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A previous paper with the same title will be cited as Paper I, and we
continue to use terminologies in it. As the objects of the present paper are
almost contact manifolds, let us denote a (2p — l)-dimensional manifold by M
and a local coordinate system in M by (yh).

Given an almost Grayan manifold M with almost contact c-tensor f and

its associated metric tensor g, we constructed an almost Hermitian manifold M

as follows : The underlying manifold of M is the product of M with a straight
line / = ( — oo? + oo)? the almost complex structure F is defined by the natural

extension of f into M, and the metric tensor G by

G = (GM) = e~»J= e-" ( 9

o" °i), ί € /.= e~»J= e-" ( 9
o

The manifold M is identified with the hypersurface M X 0, which is totally

umbilical in M. A coordinate system in M such as (yh,t) is called an adapted
one.

Moreover we saw that, if M is Grayan, almost Sasakian or Sasakian, then

the manifold M constructed above is Hermitian, almost Kahlerian or Kahlerian

respectively, and vice versa. In this sense, the almost Grayan manifold M is
naturally associated with M, and we call it the enveloping manifold of M.
The purpose of the present paper is to study properties of manifolds with
almost contact metric structure through the properties of their enveloping
manifolds.

7. Contact c-tensor calculus. Since the metric tensor G of the envelop-

ing manifold M is conformal to g of the product manifold M X I with scalar

factor p = e~\ the Christoffel symbol of M is given by

(7 1) I " I I
{μX } I μX
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K
where | [ is the Christoffel symbol of M x /, and pλ — dλ log p. Since we

I μλ

have

(7.2)

in an adapted coordinate system, the non-trivial components of | [ are there
μλ

(7 3) { k I = j * j , I " } = flrΛ,
( j i ) ( j ι ) [ji )

= - 1.

— ,

•T
The curvature tensor Kvμ\

κ of M is given by

(7, 4) Kvμλ

κ = Kvμλ

κ — $ιpμλ + Sμpvλ — gμλpv

κ

where

(7. 5) pMΛ = Vnpx — pβpλ + —

Since we have

(7. 6) Pjt = \ffjι, poo, = 0,

the non-trivial components of Kvμx
κ are only

and those of the Ricci tensor Kμλ are only

(7. 8) KH = KH - (2p - 2)gH,

and the scalar curvature is given by

(7. 9) Z = (2p - iyχκ - ΐ)/2ρ.

* * j in an adapted

coordinate system, the covariant derivative V T is separated into the components

(7.10)
v/zy = v/rr + gihτt

k -
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In particular, the covariant derivative of the almost complex structure F is

separated into

(7.11)

,» - Wi ~ 9nf\

= 0,

= o,
and that of the covariant tensor F# into

(7.12)

h - ffjnfd,

= 0,

= 0.

The Nijenhuis c-tensor n of / defined by (1.20) is identical with the

Nijenhuis tensor of F with respect to the adapted coordinate system, and we

have

(7.13) nμλ

κ = N,Λ* = Ff(v«Fλ* - >

and its components are written in the form

(7.14) nM" = - V,fa),

As is well known, the Nijenhuis tensor Nμχ
κ is skew symmetric in λ and μ,

and hybrid in K and λ:

(7.15) Nμλ«F«a + Nμa"Ff = 0,

and pure in λ and μ:

(7.16) N^'Fx" - Nax-Ff = 0.

In an adapted coordinate system, the equation (7.15) is separated into

f nn

afa

h + nίa

hf? + n}rfh + njjft = 0,

«*"/» + »j."/ιβ + »*."/• = 0,
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(7.17)

and (7.16) into

nj

ΐlo.
afh

af
n Ja

uooa J

7ZθC
oora

a J

+

+

+
=
=

•Πja

nt~

Πooa

o,
o,

oJTa

Γ +
J ί ~

ΓASHIRO

o,
zooc

o,

h-C a A

I Jί = U,

(7.18)
jcrfia + njoΓfί - nai°°fj

a -

iaψ - n^ft = 0,

s<rfa - naj ft = 0.

The equation (7.16) is equivalent to

(7.19) Nμλ« + FίNμβ"FZ = 0,

which is separated into

H

h +/ΛιΛ

β/β* +/,«*."/«*

j — U,

j = 0,

(7.20)

= 0,

+fnjb

afa

h

= 0,

ι = 0,

fa = 0,I «. " + /t*n-*β/. = 0.

The equations (7.20) can be directly derived from (7.17) and (7.18), too.

8. Special almost Grayan structures. Based on properties of almost
complex structure, S.Kotό [12] made clear the relations of reduction among
special almost Hermitian manifolds, and put them into the diagram

Almost
Hermitian

(1 ) Half-
Hermitian

j
( 2 ) *
Hermitian

^ ( 3 ) Almost
Semi-Kahlerian

^ (30 •
Semi-Kaherian

^ ( 4 )
O^-manifold

1

( 6 ) 4
X-maniiold

* ( 5 ) Almost
Kahlerian

I

Kahlerian

These manifolds are respectively characterized by the following properties:

(1 ) The covariant Nijenhuis tensor Nμλιc is skew symmetric.

( 2 ) The Nijenhuis tensor Nμχ
κ vanishes, and it is equivalent to the
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property that T7μFλ

κ is hybrid in λ and μ.

( 3 ) The fundamental form Θ = Fμχdxμ Λ dxλ is coclosed :

(8. 1) 8Θ = 0, v > λ " = 0.

( 4 ) The covariant derivative VμF* is pure in λ and μ :

(8. 2) Fμ

βv«K" - FfVuFf = 0.

( 5 ) The fundamental form Θ is closed :

(8. 3) d® = 0, i ^ u = V>Λ« + VιFκμ + Vκ^μλ = 0.

( 6 ) The covariant almost complex tensor Fλμ is a Killing tensor:

(8. 4) v > λ κ + VχFμκ = 0.

( 7) The almost complex structure F\ is covariant constant:

(8. 5) V>λκ - 0.

From our view-point, to each M of the above manifolds corresponds a

special almost Grayan manifold M, which has M as enveloping manifold. We

shall give the corresponding manifolds the names at the corresponding places

in the following diagram :

Almost ( 3 ) Almost ( 4 ) Contact ( 5 ) Almost
Grayan "* semi-Sasakian "^ O* -manifold ""* Sasakian

( 1 ) Half-
G ray an

(6 ) Contact
"* .K-manifold

( 2 ) (30. * _ ( 7 )
Grayan -* Semi-Sasakian -* Sasakian

We shall see how each of the manifolds is characterized by the property

of its almost contact structure. The change of the arrow issuing from ( 5 ) will

be made clear in later.

(1 ) Half-Grayan manifold. Since the covariant Nijenhuis extensor of /

in M is given by

(8. 6) nμλκ = nμλ

agaκ = e2tNμλκ,

the skew symmetry of Nμλκ in all indices implies that of nμxκ, in particular, that

of nHh. Conversely, if nHh is skew symmetric, then we have n^oo = 0 from

(7.20)4 and njoo

hfh = nja°°f
a = 0 from (7.17)4|7. Further, from (7.20)2,3, we have

njooh = fnjbafh

a = - fh

bnjbaf
a = j
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Thus the covariant Nijenhuis extensor nμ\κ is skew symmetric in all indices,
and we can state that

THEOREM 8.1. A half-Gray an manifold is characterized by the skew
symmetry of the covariant tensor nHh.

( 2 ) Gray an manifold. As S.Sasaki and Y.Hatakeyama [9], [14] proved,
the Nijenhuis extensor nμχ

κ vanishes if and only if the tensor nH

h vanishes.

( 3 ) Almost semi-Sasakian manifold. Substituting (7.11) into (8. 1), we
have

J V,/,' = (2p - 2)Λ
\vsf=- ffHVsfi = 0.

The first equation means that the fundamental 1-form θλ is coderived from the
fundamental 2-form θ2:

(8.8) Θι = φ-Mu

and the second is satisfied automatically. Hence we have

THEOREM 8.2. An almost semi-Sasakian manifold is characterized by
the property (8. Ί\ or (8. 8).

( 4 ) Contact O*-manifold. By use of fβ = - 1 and (7.10), the equation
(8. 2) is separated into

Waff -fiaVj.h -AV}f
h - 2///, - 2fHf» = 0,

rVafi -fiaVja - Zfffai = 0,

(8. 9) frVaf ~ faVjah + 2f?f«h = 0,

fVaft* = 0,

, /°Vα/Λ = 0.

The second equation is equivalent to the third. The last two equations show
that

THEOREM 8.3. In a contact O*-manifold, the trajectories of the vector
field f1 are geodesic and the tensor field fιh is parallel along the trajectories.

(5 ) Almost Sasakian manifold. Substituting (7. 12) into (8. 3), we have

Vifth + Vι/« + VA/Λ = 0,

Vifi-fn- Vif}+fυ= 0.

Since f}i is skew symmetric, the second equation yields to
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(8.10) fH=\

which means that the fundamental 2-form θ2 is derived from the fundamental

1-form θ1:

(8.11) θ2 = dθx.

Therefore the first equation is satisfied automatically and we can say that

THEOREM 8.4. An almost Sasakian manifold is characterized by (8.10)

or (8.11).

( 6 ) Contact K-manifold. Substituting (7.12) into (8. 4), we have the

equations

ί Vjtk - g>hfi + Vifjh - 9ihf5 + 2gHfh = 0,

(8.12) Vjft + Vifs = 0,

I
The second equation means that the vector field fh=— fιgih is isometric. From
the third, we have the equation (8.10). Thus we have

THEOREM 8.5. A contact K-manifold is an almost Sasakian manifold
whose structure sasisfies the equations (8.12).

( 7 ) Sasakian manifold. Substituting (7.12) into (8. 5), we have the

equations

(8 13) U/,=Λ,
which characterize a Sasakian structure. Of course, a Sasakian structure has the

properties of all the above mentioned structures.

9. Sasakian manifold. In a Kahlerian manifold M, we know well the

identity

(9. 1) Kvμ

a

λFa

κ - Kvμa

κFλ

a = 0.

Referring this equation to an adapted coordinate system and taking account

of (7. 7), we have the identities'1 °

(9. 2) Km

afa

h - KuSff = fk

hgH - ffgki

and

(1) M. Okumura [13] obtained these identities from (8.13) by a direct computation.
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(9.3) Km

hfh=fkgH-fjgki.

In M, we know also the identity

(9. 4) KωκFβ»Fλ* = Kβλ,

from which we obtain the identities

Klkf}%
h - (2/> - 2)fjtft

k = KH - (2/> - 2)ffH,

KSiff = 2p-2.
(9. 5)

Putting

(9. 6) Hμχ — KfFKx = — 2 " Kμιvκ Fvκ,

we know that Hμχ is skew symmetric and the form Ξ, defined by Ξ = H
Λ dxλ, is closed. The induced from ξ in M is given by

(9. 7) ξ = Hndy Λ dy\

where

(9. 8) HH - X//M.

The form ξ is closed.

Since the vector field fh does not vanish, it follows from (9. 3) that

THEOREM 9.1 The local holonomy group of a Sasakian manifold is
the full special orthogonal group SO(2p — 1).

If the enveloping manifold M is of constant sectional curvature, i.e.

then we have Ίc — 0 because of K^β00 = 0 in M, and M is locally euclidean.
Hence, from (7. 7) and (7. 9), M is of constant sectional curvature 1. The
converse is clear. Thus we have

THEOREM 9.2. In order that the enveloping manifold M of an al-
most Grayan manifold M is of constant sectional curvature, it is necessary

and sufficient that Mis of constant sectional curvatue tc — 1, and then Mis
locally euclidean.

Similarly we have

THEOREM 9.3. In order that the enveloping manifold M is an Einstein
manifold, it is necessary and sufficient that M is an Einstein one of scalar
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curvature tc — 1, and then M has zero Ricci curvature.
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