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Let f(x) be an integrable function with period 2iτ and let its Fourier series

-~- + Yl (ACOS vx + £ysin vx) = Σ Av(x).
V=l V=0

We write Wλ = W(p)λ (l^ρ^°°) for the set of f(x) for which

represents respectively

the Fourier series of a function of L°°(0, 2τr) (p = oo)

the Fourier series of a function of Lv(0y2τr) (1 < ^>< oo)

the Fourier-Stieltjes series of a bounded measure on (0, 2 7r) (/> = 1).

We prove the following

THEOREM. Let λ > 0 and let T — (Tw) &ί? a linear appj~oximation pi'ocess
with

( 1 ) \\Tn(f)(x)\\ ^ MΛtftt
( 2 ) ||/0r) - Tn(/jU)|| ^ M2n"λ || f™ || for / € W \

Then, En(f) = E^(f) being the best approximation,

En(f) = O(/i-«ψ(n)) im/rfίe5 ||/(Λ:) - Tn(f)(x)\\ = O(«"α ψ<«)),

where 0 < # < λ αnJ ψ1^) ί*5 α positive continuous function and that ψ(x)/x
is non-increasing for large x and

If ψ{:r) = xβ (0 < /3 ̂  1) the theorem is equivalent to that of Sunouchi
[ 1 ], who used the moving average: our proof is based on a slightly generalized
form of Bernstein's inequality.



274 C. W A T A R Ϊ

LEMMA 1. Let Pn(x) be a trigonometric polynomial of degree n.

Then

where a > 0 and Aa is a constant depending on a only.

This is essentially known: we give a proof only for the sake of comple-

teness. Cf. [4, chap. 3. Lemma (13.16)].

PROOF. Let Dn(t) be the Dirichlet kernel of order n. Then

F£Xx) = - 1 - f Pn{x + t)W\t)dt
** Jo

{ n

Σ V<X

1 r2π ί n~ι I
= 1 Pn(x + t) \ Y\ 2z/αcos nt cos(n - v)t + nacos nt \ dt

w Jo I ,=i J

= j Pn(x + t) cos nt Y] ( 1 ) cos vt dt
π h v=0\ n J

na Γ2*
— j Pn(x + t) cos nt dt.

*" Jo

Thus (applying the generalized Minkowski inequality if necessary)

\\Pir\χ)\\ ̂ \\pn(χ Σ ( i - - )

+ — f \\Pn(x + t)\\dt.
^ Jo

The result now follows upon observing that the norm of a function is translation
zπ n-i , .a

invariant and I Y\ ( 1 — — ) cos vt
Jo TToV n )

dt ^Ma(a> 0).

LEMMA 2. Let a be a positive number and Pn(x) (n = 1, 2,. . .) be a

sequence of trigonometric polynomials of degree n such that

||/Cr) - P n(*) | | ^ φ(n)/n"-1 (n = 1, 2,. . .),

where φ(x) is a positive continuous function, non-increasing for large x.

Then

Fn

al(x)|| ^ A + Bnφ{n) + C [ φ(x) dx,
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A, B, and C being independent of n.

PROOF, (cf. [3, pp. 26-27]) Fix Such a natural number a that φ{x) is
nonincreasing for x g: 2[<z — 1]. (We write 2\j] instead of 2\ for the sake of
typographic convenience). We have, for j gr a,

H Λ Λ - * W ^ l i ^ ] -/l l + IIP2LJ+1] -f\\

[-J(Λ - 1)] + φ{2[- (j + l)])2[- (j +l)(tf -1)]

[~j(a - 1)].

Since P^i — P21J+1] is a trigonometric polynomial of degree 2[j + 1], Lemma
1 gives

2[-j(a-l)φ(2[j\)

Summing over a^j^m — 1,
m—1 m— 1

j=a j=a

Tit—1 2[j] 2[?7i—I]

^ Aα 2 j / φ{x)dx = Aa I ^>(̂ ) <ϋ.

Given ^ ̂  2[α — 1], let m be so chosen that 2\πί\ ̂  n < 2[m + 1 ] . Then

Hί\. - 2̂[m]ll ^ φ(n)-n-a+1 + φ(2[m])2[-m(α-l)]

implies (by Lemma 1)

\\P^a] — Pgi31| ^ Aαnα{^(n)n"α+1 + ^>(2[m])2[ — m(a — 1)]}

2 [ φ ( 2 W ) }
2[m]2[m]

^ Aanφ(n) + I
^2[m-l]

Collecting these estimates, we obtain

Ui^ll ^ | | ^ - pgill + \\PΆ - FSSΊII + llflSill
2[ml

^ Aα,α + Batupίn) + Ca\ φ(x) dx, q. e. d.
•'I

PROOF OF THE THEOREM. Let Pn(χ) (n = 1, 2,...) be trigometric
polynomials for which

\\f(x) - Pn(x)\\ g M3n-ψ(n) = Min-^-»ψ{n)/n.

Lemma 2, with φ(x) = M3 ψ(x)/x, gives
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\\Pka\x)\\ ^A + Bψ(n) + C ί ^ dx ^
JI &

and, by Lemma 1,

\\P[£Xx)\\ = \maψ-a\x)W ^ M5 rΐ-«^{n).

The hypothesis ( 2 ) of our theorem now gives

\\Pn(x) - Tn(Pn)(x)\\ rg M2n-λM5n
λ-ψ(n) = Mβn-ψ(n).

The proof is completed upon observing

\\f(x) - Tn(f){x)\\ ^ | | / - P J + IIP. - Tn{Pn)\\ + \\Tn(f- Pn)||

^ ( 1 + M01I/- Pnll + IIP. - Tn(Pn)\\

by (1) .

REMARK 1. The hypothesis ( 2 ) is certainly satisfied if the process T is
saturated with order n~λ and the class WΛ (cf. for example [ 2 ]).

REMARK 2. If Tn(f)(x) is a polynomial of degree n, the inverse implication
in the conclusion of our theorem is trivially true, and the conclusion may be
stated as follows:

En(f) = O(n-ψ(n)) *> || f(x) - Tn(f)(x)\\ = O(n~aψ(n)).

If we take ψ(x) = .x^log x)y (0 < β < 1, — oo < γ < oo) our theorem leads
to the following

COROLLARY. En(f) = O(n-a(\og rίy)

*=* \\f(x) - TJf)(x)\\ - O(/i-β(log w)̂ ) (0 <
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