs — Vifa)s
= fu(Vafih - Vifah) - fi Vafh,
ne” = Vo fu

As is well known, the Nijenhuis tensor N,,* is skew symmetric in A and g,
and hybrid in « and A:

(7.15) N/Ma : + NuaKFAa = 0)
and pure in A and p:
(7.16) N Fe — Na*Fe =

In an adapted coordinate system, the equation (7.15) is separated into
n,-i“fa” + nja”fi“ + nji""fh + njmhfi = O,
1o + n " + nj:fi =0,
n"fo" + n” i+ st =0,
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J njmafa + njamfa = 0,

nSf" + n” !+ na 0 =0,

7.17
( ) | Nei’fo + a1 = 0,
l um”f“ =0,
Nea f* =0,

and (7.16) into
15" + nfi — na"f — nalf; =0,
n S+ il fi — naSf S — naSf; =0,
n3"f* — na"fi* =0,
" — ng"f* = 0.

The equation (7.16) is equivalent to

(7.19) Nu* + FENFr =0,

which is separated into

ni" + fiinp’f + fotfa + fiing " + fin"f" =0,

ny” + fiinyfo + finfo = 0,

n" + frpfo + frry=f* =0,

M + fonp’fa = 0,

i + [l fo" + fiine'fa = 0,

Nei™ + [P0y = O.

(7.18)

(7.20)

The equations (7.20) can be directly derived from (7.17) and (7.18), too.

8. Special almost Grayan structures. Based on properties of almost
complex structure, S.Kotd [12] made clear the relations of reduction among
special almost Hermitian manifolds, and put them into the diagram

Almost (3 ) Almost (4 __, (5) Almost

Hermitian Semi-Kihlerian O*-manifold Kihlerian

\
(1) Half- L (6) 4
Hermitian K-manifold ]
|
(2)¥ I G I (7) ¢
Hermitian Semi-Kiherian Kihlerian

These manifolds are respectively characterized by the following properties :

(1) The covariant Nijenhuis tensor N, is skew symmetric.

(2) The Nijenhuis tensor N,* vanishes, and it is equivalent to the
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property that ;HFAK is hybrid in A and p.
(3) The fundamental form ® = F, dx* A\ dx* is coclosed :

8. 1) 30 = 0, V.Fy = 0.
(4) The covariant derivative GMF;(‘ is pure in A and p:
(8. 2) F/.La;aFJLK - F?ta;pF; = 0-
(5) The fundamental form ® is closed :
(8 3) d®=0sFﬂlKZ%FAx"*_;Aqu"'GKFML:O-
(6) The covariant almost complex tensor F), is a Killing tensor :
8. 4) ViFue + ViFue = 0,
(7) The almost complex structure Fj* is covariant constant :
(8. 5) V,Fie = 0.

From our view-point, to each M of the above manifolds corresponds a

special almost Grayan manifold M, which has M as enveloping manifold. We
shall give the corresponding manifolds the names at the corresponding places
in the following diagram :

Almost  (3) Almost ,, (4) Contact ___ (5) Almost
Gra;ifan semi-Sasakian = O*-marTifold Sasakian

{ J
(1) Half- (6) Contact v
Graylran K-manifold

\:
(2) @ (7)
Grayan—- Semi-Sasakian - Sasakian

We shall see how each of the manifolds is characterized by the property
of its almost contact structure. The change of the arrow issuing from (5) will

be made clear in later.
(1) Half-Grayan manifold. Since the covariant Nijenhuis extensor of f

in M is given by
(8. 6) Nuae = nulagak = eQZNIﬁLK’

the skew symmetry of N, in all indices implies that of 7., in particular, that
of ny;,. Conversely, if n;, is skew symmetric, then we have 7jw. = 0 from
(7.20), and n;."f, = n;,~f* = 0 from (7.17),;. Further, from (7.20),; we have

Njoor. = fbn:‘bafna = - fhb"fbafa = fnbnfbafa = = Wjneo-
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Thus the covariant Nijenhuis extensor 7,1, is skew symmetric in all indices,
and we can state that

THEOREM 81. A half-Grayan manifold is characterized by the skew
symmetry of the covariant tensor nj.

(2) Grayan manifold. As S.Sasaki and Y.Hatakeyama [ 9], [14] proved,
the Nijenhuis extensor 7n,,* vanishes if and only if the tensor n;" vanishes.

(3) Almost semi-Sasakian manifold. Substituting (7.11) into (8. 1), we
have
Vil = @2p—2)fs,
v.if'=—9"V;fi=0.
The first equation means that the fundamental 1-form ¢, is coderived from the
fundamental 2-form 4, :

87

1
(8. 8) 0, = m&%,

and the second is satisfied automatically. Hence we have
THEOREM 8.2. An almost semi-Sasakian manifold is characterized by
the property (8. 7), or (8. 8).

(4) Contact O*-manifold. By use of f;f* = — 1 and (7.10), the equation
(8. 2) is separated into
SV St = [0V fa = fiva " = 2f i = 2fu /" =0,
f}aVaﬁ _.fiavifa - 2fjafai =0,

8.9 JEVa " — oV f" + 2ff =0,
v fir =0,
v, f*=0.

The second equation is equivalent to the third. The last two equations show
that

THEOREM 83. In a contact O*-manifold, the trajectories of the wvector
field f* are geodesic and the tensor field fi* is parallel along the trajectories.
(5) Almost Sasakian manifold. Substituting (7. 12) into (8. 3), we have
ijih + Vifhj + an;ii =0,
Vifi = fu— Vifs + fu;=0.

Since f; is skew symmetric, the second equation yields to
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(8.10) Su= % (Vifi = Vi f)

which means that the fundamental 2-form 6, is derived from the fundamental
1-form 6,:

(8.11) 8, = db,.

Therefore the first equation is satisfied automatically and we can say that

THEOREM 8.4. An almost Sasakian manifold is characterized by (8.10)
or (8.11).

(6) Contact K-manifold. Substituting (7.12) into (8. 4), we have the
equations

Vifin = 9unfi + Vifin — Gunfs + 295 fn =0,

(812) l Vifi + Vif; =0,
Vifn —fin=0.
The second equation means that the vector field f* = — fig'* is isometric. From

the third, we have the equation (8.10). Thus we have

THEOREM 85. A contact K-manifold is an almost Sasakian manifold
whose structure sasisfies the equations (8.12).

(7) Sasakian manifold. Substituting (7.12) into (8. 5), we have the
equations
Vifin = 9unfi— GuSn
ij i = fis

which characterize a Sasakian structure. Of course, a Sasakian structure has the
properties of all the above mentioned structures.

(8.13)

9. Sasakian manifold. In a Kihlerian manifold M, we know well the
identity

9. 1) K,aF5 — K,,."F* = 0.

Referring this equation to an adapted coordinate system and taking account
of (7. 7), we have the identities®

©. 2) Kiifo" — K" = fil"gn — [ 96 — 8f o + 8if

and

(1) M.Okumura [13] obtained these identities from (8.13) by a direct computation.
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9. 3) Kii"fn = fugi — figuir
In M, we know also the identity
. 4 K FeFr = K,

from which we obtain the identities

©. 5) Ky fifi" — @p — 2fafi* = K — 2P — 2)g,
' K fift=2p—2.

Putting

(9. 6) I":I/.LA - I~<;:,KFK7L - - é‘ Kp,lwc ch,

we know that FIM is skew symmetric and the form E, defined by E = I?I‘de"

A dx*, is closed. The induced from & in M is given by

.7 &= Hdy’ N\ dy',
where
(9. 8) Hﬂ = Kjlffki.

The form & is closed.
Since the vector field f* does not vanish, it follows from (9. 3) that

THEOREM 9.1 The local holonomy group of a Sasakian manifold is
the full special orthogonal group SO(2p — 1).

If the enveloping manifold M is of constant sectional curvature, i.e.

~

Kuu/lk == ;(&:‘Gp/l - BﬁGul)’

then we have x = 0 because of Izmﬁ“’ =0 in ]\Z and M is locally euclidean.
Hence, from (7. 7) and (7. 9), M is of constant sectional curvature 1. The
converse is clear. Thus we have

THEOREM 9.2. In order that the enveloping manifold M of an al-
most Grayan manifold M is of constant sectional curvature, it is necessary

and sufficient that Mis of constant sectional curvatue « = 1, and then Mis
locally euclidean.

Similarly we have

THEOREM 9.3. In order that the enveloping manifold M is an Einstein
manifold, it is necessary and sufficient that M is an Einstein one of scalar
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curvature €« = 1, and then M has zero Ricci curvature.
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